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Chapter 1 

Groups And Subgroups 



We encounter integers very early in our mathematical training. Let m, n, k 
G Z. Then 

n + m = m + n£/Z, 
(m + n) + k = m + (n + k), 

and 

0+n=n=n+0 

for all n G Further, for every n G /Z there is — n G 2l> such that n + 
(— n) = 0. There are seeds of group theory in these observations. Let us 
note another such structure that we have encountered in Linear Algebra i.e., 
Gl n (M), the set of all n x n- matrices over M with non-zero determinant. 
Let A,B,C G Gl n (M). Then det(AB) = detA ■ detB ^ 0. Hence AB G 
Gl n (lR).We also have (AB)C = A(BC) and for the identity matrix I n of 
order n, A ■ I n — I n ■ A — A. Further, for any A G Gl n (M), the inverse 
matrix of A i.e., A" 1 satisfies AA~ X = A" 1 A = I n . One must note that for 
m,n£/Z,m + n = n + m, however, for A,Be Gl n (M), AB ^ BA in general. 
We, now, define, 

Definition 1.1. Let G be a non-empty set provided with a map, 

/ : G x G -> G 
(x,y) i y x*y 

called multiplication (a binary operation) satisfying: 
(i)For all x, y, z G G, (x * y) * z = x * (y * z) (associativity). 

1 contents groupl.tex 
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(ii) There exists an element e G G such that, x*e=e*x=x for all 
x E G. The element e is called an identity element of G. 
(hi) For each x G G there is an element w G ^(depending on x) such 
that x*w = w*x = e. The element w is called an inverse of x. 
Then G is called a group with respect to the binary operation (*). 

If, moreover, x * y = y * x for all x, y G G, then G is called an 
abelian group. 

For a group (G,*), we shall simply write G is a group i.e., the binary 
operation will not be mentioned unless required and we shall write xy for 
x * y for x,y G G when * is well understood. Some times we may need to 
specify the map /, in that case we shall write that (G, /) is a group. 

Remarks 1.2. (i) The identity element is unique ( If ei, e 2 G G are identities 
then ei = ei * e2 = e 2 ). We shall normally denote this by e, and shall write 
ec for e if it is necessary to emphasise G. 

(ii) Inverse of an element x G G is uniquely determined. If x±,x 2 are inverses 
of x G G, then Xi = Xi * e = X\ * (x * x 2 ) = (x x * x) * x 2 = e * x 2 = x 2 ,The 
inverse of the element x in G is denoted by x^ 1 . 

Exercise 1.3. Show that subtraction is not an associative binary operation 
on Z. 

Exercise 1.4. Prove that the map, 

/ : Z x Z ->• Z 

(to, n) h-> m*n = m + n — mn 

gives an associative binary operation, but (Z, *) is not a group. 

Exercise 1.5. Let G be a group, and let b G G be a fixed element of C 
Prove that G is group with respect to the binary operation : 

f b : G x G -> G 
(x, y) f-^ xfey 

Find the identity element of (G, /;,) and also the inverse of an element x G G. 



4 



Exercise 1.6. Let G be a group and x,y G G. Prove that 

(i) (rr -1 ) -1 = x 

(ii) (x~ 1 yx) n = x~ 1 y n x for all n > 0. 

(iii) (xy)' 1 = y~ x x~ x . 

Group structure is encountered quite often. We, now, give some examples: 

Example 1.7. {M, +), (Q, +), {€, +) and (M*, •), (<£>*, •), {G*, •) are groups, 
where • denotes the usual product and M* = M — {0} , Q* = Q — {0} , 
G* = G-{0}. 

Example 1.8. Let a be a non-zero integer. Then 

Q a = {m/a n \m,ne 
is a group with respect to addition. 

Exercise 1.9. Let a, b be two non-zero integers. Then(Q a C(Qb if and only 
if a divides V for some r > 1. 

Example 1.10. (Additive Group Of Integers Modulo n) Take an in- 
teger n > 0. For any x, y in the set 

5 = {0,l,2,...,n-l}, 

define : 

( x + y if 0<x + y<n 

x+ n y = \ -r 

y x + y — n it x + y > n 

Then (S, +„) is an abelian group where is the identity element and n — x is 
the inverse of x for any x G S. This group is denoted by Z5 n and the binary 
operation is called addition modulo n. 

Example 1.11. (Multiplicative Group Of Integers Modulo n) Take 
an integer n > 1 and put Z* n = {1 < a < n \ (a,n) — 1}. For any 
a, b G define : 

a - n b = r 

where ab = nq + r such that 1 < r < n. Note that we can always write 
ab = nq + r where < r < n. However, as (a,n) — (b, n) — 1, 1 < r < n. 
Further, it is clear that (r, n) = 1. It is easy to check that •„ is associative 
and if a G ^* n , then there exist 1 < b < n such that ab + nq = 1 for some 
q G . Thus a - n b = 1. Hence it is immediate that (2Z* n , •„) is an abelian 
group. The operation •„ is called multiplication mod n. 
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Example 1.12. G = {1, — 1, i, — i} is a group with respect to multiplication. 
Example 1.13. The set 



G 



1 W i W -1 OW-iO 
1 j'\0 -i -1 J \ z 

0-1 WO -i W 1 W i 
1 ) A -i J 'I -1 J 'I i 



of 2 x 2-matrices over complex numbers is a group with respect to matrix 
multiplication. If we write 

/= (J i)' a= (o -°0 ,6= (i "o 1 )'^ ^-^ 7)' then 

G = {±1, ±a, ±b, ±c] 

where a 2 = b 2 = c 2 = —I, ab = c, be = a and ca = b. This is called the group 
of Quaternions. We shall denote this group by H. 

Example 1.14. The set 

of 2 x 2 matrices over M is a group with respect to multiplication of matrices. 
Here ab = c, be = a, ca = b and a 2 = b 2 = c 2 = I. This is called Klein's 
4-group and is denoted by V4. 

Example 1.15. The Example II . 141 can also be realized in a rather interesting 

way 

Let A and B be two light switches for the bulbs 1 and 2 such that if the bulb 
1 is off then pressing A once puts it on and pressing once more puts it off. 
Similar is the function of the switch B for the bulb 2. Then let the initial 
state be when both bulbs are off . Let 

r = action of pressing A 

a = action of pressing B 
e = not pressing A and B 
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Then 

G = {e, t, a, tct} 

is a group with respect to the operation of doing one action after the other 
on the initial state when both bulbs are off. Clearly r 2 = e, a 2 = e, or = to 
and (tct) 2 = e.Thus taking a = a, b = r and c = ar we again get Klein's 
4- group. 

Example 1.16. Let n > 1 be fixed. The set of n th roots of unity in complex 
numbers, i.e., 

€ n = {ze€\z n = 1}, 

is a group with respect to multiplication. We have £4 = {1, —i} (Ex- 
ample ET2D. 

Example 1.17. The set = {a E(D \ a, a root of unity} is a group with 
respect to multiplication. 

Example 1.18. If m > 1 is fixed, then(T m oo = {a GdJ \ a mk = 1 for some k > 
1} is a group with respect to multiplication. 

Example 1.19. The set Gl n (M) = {A : n x n — matrix overM \ detA ^ 0} 
is a group with respect to multiplication, called the general linear group 
of dimension n over M. 

Remark 1.20. We can replace M bj(Q or(D in the example 11.191 but not by 

Zi. Check why? More generally, M can be replaced by any field. We define 

Gl n (/Z) = {A : n x n — matrix over \ det A = ±1}. 
This is a group with respect to multiplication. 

Exercise 1.21. Let K be a field and let A be an n x n- matrix over K. Prove 
that A e Gl n (K) if and only if columns (rows) of A are linearly independent 
vectors of the i^-vector space K n , equivalently, columns (rows) of A form a 
basis of the vector space K n . 

Example 1.22. The set 

Sl n (M) = {A : n x n — matrix overM | detA = 1} 

is a group with respect to matrix multiplication. This is called the special 
linear group of dimension n over M. 
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Remark 1.23. It is easy to check that 1R can be replaced byQ orC or % 
in the above example. In general, M can be replaced by any field. 



Example 1.24. Let S be a non-empty set and 

A(S) = {/ : S — > S I / : one-one, onto map }. 

Then A(S) is a group with composition of maps as binary operation. This 
is called the group of transformations of S, and the elements of A(S) are 
called transformations on S. 

Example 1.25. In the example [1.241 if we take S = {1,2, ...,n}, then A(S) 
is denoted by S n and is also called the symmetric group or permutation 

group of degree n. For any a G S n , we represent a as : 

1 2 ••• n 

n 1 1 a(l) a (2) ■ ■ ■ a(n) 



Thus for n = 2 

and for n = 3 
& = 



5 2 



1 2 Wl 2 
1 2 J ' V 2 1 



123W123W123 
1 2 3 / ' V 2 3 1 / ' V 3 2 1 

1 2 3Wl 2 3Wl 2 3 

2 1 3 j 'V 1 3 2 J ' V 3 1 2 



Example 1.26. Let (X, d) be a metric space and 

/(X) = {T : X -> X|T : an isometry} 

Then /(X) is a group with respect to composition of maps as the binary 
operation. 

Observation 1.27. Take X = M with standard metric. Let / G I(M) and 
/(0) = a. If for any b £ M, Tb : M —> M denotes the isometry r&(x) = a; + 6 
then r_ a /(0) = 0. For any isometry <? G I(M), if g(0) = 0, then, \g(x)\ = \x\. 
Thus — x or —a;. Clearly, as g is distance preserving, if g(x) = —x for 
some x(t^ 0) G iR, then g(y) = —y for all y E M. Thus g = Id ot g(x) = —x 
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for all x G M. Hence if 9 e I{M) is such that 9(x) = —x for all x, we get 
r_ a f = 9 or Id. Hence if r_ a / = 9, then / = r a #. However if r_ a / = 7d, 
then / = r a . Therefore, 

I(M) = {T a 9 l | t = or 1 and a e M}. 

Example 1.28. Let for < 9 < 2tt, 

r e : M 2 ->■ iR 2 



denotes the rotation of a point by an angle 9 around the origin. Then G = 
{re | < 9 < 2ir} is a group with composition as the binary operation. By 
plane geometry, one can see that 



G 

where 



cos 9 — sin 9 
sin 9 cos 9 



< 9 < 2tt 



cos 9 — sin 9 
sin # cos # 



is the iR-linear transformation over ]R 2 determined by the 2 x 2-matrix. 

Example 1.29. (Dihedral Group) : Consider the n-gon (n > 3) in M 2 
with its vertices the points Pk = (cos(2nk/n), sm(2nk/n)) where < k < 
ra — l. Let a denotes the counter clock- wise rotation in the plane by an angle 
2n/n and let r be the reflection about the axis which makes an angle n/n 
with the x-axis. Then a : M 2 — >■ M 2 and r : M 2 — >■ iR 2 are given by the 
matrices : 



cos(27r/n) — sin(27r/n) 
sin(27r/n) cos(27r/n) 



and 



cos(27r/n) sin(27r/n) 
sin(27r/n) — cos(27r/n) 

The set D n = {Id, a, a 2 , • • • , <T n_1 , r, err, • • • , cr ra ~ 1 r} forms a group of order 
2n with respect to the binary operation, composition of maps. Here we have 
<r n = Id = r 2 and err = rcr n_1 . Check that D n is the group of all rotational 
symmetries and reflections of the regular n-gon in the plane. 

To give further examples, we define : 
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Definition 1.30. A collineation is a bijection T : N 2 — > Ft 2 such that 
a triple a, b and c of distinct points in M 2 is co-linear if only if T(a), 
T(b) and T(c) are co-linear. 

Definition 1.31. A map F : M 2 — > IB 2 is called an affine transfor- 
mation if there exists an invertible 2x2- matrix Q over 1R and a 
vector a G FL 2 such that for all x E M 2 , 

F(x) = Qx + a 

Example 1.32. Let G = {T : R 2 -»■ E 2 \ T : a collineation}. Then G is a 
group with respect to the composition of maps as binary operation. 

Example 1.33. The set H = {/ : 1R 2 — > 1R 2 \ f : affine transformation} is 
a group with composition of maps as the binary operation. 

Exercise 1.34. For any n > 1, let £ = e 2 ^ /n , the n* h root of unity in(Z7. If 

a= (? J)' 6= (o rO' e= (o i)' 

then show that 

G = {e, a, b, b 2 , ■ ■ ■ , b n ~\ ab, ab 2 , ■■■ , ab"- 1 } 
is a group with respect to matrix multiplication. 

Definition 1.35. For a group G, the cardinality of the set G is called 
the order of G and is denoted by o(G) or \G\. In case G is finite, 
order of G is the number of elements in G. 

Exercise 1.36. Find the order of the group in the example 11.161 

Definition 1.37. A non empty subset H of a group G is called a 
subgroup of G if H is a group with respect to the binary operation 
ofG. 

Exercise 1.38. Let K be a field. Show that the set D n (K) of all diagonal 
matrices in Gl n (K) is a subgroup of Gl n (K). (The group D n (K) is called 
the diagonal group of dimension n over K). 
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Definition 1.39. Let A and B be any two non-empty subsets of a 
group G Then 

AB = {ab \ a E A,b E B} and A' 1 = {cT 1 | a E A} 

Exercise 1.40. Prove that for any two non-empty subsets A, B of a group 
G, (AB)- 1 = B^A- 1 . 

Exercise 1.41. Prove that if if is a subgroup of a group G, then if" 1 = if 
and EE = E. 

Theorem 1.42. Let G be a group. A non empty subset E of G is a subgroup 
of G if and only if ab^ 1 E E for all a,b E E. 

Proof: (=>•) Let a,b E E. As E is a subgroup of G, G if. Hence as 
a^" 1 G if, aJT 1 G ff. 

(<^=) Take a,b E E. By assumption = e E E. Further as e, b E if, we 
conclude eb^ 1 = b^ 1 E E i.e., E contains identity and has inverse for each 
of its elements. Now, as seen above, for a,b E E, a, b^ 1 E E. Hence by our 
assumption a(6 -1 ) -1 = ab E E. Thus E is a subgroup of G. ■ 

Corollary 1.43. Let Hi, E 2 , E k be subgroups of a group G. Then Hi fl 
if 2 H ... I~l if is a subgroup of G. 

Proof: Let x,y E Ei (1 E 2 C\ . . . C\ if&. Then as each ifj is a subgroup of 
G, xy' 1 E Ei for all 1 < i < k. Hence xy' 1 E if i H if 2 n . . . n E k . Hence the 
result follows by the theorem. ■ 

Corollary 1.44. Let G be a group and if 0) C G a finite subset. Let for 
any a,b E E , ab E if i.e., EE C if. T/ien if is a subgroup of G. 

Proof: Take a,b E if. By our assumption on if, 5 = {b l \ i > 1} is 
a subset of if. As if is finite there exist +ve integers m < n such that 

b n = b m_ Rence h n-m = ^ Thig proveg = fen -m-l £ Now> &g 

a, b~ l E if, a6 _1 G if. Therefore by the theorem if is a subgroup of G. ■ 

Corollary 1.45. Let S be a non-empty subset of a group G. Then gp(S) = 
{ai ei a 2 62 • • • a m em \m > l,Oj G 5, and e^ = ±1 for all 1 < i < m} is a 
subgroup of G. 

Proof: Note that for any x = ai ei a 2 e2 ■ ■ ■ a t et such that = ±1, a { E S 
and t > 1, we have x~ l = a^^a^l' 1 ■ ■ • a^ 61 G gp{S}. Hence the proof is 
immediate from the theorem. ■ 
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Observations 1.46. (i) Let G be a group with identity e, then G and {e} 
are subgroups of G. These are called trivial subgroups of G. 
(ii) Any subgroup of a subgroup is a subgroup. 

Theorem 1.47. Let H, K be subgroups of a group G. Then HK is a subgroup 
of G if and only if HK = KH. 

Proof: (=>•) As HK is a subgroup of G, we have 

(HK)" 1 = HK 
K- l H~ l = HK 

KH = HK ( since K~ l = K, H^ 1 = H) 

(<=) Let hk, hiki £ HK, where h,hi e H and k, k\ G K. Then, 

{htyihhy 1 = hkk^hi 1 

= hk 2 hi 1 where k 2 = kk^ 1 G K 

Note that k 2 h^ G KH = HK. Hence we can write k 2 h± 1 = h 3 k 3 for some 
h 3 G H, k 3 G K. Therefore, 

(h^ihh)- 1 = hh 3 k 3 G HK (hh 3 G H) 

Consequently HK is a subgroup of G. ■ 

We give below an example of a group G and subgroups H, K of G for which 
HK is not a subgroup. 

Example 1.48. Let G = S 3 . Take 

/= (l 2 3)'° = (l 3 2) 6= (s 2 l) 

in 53. We have a 2 = b 2 = c 2 = I. Hence H = {I, a} and K = {I,b} are 
subgroups of G and 

HK = {I,a,b,ab} 



Note that 

ab= (l 3 l) and6a =(3 1 2) 
Thus if if is not a subgroup of G since (ab)~ l = ba and 6a is not in HK. 
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Example 1.49. In the example 11.71 of groups 

(€,+) D (R,+) D (Q,+) D ( 2fi, +) 

and 

((C*,.)D(iR*,.)3(r,-) 

are chains of groups, where each member is a subgroup of the preceding 
member. Further, M* + = {a G M* | a > 0} and<$+ = {/3 G <£>* | /3 > 0} are 
subgroups of (M*, •) and •) respectively. 

Example 1.50. The set S 1 = {z e€ \ \z\ — 1} is a subgroup of (C*, ■). 

Example 1.51. The groups in the examples 11.161 11-171 and 11.181 i.e., (D n = 

{z £(D \ z n = I}, (Coo and (T m oo are subgroups of (C*, ■). Further dJ m OO IS db 
subgroup of Coo. 

Example 1.52. In the example 11.191 Sl n (M) is a subgroup of Gl n (lR) and 
Sl n (Zj) is a subgroup of Sl n (M). The following is a diagram of subgroups of 
Gl n (R). 

Gl n {JR) D Sl n (M) 
u u 

Gl n (Q) D Sin®) D 5/ n (^) 
Example 1.53. Let if be a field. The sets 

T n (K) = {A = (dij) : nxn— matrix over K | ay = for all i > j, and rfetA 7^ 0}, 
and 

UT n {K) = {A G T„(A) [ = 1 for all 1 < i < n} 

are subgroups of Gl n (K). In fact UT n (K) is a subgroup of Sl n (K). The 
group T n (K) is called the group of upper triangular matrices over K 
and UT n (K) is called the group of upper uni-triangular matrices over 
K. Similarly we can define the group of lower triangular matrices and 
lower uni-triangular matrices. 

Example 1.54. Let G = I(X), the group of isometries of the metric space 
X (Example 11.261) . For any subset F C X, the set 

I(X, F) = {TEG\ T(f) = /for all/ G F} = H 

is a subgroup of G. Not all subgroups of I(X) are obtained in this way e.g., 
if X = M then for any non-empty subset F 7^ {0} of M, I(X, F) = Id. 
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^ Example 1.55. Let X = M n be the n-dimensional real space with usual 
metric i.e., d(x,y) = \\ x — y || for all x, y G M n where for any x = 
(xi,X2, ■ ■ ■ ,x n ) G M n and ||x|| 2 = J^ILi \ x i\ 2 - The se ^ °f an iR-linear maps 
from M n to M n which are isometries of the metric space M n is a subgroup 
of J(JT). 
Let 

T : R n -> R n 

be an iR-linear map. If T is an isometry, then for any x G M n we have 

|| T(x) ||= || x || 

Now, let x,y G iR n and (x, y) denotes the usual inner product/dot product 
of x, y.Then 

\\ x ~y 11= II T ( x - y) 11= II T ( x ) - T (y) II 

=>• II T ( x ) - T (l/) f = II ^ — 2/ f 

=>- ( T ( a; ) - T (y)> T ( x ) - T (y)) = ( x - y, x - y) 

=► (T(x), T(y)> + (T(y),T(x)) = (x, y) + (y, x) 
2(T(x),T(y)) = 2(x,y) 
(T(x),T(y)) — (x, y) 

Conversely, if for any x,y £ lR n , 

(T(x),T(y)) = (x,y) 

Then 

(T(x - y), T(x - y)) = (x - y, x - y) 
||T(x)-T(y) f = ||x-y f 
\\T(x)-T(y)\\ = \\x-y\\ 

Therefore, T is an isometry iff (T(x),T(y)) = (x,y) for all x, y G iR n . Now, 
consider the canonical basis {e^ = (0, ...0, V th , 0, ...0) 1 1 < i < n} of iR n . Let 
T ( e *) = Y2=i a ki e k- Then, 

(T(e l ),T(e,)) = (e J ,e J ) 

n n 

fe=i fe=i 

Oifi^j 



k=l 
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1 if i = j 



Hence for the matrix A = [a^], AA t = I. Conversely, given an n x n- matrix 
A over reals with AA l = I, consider the iR-linear transformation T of M n 
determined by A i.e., T(x) = A(xi, X2, ■ ■ ■ , x n Y for any x = (xi, ■ ■ ■ , x n ) G 
M n where (x\, ■ ■ • , x n )* is the transpose of row- vector (x\, ■ ■ • , x n ). Then 
T satisfies (T(ej), T(ej)) = (e^, e^) reversing the above argument. Hence by 
linearity 

(T(x),T(y)) = (x,y) 

for all 1,1/6 M n . Thus the subgroup of iR-linear maps from M n to M n which 
are isometries is {A e Gl n (M) \ AA l = Id}. This is denoted by 0(n, M), and 
is called the orthogonal group of degree n over M. The set 

SO(n, IR) = {Ae 0(n, R) \ \A\ = 1} 

is a subgroup of 0(n,M) and is called the special orthogonal group of 

degree n over M. 

Exercise 1.56. Let n > 1, and K be a field. Prove that 

(i) (Orthogonal group over i^)The set 

0(n, K) = {A : n x n — matrix over K \ AA l = Id} 

is a group, and det A = ±1 for any A e 0(n, K). 

(ii) (Special orthogonal group over K) The set 

SO(n, K) = {Ae 0(n, K) \ \A\ = 1} 
is a subgroup of 0(n, K). 

Remark 1.57. The group of rotations of M 2 (example II . 28[) i.e., 

G={( COs6 a - S ™ e ) 0<e<2n\ 
{ \ smu cos v J j 

is a subgroup of Gl2(IR). Note that any element of G is an orthogonal matrix, 
hence this is a subgroup of 0(2, Ft), in fact, of SO(2,M). 

Exercise 1.58. Let H be the set of all matrices in 0(n.M) with integral 
entries. Prove that 

(i) H = {(aij) = A I A is n x n matrix over % with \aij\ = 1 or for all 
1 < 2, j < n and each row/column of A has exactly one non-zero entry }. 

(ii) if is a subgroup of 0(n, M) with o[H) = 2 n ■ n\. 
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Exercise 1.59. Let A be an n x n-matrix over M and let A®,1 < i < n, 
denotes the i th column of A. Then A G 0{n, M) if and only if (A^\A^) = 5 {j 
for all 1 < i, j < n where 5{j = if i ^ j and is 1 if i — j. 

Note The above statement is true for rows of A as well. 

Exercise 1.60. In the Example 11.551 take X =(U n , the n-dimensional com- 
plex space with the metric d(z, w) = \\z— w\\ where for any z = (z\, • • • , z n ) G 

n 

(D n , || z || 2 = |^| 2 . Prove that the set of aA\(U- linear maps from(C n to(D n 

which are isometries of the metric spaced™ is a subgroup (say) U(n,(D) = U n 
of I((D n ). Further, show that 

U n = {A e Gl n (C)\A* = A~ 1 } 

= {A e Gl n ((U)\\\Az - Aw\\ = \\z - w\\ for all z,w e€ n } 

where A* = A 1 , the conjugate transpose of A. 

(Hint: Given z — (zx, ■ ■ ■ , z n ) and w = (wi, ■ • • , w n ) inC ra , we have (z, w) = 
ZiWi. Use that 

2(z,w) = ( || z + w || 2 — || z || 2 — || w \\ 2 )+i( || z + iw || 2 — || z || 2 — || w || 2 )) 
Exercise 1.61. Prove that 

SU n = SU(n,(D) = {A G U(n,(D)|det A = 1} 
is a subgroup of XJ(n,(D) = U n . 

Note : The group U n is called the unitary group of dimension n over 
(D, and SU n is called the special unitary group. 

Most of the groups encountered above are infinite. However(T n , the group 
of n th roots of unity in (Z7, has degree n. Thus for each n G N, there is a 
group of order n. Further S n , the symmetric group of order n, is also finite 
and has order n! (use: The number of permutations on n symbols is n!, and 
that any one-one map from {1, 2, • • • , n} to itself is a permutation of this set, 
and conversely). 

We shall, now, prove a result which enlightens the geometric content in the 
definition of 0(n, M). It is proved that any isometry of M n which fixes origin 
is a linear transformation of M n determined by an element of 0(n, M). 
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Theorem 1.62. Let f be any isometry of the metric space M n (Example 
\1.55\) which fixes the origin. Then there exists an element A G 0(n, M) such 
that for any x — (xx, ■ ■ ■ , x n ) G M n 

f(x) = A(x 1 , ■ ■ ■ ,x n y 

where (x\, • • • , x n )* is the transpose of the 1 x n-matrix (x\, • • • , x n ). 
Proof: Since / is an isometry of M n which fixes origin, 

|| f(x) || = || x || for all x G M n . (1.1) 
Further, for any x, y G M n , 

II f(x) - f(y) || = || x-y || 

} II f( x ) - f(y) II 2 = II ^-2/ II 2 
=^ II /(^) f + II f(y) f - 2 (^>y) = II ^ II 2 + II 2/ II 2 — 2<x, 2/> 

Hence, using [TTTj we get 

(f(x),f(y)) = (x,y) for all x,y e M n . (1.2) 

Let ej = (0, • ■ ■ , 0, P* , 0, • • • , 0); i = 1, 2, • • • , n be the canonical basis of 
M n . Then, from the equation 11.2^ we get 

(/(ei),/(eO> = (ei,ei) = l (1.3) 
for all 1 < i < n and if 1 < i ^ j < n, then 

(/(*), /fe)) = (e^HO (1.4) 
Put /(ej) = aj. Then for the n x n-matrix 

A= [<•■■ ,o*J 



with i tft column a*, the transpose of the vector dj G iR n , A* A = Id. Thus 
A G 0(n,R). 

In the Example 11.551 we have seen that if B G 0(n,M) and I? denotes the 
iR-linear transformation from M n to iR n defined by B(x) = Bx t for any 
x G iR n , then B is an isometry. As B fixes the origin, as seen above, 

(B(x),B(y)} = (x, y) for all x,y E lR n 
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i.e., (Bx\ By*) = (x,y) 

Now, let A 1 denotes the isometry determined by A 1 , then for any e^, i — 
1 , • • • , n we have 

(A t f)(e i ) = A t a i = e i (1.5) 

Further, as A l f, the composite of the isometries A 1 and / fixes origin, as 
seen above, we have for all 1 < i < n, 

(A t f(x),A t f(e i )} = (x,ei)=Xi 

(A t f(x),e i ) = Xi useO 
=>• A t f(x) = x 

=>- f — (A 1 )^ 1 = A, the isometry determined by A. 
Hence the result. ■ 

Remarks 1.63. (i) Let us note that not all isometries of R n fix origin,e.g., 
if a G M n ,a ^ (0, ■ ■ • ,0), then the transformation, r a (x) = x + a defines an 
isometry of M n which does not fix origin. 

(ii) If / is any isometry of the metric space M n and /(0) = a where a ^ 
(0, • • • ,0), then (r_ a /)(0) = 0. Hence by the theorem r_ a / = A for some 
A G 0(n,M). Thus / = r a A i.e., any isometry of M n is composite of a 
translation and an orthogonal transformation. 

In view of the Remark ll.63( ii). to understand geometrically I(M 2 ), we 
need to know the geometric meaning of the isometries of M 2 determined by 
elements of 0(2, M) (see Example ll.55p . For this purpose we prove: 

Lemma 1.64. Let A G 0(2, M). Then the isometry ( Example ! 1.55\) . 

A: R 2 -> R 2 

*=( Xl ) » 4 Xl ) 

(Here an element of R 2 is represented by a column vector) is either a rotation 
by an angle 8 or is a reflection with respect to the line passing through the 
origin making an angle 9/2 with the +ve X-axis. 

Proof: Let 
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Then 

Id = AA l 



a b \ ( a c 
c d [ b d 



a 2 + b 2 = l = c 2 + d 2 
ac + bd = 

Thus (a, b) , (c, d) are points on the unit circle in M 2 . As any vector on the 
unit circle in IB 2 is (cos 9, sin 9) 1 where 9 is the angle of the vector with the 
+ve X-axis. Therefore 

cos 9 sin 9 
cos sin 

where cos 9 cos + sin 9 sin = 0. Hence 



Hence, either 



cos(0 -9) =0 

= # + nn/2 n : odd integer 



, cos# sin# ) or ( cos ^ sn1 ^ 
— sin 9 cos 9 1 \ sin 9 — cos 9 



Now, as the linear transformation of M 2 determined by 

cos 9 sin 9 
— sin 9 cos 9 

represents anti-clockwise rotation by an angle 9 around the origin and the 
linear transformation determined by 

cos 9 sin 9 
sin 9 — cos 9 

represents reflection with respect to the line through the origin making an 
angle 9/2 with the +ve X-axis. The result follows. ■ 

Lemma 1.65. Let n > 1 be an integer. 

(i) If A e 0(n,M) then for any eigen value A of A, |A| = 1. 

(ii) If n is odd and A e SO(n,M), then 1 is an eigen-value of A. 

(Hi) Let A G 0(n, M), A ^ SO(n, M). Then if n is odd — 1 is an eigen value 
of A, moreover, if n is even then both ±1 are eigen values of A. 
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Proof: (i) Let A be an eigen value of A, then there exists a non-zero 
vector x G M n such that Ax = \x. Therefore 

(x,x) = (Ax, Ax) 
= (Xx, Xx) 
=>- |A| 2 = 1 since (x,x) ^ 
\X\ = 1 

Therefore (i) is proved. 

(ii) As A G SO(n,R), det A = 1. Hence, det A f = det A = 1. Therefore, we 
get 

det((A - Id) A*) = det[Id-A l ) 

= det(Id-AY 
=4> det(A-Id) = det(Id-A) 

= (-l) n det(A - Id) 
=^ det(A — Id) = since n is odd 

Therefore 1 is an eigen value of A. 

(iii) As in (ii), we have 

det((A + Id)A t ) = detild + A 1 ) 

= det(Id + A) 1 

=4> det(A + Id)det A = det(Id + A) 

=4> det (A + Id) = since det A ^ 1 

Hence -1 is an eigen- value of A. Now, let n be even. Then as above 

det(A - Id)det A = det(Id-A) 

= (-l) n det(A - Id) 

= det{A - Id) 

=^ det(A - Id) = since det A ^ 1 

Therefore 1 is also an eigen-value of A in case n is even. ■ 



20 



EXERCISES 

1. Prove that if H is a subgroup of a group G, then identity element of 
H is same as the identity element of G. 

2. Let G be a non-empty set together with an associative binary operation 

/ : G x G ->• G 

show that if 

(i) There exist an element e G G such that e* x = x for all x G G. 

(ii) For all x G G there exist w e G such that u> * x = e (w depends on 

x ), 

then G is a group. 

3. Let xi,x 2 , ■ ■ • , x n (n > 1), x and y be elements in a group G. Prove 
that 

(^"HELLi 2 ^ = YYLi(x~ lx i x ) _ 

(ii) (xi-'-arn)- 1 = x^x^ ■ ■ ■ x^ 

(iii) (x~ l yx) k = x~ 1 y k x for all k e ZZ. 

4. Let ^ = +) be the additive group of integers. Then show that 

(i) For any m G the set Zm = {am \ a G /Z} is a subgroup of /Z. 

(ii) For any two non-zero integers m, n, Zm C /Zn if and only if n 
divides m. 

(iii) For any subgroup H ^ (0) of /Z there exists a subgroup if ^ (0), 

(iv) There exists a subgroup A of ^ such that if for any subgroup B 
of Z, A g 5 c ^, then B = %. 

5. Prove that in any finite group G, the set {a; G G | i 2 ^ e} has even 
number of elements. Further, show that if order of G is even, then 
there exists an element x(^ e) in G such that x 2 = e. 

6. Prove that for any group G, 

(i) H t = {<Va 2 * • • • &k | o-i G G, fc > 1} is a subgroup of G for all £ > 1. 
Further, if G is abelian then H t = {x l \x G G}. 

(ii) if 2 = {^1^2 • • • x n .x n x n _i ■■■x 1 \x i eG,n>l}. 
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7. Let H, K, L be subgroups of a group G such that H C K. Prove that: 

(i) HL (1 K = H(L fl K). 

(ii) U HL = KL and H n L = K n L, then H — K. 

8. Let if , .K" be two subgroup of a group G. Prove that if (J if is a sub- 
group of G if and only if either H <Z K 01 K <Z H. 

9. Let H, K be two subgroups of a group G. Prove that for any two 
elements x, y G G,either HxK = HyK or HxK f] HyK = 0(null set). 

10. Let G be a finite group with o(G) = n and let S be a subset of G with 
IS | > (n/2) + 1 where (n/2) is the largest integer less than equal to 
n/2. Show that G = SS. Further, show that if \S\ = (n/2) then G 
need not be equal to SS and that G contains no proper subgroup of 
order > (n/2). 

11. Calculate the order of GliC%%) by writing down all its elements. 

12. Let W be a finite field with q elements. Prove that the order of the group 
Gl n (F) is Y[ n k Zl(q n -q k ) and the order of Sl n (F) is q n ~ l Y[ n k Zl(q n - q k ) ■ 
(Hint: Use that an n x n matrix over a field K has determinant 7^ if 
and only if all its columns(rows) are linearly independent vectors over 
K in the vector space K n .) 

13. Let R be a commutative ring with identity. Prove that M can be 
replaced by R in the Example 11.221 Further show that Gl n (R) = {A : 
n x n — matrix overR | detA is unit.} is a group. 

14. The set 

ax ~\~ b 

G = {/ : Ml f(x) = ;, a,b,c,de M with ad - be = 1} 

cx + d 

forms a group under the binary operation of composition of maps. 

15. Let x, y be two elements of a group G. Prove that if x m = y m , x n = y n 
for m,n G /Z with (m, n) = 1 i.e., g.c.d. of m and n is 1, then x = y. 

16. Let G be a group. Prove that if for two relatively prime integers m and 
n, x m y m = y m x m and x n y n = y n x n ,ior all x,y G G, then G is abelian. 
(Hint : Show that for k = (m,n), (x m y n ) k = (y n x m ) k using (xy) 1 = 
(x(yx)x~ l y = x(yx) t x^ 1 for all integers t.) 
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17. Prove that two groups of same order need not have same number of 
subgroups. 

18. Prove that S3 has exactly six subgroups. 

19. Prove that SO(2,M) is abelian, but SO(3,M) is not abelian. 
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Chapter 2 



Generators Of A Group And 
Cyclic Groups 

Let G be a group and 0),a subset of G.Then 

gp{S} = {aia 2 ...a m \ m > 1, a* or a" 1 G S* for all 1 < i < m}. 

is a subgroup of G ( Corollary 1 1 . 45 p . This is called the subgroup of G generated 
by S, and S is called a set of generators of gp{S}. If S = 0, the null set, 
then we define gp{S} = e, the identity subgroup of G. 

Definition 2.1. If for a finite subset S of a group G, G = gp{S}, then 
G is called a finitely generated group. Further, if no proper subset 
of S generates G, then S is called a minimal set of generators of G. 

Remark 2.2. Two minimal sets of generators of a group need not have same 
number of elements e.g., for the additive group of integers = (ZZ, +), we 
have Z = gp{l} = gp{2,3} and neither 2 nor 3 generates Z since for 
any m e /Z, gp{m} = mZZ. Thus {1} and {2,3} are two minimal sets of 
generators for Z. 

Exercise 2.3. Let S be a finite subset of a group G. Prove that gp{S} is 
either finite or is countably infinite. 

Exercise 2.4. Show that (M, +) and (M*, .) are not finitely generated groups. 

1 contents group2.tex 
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Theorem 2.5. Prove that every subgroup of a group G is finitely generated 
if and only if there is no infinite ascending chain of subgroups of G i.e., if 
A\ C A 2 C ■ ■ ■ C A n C ■ ■ • is an infinite ascending chain of subgroups of G, 
then there exists m > 1 such that A m+ k = A m for all k > 1. 

Proof: Assume that every subgroup of G is finitely generated and let 

A x C A 2 C ■ ■ ■ C A n C ■ ■ ■ 

is an infinite chain of subgroups of G. 
Put 

00 

A={jA n 

n=i 

Let x, y £ A. Then since A n , n > 1, is ascending chain of subgroups, there 
exists I > 1 such that x,y £ A\. Therefore xy" 1 £ A\ C A. Hence A is 
a subgroup of G (Theorem II .42[) . By assumption A is finitely generated. 
Let A = gp{xi,- ■■ ,Xt}. Then there exists m > 1 such that Xi £ A m for 
all i = 1,2, ••• ,t. Hence A = A m , and consequently A m = A m+k for all 
k > 1. Conversely, let G has no infinite ascending chain of subgroups. If 
the converse is not true, then there exists a subgroup H of G which is not 
finitely generated. We shall, now, construct inductively an infinite ascending 
chain of subgroups of G. Let A\ = gp{x{\ for any x\ £ H. As H is not 
finitely generated H ^ Ax. Choose x 2 £ H — Ai, and let A 2 = gp{xi,x 2 }. 
As above H 7^ A 2 . Choose x 3 £ H — A 2 and put A 3 = gp{x\, x 2 , x 3 }. Let 
we have chosen xi, x 2 , ■ • • x n in H such that for A t = gp{xi,x 2 , • • • , x t }, 1 < 
t < n, Xt+i £ H — At. Then as if is not finitely generated H ^ A n . Choose 
x n+ i E H — A n , and put A n+ i = gp{x\,x 2 , ■ ■ ■ ,x n+ i}. Thus, by induction, 
we get the infinite ascending chain 

C An C . . . C A C . . . 

of subgroups of G. This contradicts our assumption on G. Hence every 
subgroup G is finitely generated. ■ 

Definition 2.6. An element x in a group G is called a Non-Generator 
of G if whenever G = gp{x, S} for a subset S of G, G = gp{S}. 

Remark 2.7. For any group G, e £ G is clearly a non-generator of G. 
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Lemma 2.8. Let G be a group. Then 

(i) The set of non- generators of G is a subgroup of a G. 

(ii) Let M be a maximal subgroup of G that is M is a subgroup of G, G, 
contained in no subgroup of G other than G and itself. Then C M. 

Proof: (i) As e G G is non-generator, is non-empty. Let x, y G 

and let for a subset of G, 

G =gp{xy- 1 ,S} 
= gp{x,y,S} 

— 9P{S} since x, y are non-generators of G 

xy~ l G $(G) 

Therefore is a subgroup of G (Theorem 11.421) . 

(ii) Let x G $(G). If x M, then by maximality of M, G — gp{x,M}. 
However G ^ M. This contradicts the fact that x G Hence C 

M. ■ 

Definition 2.9. Let G be a group. The subgroup $(G) of set of 
non-generators of G is called Prattini subgroup of G. 

Theorem 2.10. For a group G, the Frattini subgroup $(G) of G is the 
intersection of all maximal subgroups of G. 

Proof: By lemma l2T£l (ii). for any maximal subgroup M of G, $(G) C M. 
Next, let x be any element of G which lie in all maximal subgroups of G. If 
x ^ &(G), then there exists a subset S of G such that G = gp{x,S}, but 
G 7^ gp{S}. Let B = gp{S}. Then B ^ G is a subgroup of G such that 
G = gp{x, B}. Clearly x $ B. Put 

A = {H C G | H : subgroup, H D B,x £ H} 

Clearly A ^ as B G A. For any two H 1 ,H 2 e A, define: 

-f/i < ^ -Hi C i?2- 

Clearly (.A, <) is a partially ordered set. Let {Hi} ie j be any chain in A. Put 
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If x, y G D, then as {H{\ i& i is a chain in A, there exists j € / such that 
1,1/6 i? io . Therefore G f/j C D. Hence D is a subgroup of G, D D B 
and x ^ D. Thus -D is an upper bound of the chain {H{\i & i in A. Thus 
any chain in A has an upper bound in A. Hence by Zorn's lemma A has a 
maximal element (say) N. Then x ^ N and gp{x, N} D gp{x, B} = G. Thus 
gp{x, N} = G. We claim that iV is a maximal subgroup of G. If not then 
there exists a subgroup Ni of G, iVi 2 N, Ni ^ G. By maximality of N in 
*4, x G iVi. Hence iVi = G. This is a contradiction to the fact that N\ ^ G. 
Thus iV is a maximal subgroup of G not containing x. Consequently <&(G) 
is the intersection of all maximal subgroups in G. ■ 

Definition 2.11. For any element x of a group G, order of x is defined 
to be o(gp{x}) and is denoted by o(x). 

Observations 2.12. (i) In a group G, the only element of order 1 is e. 
Further for any iGG, gp{%} = gpix 1 }- Hence o(x) = o^ -1 ). 

(ii) Every element 0) in (M, +) has order oo. 

(iii) The only non-identity element of finite order in M* is -1 and it has order 
2. Further, an element in (D* is of finite order if and only if it is a root of 
unity. Consider the group (Example II . 16 j) 

(E n = {z G <D\z n = 1} 

of n th roots of unity in(C. Every element of(D n is a power of e~ . Thus(Z7 n 
has exactly n-elements i.e., o(C n ) = n, moreover, (D* has infinite number of 
elements of finite order. 

Definition 2.13. An element x of a group G is called a torsion ele- 
ment if o(x) < oo, otherwise, it is called torsion free element. 

Definition 2.14. let G be a group. Then 

(i) If every element of G is a torsion element, G is called a torsion 
/ periodic group. 

(ii) If every non-identity element of G has infinite order, G is called 
torsion free. 

Remark 2.15. The identity group is torsion as well as torsion free. 

Definition 2.16. If for a group G, the set {o(x) \ x G G} is bounded, 
then the least common multiple of the integers o(x),x G G, is called 
exponent of G. 
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We shall, now, find generator sets for Gl n (K) and Sl n {K) (K: field). To 
do this, we need to know: 

Example 2.17. Let K be a field and let n > 2 be a fixed integer. Let for 
all 1 < i 7^ j < n, Eij(X) denotes the n x n-matrix over K with (i,j) th 
entry A and all other entries 0. Put e^A) = Id + Eij(X) where Id denotes 
the n x n-identity matrix. Then ejj(A) is the matrix with all entries on the 
diagonal equal to 1 and all off diagonal entries except the (i,j) th entry 
which is equal to A. Clearly, deteij(X) = 1. The subgroup 

E n (K) = ^K(A)|1 < i± J < n, A E K} 

of Sl n (K) is called the elementary group of dimension n over K. The 
matrices ejj(A) are called elementary matrices. 

Theorem 2.18. For any field K, we have 

(i) Gl n (K) = gp{ eij (a),d(a)\a(^ 0) e K, 1 < i± j < n} 

where d(a) denotes the diagonal matrix with (n, n) th entry equal to a and all 
other diagonal entries equal to 1. 

(ii) Sl n (K) = gp{ eiJ (a)\a(^ 0) e K, 1 < % ± j < n) 

Proof: (i) Let M (i) (M (,i) ) denotes the i th row (column ) of a matrix M. 
If Ae Gl n (K) and B = e i:j (a)A then B {t) = A {t) for all 1 < t(^ i) < n and 
B (i) = A (i) +aA (j) . Further for C = Ae i:j (a), C® = A® for all 1 < t& j) < n 
and C ij) = A^ + aA®. Thus multiplication by e^a) on left (right ) to A 
amounts to performing an elementary row ( column ) operation on A. As 
det A 7^ 0, 7^ i.e. , there exists a non zero entry in the first row of A. 
Hence by performing elementary column operations on A we can transform 
A to a matrix B with first row (1,0, 0,--- ,0). Now , by elementary row 
operations we can transform B to a matrix C such that 



/ 1 0---0 \ 



C 



: A 1 

v° / 

Thus there exist E u E 2 e E n (K) such that E X AE 2 = C. Note that 

detA x = detC 

= detE 1 AE 2 
= detA 
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Hence A 1 G Gl n -i(K). As seen above, by performing elementary row and 
column operations, we can bring A x to the form 

/ 1 0---0 \ 




where Ai G Gl n -2{K). Note that we can perform elementary row (column) 
operations on A\ by doing the same on C without changing the first column 
and row of C. Continuing as above we obtain E,F G E n {K) such that 
.EMF = d(a) for some 0) G If. Hence A = E~ 1 d{a)F~ 1 , and the result 
follows. 

(ii) Let A G Sl n (K) in (i). Then, as A = E- l d(a)F~ 1 , we get 

detA = det{E- l d{a)F- r ) 
= detd(a) 
=>- a — 1 

Hence = Id, and the proof follows. ■ 

Definition 2.19. A group G is called cyclic if there exists an element 
g G G such that G = gp{g} i.e., every element of G is a power of g. 

Remark 2.20. (i) For any element i in a group G, x m x n = x m+n = x n x m 
for all to, n G Zj . Hence a cyclic group is clearly abelian. 

(ii) The group (2Z,+) is cyclic and clearly Z = gp{l} = gp{—l}. Further, 
Z5 n is also a cyclic group and Z5 n = gp{l}. 

(iii) Let G be a finite group of order to, then G is cyclic if and only if there 
exists an element of order to in G. 

Notation: We shall denote by C n , a cyclic group of order n. 

Exercise 2.21. Prove that the group (C n is cyclic for any n > 1. 

Exercise 2.22. Let p be a prime. Prove that for any x, y G C p oo, either 
gp{x} C gp{y} or gp{y} D <7p{a;}. Then deduce that any finitely generated 
subgroup ofCpoo is C p n for some n > 0. 

Exercise 2.23. Prove that the groups +) and ((£>*, •) are not cyclic. 

Theorem 2.24. A subgroup of a cyclic group is cyclic. Further, a non- 
identity subgroup of an infinite cyclic group is infinite cyclic. 
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Proof: Let C = gp{g} be a cyclic group, and let if be a subgroup of 
C. If H = {e}, then it is clearly cyclic and is generated by e. Let H ^ {e}. 
Then there exists a +ve integer k such that g k G H . Choose m least positive 
integer such that g m G H. We claim H = gp{g m }. Let for t > 0, g* G H. We 
can write 

t = mq + r 

where < r < m. This gives 

g r = g t-mq = g t . g -mg £ ^ 

By minimality of m, we conclude that r = i.e., t = mg. Hence g l = g mq G 
gp{g rn }- Now, note that g k <E H if and only if g~ fc = (g^ 1 G if. Hence we 
get H = gp{g m }. This proves H is cyclic. To prove our next assertion, let 
C be an infinite cyclic group. As H ^ {e}, there exists m > 0, such that 
H = gp{g m }. If H is finite then there exist integers s > t, such that 

(g m Y = (g m Y 

i.e., g ms = g mt 
_^ g m(s-t) _ e 

Choose /c least positive integer such that g k = e. Then C = {l,g, . . . ,g k ~ 1 } 
i.e., C is finite. This, however, is not true. Hence, H is infinite cyclic. ■ 

Remarks 2.25. (i) If a group G has elements of finite order 1) and also 
of infinite order then G is not cyclic ( use: Any non- identity subgroup of an 
infinite cyclic group is infinite cyclic). 

(ii) If every subgroup of a group is cyclic, then obviously as a group is a 
subgroup of itself, it is cyclic. However, if we assume that every proper 
subgroup of a group is cyclic, then the group need not be cyclic. To show 
this we give the following: 

Example 2.26. Let 

be the Klein's 4-group. Then Hi = {I,a},H 2 = {I,b}, and H 3 = {I,c} are 
all the proper subgroups of G. Hence every proper subgroup of G is cyclic, 
but, V4 is not cyclic as it has no element of order 4. 
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Lemma 2.27. Let /Z = (Z, +) be the additive group of integers. Then for 
any finite set {m 1; m 2 , • • • , of non-zero integers, we have 

gp{mi,m 2 , ■ ■ ■ ,m k } = ZZm 1 -\ h Zm k 

= %d 

where d is the greatest common divisor (g.c.d.) of m^s, 1 < % < k. 
Proof: As % is abelian, clearly 

gp{mi, 777.2, • • • , mk} = 2Z>m\ H V /Zm k 

Further, as /Z is a cyclic group, by the theorem 12 .24| we get, 

Zrrii + • • ■ + /Zm k = ZZd 

for some d E /Z. Thus for all 1 < i < k, rrii G /Zd and hence d \ mi. Now, 
let for an integer e, e\rrii for all 1 < i < k. Then m, G and hence 

= ^777! + • ■ ■ + ZZm k C 
=> e|d 

Hence the result follows. ■ 

Corollary 2.28. Let C = gp{a} be a cyclic group generated by a. Then, 
given any finite set {mi, 7772, • • • , m k } of non-zero integers, 

gp{a m \a m \--- ,a m *} = gp{a d } 

where d is the greatest common divisor ofm' t s, 1 < i < k. 

Proof: The proof follows easily using that d = axrrii + a2777 2 + • • ■ + a k m k 
for some a« G ZZ, 1 < i < k. 

Theorem 2.29. The special linear group of degree n over /Z is generated by 
elementary matrices i.e., 

Sl n {%) = gp{eij(t) I l<i^j<n,teZ} 

Proof: The result is trivial for 77 = 1. Hence assume 77 > 2. Let 
Ai G Sl n (2Z\ Since determinant A\ is 1, not all entries in any given row 
(column) of A\ are zero, moreover, entries of any row (column) of A\ have 
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g.c.d. 1. Now, note that we can divide any entry in a given row (column) of 
A\ by any other entry in the same row (column) by performing elementary 
column (row) operations on A\. Thus as g.c.d. of the entries in the first row 
of A\ is 1, as proved in the theorem 12.181 (i). there exist an elementary nxn- 
matrix F% over 2£ such that 



C = A 1 F 1 



( 1 O--- \ 

* 

i A 2 



V 



/ 



Now, by subtracting multiples of the first row in C from other rows we can 
make all entries (second onwards) in the first column zero. Thus there exist 
an elementary n x n-matrix E\ over 21 such that 



B = E\A\Fi 



( 1 0--- \ 



i A 2 



\ 







Now, 



det (ExAxFi) = detA 2 
det Ei det A\ det F\ - 
detA 2 = 1, 



/ 



det Ao 



Since the determinant of any elementary matrix is 1. Thus A 2 € E n -\\ 
Now, note that we can perform elementary row and column operations on 
A 2 by doing the same on B and while doing so keeping first row and column 
of B unchanged. Hence, continuing as a above, we can find E,F G E n {2£) 
such that EA\F = Id, the identity matrix of order n. This gives that 
At = E^F' 1 e EJZ). Hence the result follows. ■ 



Corollary 2.30. The general linear group Gl n {2Z) of degree n over 21 is 
generated by the set {eij(t), d(—l) | 1 < i ^ j < n, t e 21} where d(—l) is 



the n x n-diagonal matrix over 2& with 
and (n,n) th entry —1. 



\th 



entry 1 for all 1 < i < n — 1 



Proof: If A G Gl n (Z), then 
1 = det (AA- 1 ) 



det A. det A 
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det A = ±1. 



If det A = l, then A e SI 



. Let det A 



-1. Then as in the theorem 



there exist E,F G E n (Z) such that 

/ 1 ••• \ 
1 ••• 

EAF = 

yO • ■ ■ d J 

det EAF = d 
=>- det A = d 
i.e. d = — 1 

Now, the result is immediate from the theorem. ■ 

Corollary 2.31. The group Sli{%>) is generated by the matrices 



A 



1 
-1 



B 



1 1 
1 



Proof: First of all, by the theorem, E 2 (^) = S7 2 (^). Therefore, it 
suffices to prove that Ei{2fi) = gp{A, B}. We have for all m > 1, 



B' 



1 m 
1 



and B 



1 — m 
1 



(2.1) 



Further, 



C 



A~ X B- X A 




Hence for all m > 1, 



1 
m 1 



and C 



1 
-m 1 



(2.2) 



By the equations 12. II and 12.21 it is clear that E 2 {%) = gp{B, C} C gp{A, B}. 
Finally, as 



A 



1 
-1 



1 1 
1 

BC- l B 



1 
-1 1 



1 1 
1 



It is clear that gp{A, B} = gp{B, C} = Sl 2 
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Theorem 2.32. Let x{^ e) be an element of order n in a group G. Then 

(i) The integer n is least +ve such that x n = e. 

(ii) If x m = e for an integer m, then n divides m. 

Proof: (i) By definition o{x) = °(gp.{x}) = n. Thus e j OC ^ OC j . • • j OC ( 
(n + 1)- elements) are not all distinct. Hence there exist < k < I < n such 
that 

x K = X 
_^ x l-k = e 

i.e., x s = e for s = I — k > 1 

Choose t least +ve such that x l = e. For any k G ZZ, we can write k = tq + r 
where o < r < t. Hence 



since x 1 = e 



Therefore 

gp {x} = {e,^,^ 2 ,...,^- 1 } 

If for < k < I < t,x l = x k , then x l ~ k = e, where 1 < I - k < t. This 
contradicts the minimality of t. Therefore e j Ob j Ob j ... j Ob cLI*6 all distinct. 
We, however, have °(gp{x}) = n. Hence n = t i.e., n is the least +ve integer 
such that x n = e. 

(ii) If m = 0, there is nothing to prove. Hence, assume It is sufficient 

to assume that m > since if x m = e, then x~ m = e. We can write 

m = nq + r, q, r G ZZ, < r < n 
\ . g — oc^" — 0C^^ ' oc^" 
=4> e = x r ( since x n = e). hy{i) 

This, however, gives by minimality of n that r = 0. Thus m = nq i.e., n 
divides m. 

Theorem 2.33. Let x[^ e) be an element of order n in a group G. Then 
for any integer k > 0, o(x fe ) = where (n,k) denotes the g.c.d. of n and 

k. Thus in particular o(x fc ) divides n. 
Proof: Since x n = e, we have 

, n k 

( x k)(n,k) _ ( x "-)(n,k) — e 
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Further, let 

(x k ) t = e 



n | kt Theorem 12.32( h) 
divides -rK^-t 



(n,k) (n,k) 

As and are relatively prime, we get divides t. Hence is 

the least +ve integer such that (x ) (n - fc) = e. Therefore o(ar) = 7^y, and the 
rest is clear. ■ 

Corollary 2.34. Let x(^ e) fre an element of order n in a group G. Then 
for any k > 1, o[x k ) — n if and only if (k, n) — 1. 

Proof: The proof is immediate from the theorem. ■ 

Theorem 2.35. Let G be a group and let x,y be two elements in G. If 
o(x) = m, o(y) = n,xy = yx, and (m,n) = 1, then o(xy) = mn. 

Proof: We have 

( xy ) mn = ( x m ) n ■ {y n ) m = e 
Further, let for some t > 1 

(xyY = e 

=>- x t y t = e since xy = yx 
=>- x l = (y l )~ l 
oix*) = 0(3/*) 

(use : Theorem 12. 33p 



(m,t) (n,t) 

=>- m(n,t) = n(m,t) 

=>- m I (m,t), n \ (n,t) since (m, n) = 1 

=^> m I t, n\t 

=>• mn I t 

Hence mn is the least +ve integer such that (xy) mn = e. Therefore by the 
theorem 12. 32( i). o(xw) = mn. ■ 

Definition 2.36. For any integer n > 1, <fr(n) denotes the number of 
elements in the set {k E JN | 1 < k < n, (k, n) — 1}. The function 
$ : IV — > JV defined here is called Euler's function. 
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Lemma 2.37. Let C = gp{x} be a cyclic group of order n. Then C has 
<fr(n) distinct generators. 



Proof: As C has order n, o[x) = n and 

C = {c, x, ' ' ' j x \ 

An element x k , 1 < k < n is a generator of C if and only if o[x k ) = n. Thus 
x k is generator of C if and only if (k,n) = 1 (Corollary I2.35p . Hence C has 
<fr(n) generators. ■ 

Theorem 2.38. Let C = gp{x} be a finite cyclic group of order n. Then for 
any d > 1, d \ n, C contains a unique subgroup of order d. 

Proof: Let ^ = n\. Then from the theorem 12.331 o[x ni ) = d. Thus 
gp{x ni } has order d. Further, let if be a subgroup of C with o(H) = d. As 
H is cyclic (Theorem 12. 24p H = gp{x k } for some < k < n. We have 

o(gp{x k }) = d 
=>- o(x k ) = d 
=>. x kd = e 
=3- n | kd 

k = ^ki for some k\ G Zj. 
=4> x k G gplx™ 1 } where ni = ^ 
=^> gp{x k } C ^{x™ 1 } 

As both groups have order d, we conclude H = gp{x k } = gp{x ni }. Thus a 

subgroup of order d in the cyclic group C is unique. ■ 

We shall, now prove a number theoretic result using group theory : 

Lemma 2.39. Let n > 1 be any integer. Then 

n = X>( d ) 

d\n 

Proof: Consider the cyclic group 2L n . We know that o(^ n ) = n. By 
the theorem |2.38[ for each d\n, Z n contains a unique subgroup Gd of order d, 
which of course is cyclic (Theorem I2.24p . Let denotes the set of generators 
of Gd- By the lemma U.'S7\ Gd, has exactly <3?(d) generators. Thus, \Sd\ = 
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<fr(d). Since every element of /Z n generates exactly one of the Gd, the theorem 
12.331 gives 

n = o(% n ) = J2 d \n \ S d\ 

= E d |n*(d) 

Hence the result follows. ■ 

Corollary 2.40. Let p be a prime and n > 1. Then 

<&(p n ) = (p - l)p n 1 

Proof: We shall prove the result by induction on n. Clearly <3?(p) = p— 1. 
Hence the result is true for n = 1. By the lemma, we have 



P n = Yl $ (p k ) 



0<fc<n 

Hence, by the induction hypothesis 

p n = i + (p_i) + (p_i)^ 1- (p - l)p n ~ 2 + $(p n ) 

=> $(p n ) = (p"-l)-(p-l)(l +p+ ... + p"-2) 

= p n ^ 1 (p — 1) 
Thus the result is proved. ■ 

Lemma 2.41. If every element e) o/ a group G has order 2, then G is 
abelian. 

Proof: By assumption, for any x G G, x 2 = e. Hence x~ l = x. Now, let 
x,y G G. Then 

(xy) 2 = e 
=>- xy = (xy)" 1 = y~ x x~ x = yx 

Hence G is Abelian. 
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EXERCISES 

1. Show that a group of order 4 is abelian. 

2. Let G be a finite group and p, a prime. Prove that if G = {x p | x G G}, 
then G contains no element of order p. 

3. Let G be a group of even order. Prove that G ^ {x 2 | x G G}. 

4. Let G = {x E(Q \ < x < l},and let for any x,y G G, 



x + y 



x + y if < x + y < 1 
x + y — 1 if x + y > 1 



Prove that G is an abelian group with respect to the above binary 
operation and all element of G have finite order. 

5. Prove that an infinite cyclic group G = gp{x} has exactly two genera- 
tors x and x~ l . 

6. Prove that a group G is finite if and only if G has finite number of 
subgroups. 



7. Prove that the subgroup of GfaiM) generated by the subset S 
g "| lias order S. 



1 

1 



8. Let 0) be an n x n-matrix over 1R such that A m = for some 
m > 2. Prove that / + A G Gl n {M) ( I ■ n x n identity matrix ). 
Further, show that if m = 2, then o(7 + A) = oo. 

9. Prove that the elements a = ^ ^ 0^ ) an< ^ ^ = ^ ^1 \ ) ^ n 
G/ 2 (iR) have finite order, but, o(a6) = oo. 

10. Show that the groups +) and (<^*, •) are not finitely generated. 

11. Prove that any finitely generated subgroup of ((Q, +) is cyclic. 

12. Let G = gp{x} be a finite cyclic group of order n > 3. Prove that G 
has an even numbers of generators. 
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13. Find the number of subgroups of a cyclic group of order 30 i.e., of C 30 . 

14. Show that for any element a; of a group G, o(x) = o^g^xg) for all 
g G G. Then deduce that o(xy) = o(yx) for all x,y G G. 

15. Let p be a prime and G = the multiplicative group of integers 
modulo p. Prove that rLeG x — P — 1- Then deduce that (p— 1)! + 1 = 
mod (p). 

16. Let C be a finite cyclic group and n\ o (C). Prove that the set G 
C | x n = e} has exactly n-elements. 

17. Let m > 1, n > 1 be two relatively prime integers. Show that if for an 
element x G G, o(x) = m, then x = y n for some y E G. { Hint : use 
am + bn = 1 for some a, b G ^T.) 

18. Show that if a group G is union of its proper subgroups, then G is not 
cyclic. 

19. Let G be a finitely generated group. Prove that there is no infinite 
chain A± C A 2 C • • • C A n C • • • of proper subgroups A n , n > 1, of G 
such that G = (J^i 

20. Let C = gp{a} be an infinite cyclic group. Then 

(i) Prove that any maximal subgroup of C is of the type gp{a p }, where 
p is prime. 

(ii) Show that $(C) = id. 

21. Show that $(S 3 ) = id. 

22. Find the Frattini subgroup of a cyclic group of order 12. 

23. Let p be a prime and a > 1. Prove that if C pa cyclic group of order p a , 
then ^(Cpc) is cyclic group of order p^ 1 . 
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Chapter 3 



Cosets Of A Subgroup, Normal 
Subgroups And Quotient 
Groups 

In this chapter we start with the concept of cosets of a subgroup which in 
some sense, measure the size of a group with respect to a given subgroup. 
Then we define a normal subgroup and associate a group with every normal 
subgroup of a group called the factor group or quotient group of the group 
with respect to the given normal subgroup. A preliminary study of these 
ideas is done here. 

Definition 3.1. Let G be a group and H, a subgroup of G. For any 
x E G, the set xH = {xh \ h e H} is called the left coset of H in G 
with respect to x, and Hx = {hx \ h 6 H} is called the right coset of 
H in G with respect to x. 

Remarks 3.2. (i) For any he H, hH = H = Hh 

(ii) The map h i— > xh is one-one from H onto xH. Hence \H\ — \xH\ 

Lemma 3.3. Let G be a group and H , a subgroup of G. Then any two 
distinct left (right) cosets of H in G are disjoint. 

1 contents group3.tex 
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Proof: Let xH, yH be two distinct left cosets of H in G. Let 

xH n yH ^ 
=>- xhi = yh 2 for some h±, h 2 G H 
=>- xhih^ 1 = y 
=>- xh 1 h 2 1 H = yH 
=>- xH = yH since hih^ 1 G H 

A contradiction to our assumption that the two cosets are distinct. Hence 
xH fl yH = (p. The proof for right cosets is similar. ■ 

Theorem 3.4. Let G be a group and H , a subgroup of G. Then there exists 
a 1-1 correspondence between the left cosets of H in G and the right cosets 
of H in G. Thus the cardinality of the set of all distinct left cosets of H in 
G is the same as the cardinality of the set of all distinct right cosets of H in 
G. 

Proof: Consider the correspondence 

6 : xH ->■ Hx~ x 

If for two left cosets xH, yH of H in G, we have 

Hx~ l = Hy- 1 
(Hx" 1 )- 1 = (Hy- 1 )- 1 
xH- 1 = yH' 1 
i.e., xH = yH (since H- 1 = H) 

Hence the correspondence is 1-1. Further, for any right coset Hy of H in G, 
we have 6(y~ 1 H) = Hy. Thus the result holds. ■ 

Definition 3.5. Let H be a subgroup of a group G. Then [G : H] 
denotes the cardinality of the set of all distinct left (right) cosets of 
H in G. This is called the index of H in G. 

Remark 3.6. Let if be a subgroup of a group G, and G = \J ieI (xiH). Then 
for any x G H, x = X{h for some % G I and h G H. Therefore xH = XihH = 
X{H. Hence if XiH fl XjH = for all % ^ j, then [G : H] = |/|. 

Exercise 3.7. Let n > 1 be any integer. Prove that for any subgroup 
of the group = (Z, +), [Z : nZ] = n. 
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Theorem 3.8. (Lagrange's) Let G be a finite group and H, a subgroup of 
G. Then o(H) divides o(G), and o(G) = o(#)[G : tf] i.e., [G : H] — 

Proof: Let X\H, X2H, ...,x n H be all distinct left cosets of H in G. Thus, 
as x G xH, by the lemma 13. 3[ 

G = x 1 HUx 2 HU ... Ux n H 

is a decomposition of G into pair-wise disjoint subsets. Therefore 

|G| = n \H\ use: Remark 13. 2( ii) 
o(H) divides o (G) 
and o(G) = o(H)[G : H] ■ 

Corollary 3.9. Any group of prime order is cyclic. 

Proof: Let G be a group of order p,a prime. Take any x(j£ e) G G. 
Then, by the theorem, for the subgroup H = gp{x}, o(H) divides o(G) = p. 
As 1 / e,o(H) 7^ 1. Hence o(H) = p. Thus G = gp{x} i.e., G is cyclic. ■ 

Corollary 3.10. Let G be a finite group of order n. Then for any x G G, 
order of x divides n. 

Proof: By the definition 12.111 °{ x ) — °{9P{ X })- Hence the result follows 
by the theorem. 

Exercise 3.11. Let H,K be two finite subgroups of a group G such that 
o(H) = m, o(K) = n, and (m,n) = 1. Prove that H R K = {e} the identity 
subgroup. 

Exercise 3.12. Prove that elements of finite order in ((Z7*, •) is an infinite 
torsion group. 

Theorem 3.13. Let G be a finite group such that for all d > 1, G has at 

most d elements satisfying x d = e. Then G is cyclic. 

Proof: Let o(G) = n and N(d) denotes the number of elements of order 
d in G. If a G G is an element of order d in G, then for any element 
y G gp{a}, o(|/) divides o(a) = d (Corollary 13. 10p . Thus by the theorem 12.321 
(i), y d = e. By assumption G has at most d elements satisfying x d = e. Hence 
gp{a} = {e, a, a 2 , ■ ■ ■ , a d_1 } is the set of all such elements. By the corollary 
12.341 $(d) is the number of elements of order d in gp{a}. Hence if G contains 
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an element of order d in G, then N(d) = «&(d), otherwise N(d) = < <fr(d). 
As order of an elements in G divides = n, we have 

E d \ n N(d) = n = (Lemmd^m 
N(n) = *(n) > 1 

Hence G is cyclic (Remark 12.231 (hi))- H 

Corollary 3.14. Let G be a group of order n such that for every d > 1, d\n, 
there is exactly one subgroup of order d in G. Prove that G is cyclic. 

Proof: Let for d > 1, d\n, N(d) denotes the numbers of elements of 
order d in G. By our assumption, if for x,y G G, o(x) = o(y) = d, then 
gp{x} = gp{y}. hence by corollary I2.40[ N(d) < <fr(<i). Now the proof is 
immediate from the theorem. ■ 

Exercise 3.15. Prove that for the subgroup 1R = (M,+) of(Z7 = ((£,+), 
^ : M) = oo. 

Exercise 3.16. Let for a subgroup if of a group G, [G : H] = n < oo. Prove 
that for any x G G x t G H for some 1 < £ < n. 

Definition 3.17. Let H be a subgroup of a group G. A left transver- 
sal of H in G is a subset T of G such that 

(i) e G T 

(ii) xif Pi yH = <fi for all x, y G T, x ^ y 

(iii) [J:riJ = G. 

Remarks 3.18. (i) We can define a right transversal of H in G by taking 
right cosets of H instead of left cosets. 

(ii) Any left transversal of H in G is obtained by taking one element from 
each left cosets of H in G and taking the identity element from the coset H. 

(iii) If (j) : G — > T is the function (f>(x) = x t G T such that xH = x t H , then 
for any x,y G G 

(j)(xy) = (j)(x(f)(y)) 

and 

(j)(h) = e for all h G if. 
This function is referred as coset representative function . 
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Theorem 3.19. Let G be a group and let H,K be two subgroups of G. If 
H D K, and [G : K\ < oo, then [G : H] < oo, [H : K] < oo, moreover, 
[G : K] — [G : H].[H : K). 

Proof: Let [G : K] = n, and let X\K, x 2 K, x n K be all distinct left 
cosets of K in G. Then 

n 

G = \J{xiK) 

i=i 

n 

G = \J(xiH) since K C H. (3.1) 

8=1 

Then for any g G G, g = Xih for some 1 < % < n and h G H. Hence gH = XiH 
and [G : H] < n. Further, it is clear by definition of cosets that [H : K\ < 00, 
since [G : K] < 00. Let [if : K] = t, and let hxK, h 2 K, /i t .fr be all distinct 
left cosets of K in H. Then 

t 

H = \J{h t K) (3.2) 
i=i 

From the equations 13.11 and 13.21 we get 

G = {jxA[jh 3 K\ 

i=i \j=i / 



Now, if XihjK = Xi 1 hj 1 K, then 

XihjKH = Xi 1 hj 1 KH 

XiH = x^H since K C H, and hj, hj ± G H 
=^> i = i\ by choice of X{S. 
=^> XihjK = Xihj 1 K 
=^ hjK = h h K 
^ 3 = ji by choice of h/s. 

Hence XihjK = Xi 1 hj 1 K implies i — i\ and j = j\. Therefore [G : K] = nt = 
[G : H][H : K) This completes the proof. ■ 



= |J (XihjK) (3.3) 

l<i<n 
l<j<t 
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Theorem 3.20. Let if, if be any two finite subgroups of a group G. Let 
o(if) = m, o(ff ) = n, and o(if fl if) = t. Then 

\HK\ = — . 
1 1 t 

Proof: We know that if fl if is a subgroup of if as well as of if. Let 

(ff n K)y x U (ff H K)y 2 U . . . U (if n K)y p = K (3.4) 

be a right coset decomposition of K with respect to H (1 K. Then, 

HK = H(HnK) yi UH(HnK)y 2 U...UH(HnK)y p (3.5) 
= Hy x U Hy 2 U . . . U Hy p (use: H(H H K) — H) (3.6) 

We claim that Hyi, Hy 2 , . . . , Hy p are all distinct cosets. Let for i ^ j, we 
have 

Hyi = Hyj 
=> H = Hy 3 yr l 
yjy^EHnK 

(HnK) yi = (HnK) yj 

This contradicts that I3.4l is coset decomposition of if with respect to if D K. 
Hence Hyi, Hy 2 , . . . Hy p are all distinct. We have \Hy\ = \H\. Therefore 
from f )3.6p . we get 



\HK\=p\H\ = | H | • [K : H n K] 
>(H) ■ o(K) 



o| 

o(HHK) 
mn 



use: Theorem 13. 8p 



Theorem 3.21. Let H, K be two subgroups of a group G such that [G : H] = 
m, and [G : K ] = n. Then [G : H D K] < mn. 

Proof: Let a\H, a 2 H, . . . , a m H be all distinct left cosets of H in G and let 
b x k, b 2 K, . . . , b n K be all distinct left cosets of K in G. Take x, y G aiHnbjK. 
Then we can write 

x = dj/i = bjk (h G if, A; G if) 
y = a l h' = b j k' (h' G if, A;' G if) 
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Hence, 

y-^x = h'^h = k'~ l k eHHK 
x(H n K) = y(H n K) 

Further for any g G G, g G (a^H fl b^K) for some 1 < i\ < m, 1 < jx < n. 
Hence the number of distinct left cosets of H D K in G is less than or equal 
to the number of members in the set {(aiH fl bjK \ 1 < i < m,l < j < 
n}, i.e.,mn. Thus 

[G : H f] K] < [G : H] ■ [G : K) — mn. ■ 

Corollary 3.22. If we assume that (m,n) = l,in the theorem, then 

[G : H n K] = [G : H][G : K] = mn 

Proof: We have 

[G : H C\K] = [G : H][K : H fl K] = [G : K][H : H C\ K] 

=> m\[G : H f\ K],n\[G : H f\ K] 
mn | [G : H fl K] since (m, n) = 1. 

Hence, by the theorem 

[G : H n K] = [G : H][G : K] = mn ■ 

Corollary 3.23. Let Hi, H 2) ■ ■ ■ be subgroups of a group G with [G : Hi] = 
ti, i = 1, 2, .., k. Then 

n 

[G:f)Hi] <tit 2 

i=l 

Proof: The proof follows by induction on k. ■ 

Exercise 3.24. Show that in the theorem 13 .2 1[ [G : Hf]K] ^ mn in general. 

Theorem 3.25. Let G be a finitely generated group and H , a subgroup of 
finite index in G. Then H is finitely generated. 

Proof: Let M be a finite subset of G such that G = gp{M}, and let T 
be a left transversal of H in G. As [G : H] < oo, T is finite. To prove the 
result we shall show that 

H = gp{(f)(x e t)- l x e t\ t G T,x G M and e = ±1} 
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where <p '■ G — > T is the coset representative function. 
For any h G if, we can write 

h = x^x^ 2 ■ ■ ■ x e k (3.7) 

where G M and = ±1 for all i — 1, • • • , k. Now, put u — e, u± — x e k k 
and u i+ i = x e k h Zl • • • x e k k for all i = 1, 2, • • ■ , A; — 1. Clearly, 4>{ u k) — <f>{h) = 
e = 4>(uo). Hence, from the equation 13.71 we get 

h = 0(u fc )" 1 2;i 1 0(M fc _i)0(n A: _i) _1 a;2 2 0(ufc-2)0(Mfc-2) _1 ■ • • 
• • ■ <f)(ui)<f)(u 1 )~ 1 xl k (f)(uo) 

Now, note that 

= 0(4-7 

for all % = 0, 1, • • • , k-1. Therefore <p{u i+1 )- 1 x e k S-<f){u i ) = ${x k Zl ^(w;)) -1 x e k Zl l <p{ui) 
is an element of the form <p(x e t)~ 1 x e t, (t G T, x G M, e = ±1), for all 
i — 0, 1, • • ■ , fc — 1. Hence the result follows. ■ 

Remarks 3.26. (i) Let M be a generator set of a group G and let if be a 
subgroup of G. If T is a left transversal of if in G, then by the proof of the 
theorem it follows that the set S = {(f)(x e t)~ 1 x e t\t G T,x G M, e = ±1} is 
a set of generators of if. Thus fmiteness of M and [G : if] < oo is used to 
ascertain that S is finite. 

(ii) We have 

4>(x e t)H = x e tH 
x~ e (j)(x e t)H = tH 

=>- (f)(x~ e (f)(x e t)) = t 

Hence 

{(j){x e t)- l xn)~ l = t- x x- e <t>{3ft) 

= (f)(x~ e (j)(x e t))~ 1 X~ e (j)(x e t) 

= <f>(x~ e t)~ 1 x~ e t 
=> <t)(x e t)- l x e t = {<j){x^ e t)x- e t)- 1 

where t = <j)(x e t). 
Therefore, we have 

H = #p{0(xt) _1 xt|t G T, x G M } 

(iii) From the proof of the theorem and (ii), we get 

H = gp{T~ l MT n ff } since <p(xt)~ 1 xt G H. 
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Definition 3.27. A subgroup H of a group G is called a normal 
subgroup if xH = Hx for all x E G. We denote this fact by the 
notation if < G or G > H. 

Remarks 3.28. (i) Any subgroup of an abelian group is normal. 

(ii) In a group, the identity subgroup {e} and G are always normal subgroups. 

(iii) Any normal subgroup of a group G other then G and identity subgroup 
is called a proper normal subgroup of G. 

(iv) Let if be a normal subgroup of G,H 7^ G. Then if is called a maximal 
normal subgroup of G if there exists no normal subgroup K of G such that 
H gK ^G. 

(v) A normal subgroup if (7^ e) of G is called a minimal normal subgroup 

of G if for any normal subgroup K(^ e) of G, K C if implies K = H. 

Lemma 3.29. Let if, K be two subgroups of a group G. Then 

(a) If H < G,HK is a subgroup of G. Further, if K is also normal in G, 
then HK < G. 

(b) If H <G, K <G and Hf]K = {e}, then hk = kh for all h e H , k e K. 

Proof: (a) As H < G, HK = KH. Hence by the theorem Q71 HK is 
a subgroup of G. Further, let K < G. Then for any x G G, 

xHK = HxK (H<G) 
= HKx (K < G) 

Hence HK < G. 

(b) Let h <E H, k E K. Then as if < G, AT < G, 

hkhT l k- x eHf]K={e} 

=^ hkh^k' 1 = e 
hk = kh 

Hence the result follows. ■ 

Theorem 3.30. Let H be a normal subgroup of a group G. Then the set 

G/H = {xH I x e G} 
is a group with respect to the product of subsets in G. 
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Proof: Let xH,yH G G/H. Then 

(xH)(yH) = x(Hy)H 

= x(yH)H since H <\G 
= xy(HH) = xyH. 

Thus G/H is closed with respect to set product. 
For eH = H G G/H , we have 

(xH)(H) = xH = H(xH) 

for all xH G G/H. Hence H is the identity element in G/H. As product in G 
is associative, the set product is associative in G. Finally, for any xH G G/H, 
x- l H G G/H and 

(xH)(x~ 1 H) = H = {x- l H){xH), 

i.e., every element of G/H admits an inverse with respect to H. Thus G/H 
is a group. ■ 



Corollary 3.31. Let G be a finite group and let H be a normal subgroup of 

°(G) 



G. Then G/H is a group of order 



Proof: : By the theorem ESI [G : H] = ^T). RenceG/H is a group of 
order 4ttt- B 

Definition 3.32. Let H be a subgroup of a group G such that H <\G. 
Then the group G/H defined above is called the factor group or 
quotient group of G by H. 

Definition 3.33. Let G be a group with o(G) > 1. The group G is 
called a simple group if there exists no proper normal subgroup of 
G. 

Example 3.34. Let G be a group of prime order. As order of a subgroup 
divides the order of the group, for any subgroup H of G, either H = {e} or 
H = G. Hence a group of prime order is simple. 

We shall give more examples of simple groups in due course and shall 
show that any abelian simple group is of prime order. 
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Theorem 3.35. Let H be a subgroup of a group G. Then H is a normal 
subgroup of G if and only if x~ l Hx C H for all x G G. 

Proof: If H <\ G, then for any x E G, 

Hx = xH 
=>- x~ l Hx = H 

Conversely, if for all x G G, 

x~ x Hx C H 

Then 

Taking x~ x for x, we get 

=^ xH C Hx 
Consequently, Hx = xH for all x G G. Thus H < G. ■ 

Corollary 3.36. For a subgroup H of a group G, H <\ G if and only if 
xH = yH implies Hx = Hy for all x,y G G. 

Proof: If H < G, then xH = yH implies Hx = Hy by the definition 
of the normal subgroup. Conversely, let the condition holds. Take x G G, 
he H. Then 

xH = xhH 
=>- Hx = Hxh 
=^ H = Hxhx~ l 

xhx^ 1 G H for all h G H 

xHx" 1 C H for all x G G 

Hence H <G. M 

Exercise 3.37. Let K be a field. Prove that Sl n (K) is a normal subgroup 
of Gl n (K). (Hint: Apply the theorem ) 

Exercise 3.38. Let {ifj}j e / be a family of normal subgroups of a group G. 
Prove that Hi is a normal subgroup of G. 

Definition 3.39. For any subset S of a group G, the intersection of 
all normal subgroups of G containing S is called the normal closure 
of S in G, and is denoted by Nc(S). 



Hx C xH 
Hx" 1 C x~ x H 
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Remarks 3.40. (i) N G (S) is the smallest normal subgroup of G containing 
S. 

(ii) A subgroup H of G is normal if and only if N G (H) = H. 

Theorem 3.41. Let H be a subgroup of a group G. For any x,y E G, define 
a relation R as: 

xRy xy^ 1 E H 

Then R is an equivalence relation over G and Hx is the equivalence class of 
x with respect to R. 

Proof: For any x E G, xx^ 1 = e E H. Thus xRx holds. Further, for any 

x,y EG, 

xy' 1 E H yx' 1 = {xy' 1 )' 1 E H 
Hence, xRy yRx 
Next, let x, y, z E G be such that xRy, yRz hold. Then 

xy~ l E H,yz~* E H 

=>- (xy~ 1 )(yz~ 1 ) = xz' 1 E H 

Therefore xRz holds. Thus R is reflexive, symmetric and transitive i.e., R is 
an equivalence relation over G. Finally, for x,y E G 

xRy xy' 1 E H 
yx' 1 E H 
<=> y E Hx 

Therefore, Hx is the equivalence class of x in G with respect to the relation R. 
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EXERCISES 

1. Let if be a normal subgroup of a group G with [G : H] = n < oo. 
Show that x n E H for all x E G. 

2. Show that p* : R*} = oo. 

3. Prove that if F is a subgroup of(D* with \D* : H] < oo, then H =(D*. 

4. Prove that the statement of the exercise 3 is not true if we replace € 
byQ or R. 

5. Let H be a subgroup of Q = +) such that $ : H] < oo. Prove that 
// Q. 

6. Show that in the exercise 5, Q can be replaced by R = (R, +) or by 
C=(<Z7,+). 

7. Let for an abelian group G, G = {x n \ x e G} for all n > 1. Prove that 
for any subgroup H of finite index in G, G = H. 

8. For the subgroup /Z = (Z, +) of the group Q = (fQ, +), prove that 

(a) Every element ofQ/Z has finite order. 

(b) For any element q = q + % in(Q/Z and 0) G Z, the equation 
nX = q has a solution inQ/Z. 

(c) Any finitely generated subgroup ofQ/Z is cyclic. 

(d) For any m/n{^ 0) G(£>, order of the element m/n + ^ in(Q//Z is n 
if and only if (m,n) = 1. 

9. Prove that a normal subgroup of a normal subgroup need not be nor- 
mal. 

10. Let for a subgroup H of a group G, x 2 *E H for all x E G. Prove that 

11. Prove that any subgroup of the group of Quaternions is a normal sub- 
group. 

12. Show that if a normal subgroup H of a group G is cyclic, then every 
subgroup of if is normal in G. 
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13. Let G be an abelian group and let S = {x G G \ x 2 = e}. Prove that 



geG x£S 



e if \S\±2 

x if S = {e, x}, x^e 



(Hint : Note that S is a subgroup of G. If \S\ > 2, then for any 
y{^ e) G 5, consider the subgroup A = {e,y} of S and show that if 

[S : A] =m, then Yl xeG x = V m -) 

14. Let H be a subgroup of a group G with finite index. Prove that for 
any x G G, there exist a±, a,2, ■ • ■ , a n in G such that 



HxH = {J ai H = \J Hai. 



15. Let if be a subgroup of finite index in G. Show that there exist 
ai, a 2 , ■ ■ ■ , a n in G such that 



G = [ja i H = {jHa i . 



i=i 



16. Let Hi, % — 1, 2, • • • , n be finite normal subgroups of a group G. Prove 
that if = HiH 2 ■ ■ ■ H n is a finite normal subgroup of G and o(iJ) 
divides o^) ■ o{H 2 ) ■ ■ ■ o (H n ). 

17. Let if, K be two subgroups of a group G. Prove that if Hx = Ky for 
some x,y G G then H = K. 

18. Prove that for any subgroup of the cyclic group G = G n , there exists 
a subgroup K of G such that K is isomorphic to G/H. 

19. Let ii be a normal subgroup of a group G. Prove that if H and G/if 
are finitely generated, then G is finitely generated. 

20. Let C n = gp{a} be a cyclic group of order n. Prove that $(G n ) = 
gp{a m } where m is the product of all distinct prime divisors of n. 

21. Prove that for any group G, and n > 0, the subgroup P n (G) = 
gp{x n | x G G} is a normal subgroup of G. 
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22. Let S and T be two subsets of a group G. Prove that 

(i) N G (N G (S))=W G (S)_ 

(ii) N G (S[jT) = N G (S)N G (T). 

23. Prove that for any subset S of a group G, N G (S) = gp{g~ l xg \ g e 
G,x E S}. " ' 

24. Let A be an abelian normal subgroup of a group G. Prove that if for 
a subgroup H of G, AiJ = G then fl A is normal in G. 
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Chapter 4 

The Commutator Subgroup 
And The Center Of A Group 

One of the most important properties by which general groups differ from 
(ZS, +), (M, +) etc. is commutativity. We shall define concepts of commuta- 
tor subgroup and center of a group which give measures of non - commuta- 
tivity of a group. To make matters precise, let us define: 

Definition 4.1. For any two elements a, b of a group G, the element 

[a, b] = aba~ l b~ l 
is called the commutator of the ordered pair {a, b}. 
Remarks 4.2. (i) We have 

[a, b]^ 1 = bab^ x a v = [b,a] 

(ii) Note that 

[a, b] = e, the identity element 
<^ aba^b^ 1 = e 
ab = ba 

Thus the commutator of the pair {a, b} is in some sense the measure of 
non-commutativity of a and b. 

1 contents group^.tex 
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Definition 4.3. let G be a group. Then 

G' = [G, G] 

= gp{[a, b]\a,b E G} 

is called the (first) derived group or commutator subgroup of G. 

Remarks 4.4. (i) For any two subgroups A, B of a group G,we write 

[A,B] = gp{[a,b]\a e A,b e B} 

(ii) The group G is abelian if and only if G' = {e}. 

Exercise 4.5. Let G be a group. Prove that 

(i) If x,a,b G G, then [x^ax, x _1 bx] = x _1 [a, b]x. Thus there exist c,d G G 
such that [a, b]x = x[c, d}. 

(ii) If cij, bi, x G G, 1 < i < n, then 

n n 

i=i i=i 

(iii) The derived group G" of G is normal in G. 

Exercise 4.6. Let G be a group. Prove that for any x,y,z G G, 

(i) = rr^^x- 1 ^] 

(ii) [a;,2/z] = [x, 

(hi) y'^ly, x' 1 ], z-^yz-^z^y-^x-^zx-^lx, z' 1 ]^- 1 ^ = Id 
hold. 

A more direct measure of the commutativity of a group is given by the 
following : 

Definition 4.7. For any group G, 

Z(G) = {xe G\xg = gx for all g G G} 

is called the center of G and is denoted by Z(G). 

Remark 4.8. Clearly Z(G) = G if and only if G is abelian. 

Lemma 4.9. Let H be a subgroup of a group G such that G' C H . Then H 
is normal in G. In particular G' < G. 
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Proof: Let g G G and h G H. Then 

ghg~ x h~ x G H 
=► ^/i^ 1 G Hh = H 
=>• gHg- 1 C # for all g> G G 

Hence by the theorem 13.351 if is a normal in G. ■ 

Corollary 4.10. The factor group G/G' is abelian. 

Proof: For any x,y G G , 

{xG'){yG') = xyG' 

= xy[y~ l , x -1 ]G' 

= xyy~ l x~ x yxG' 

= yxG' 

= {yG'){xG') 

Hence G/G' is abelian. ■ 

Lemma 4.11. For any normal subgroup H of a group G, G/H is abelian if 
and only if G' C H. 

Proof: Let G/H be abelian. Then for any x,y G G , 

(xH)(yH) = (yH)(xH) 

=>■ xyH = yxH 

=>■ Hxy = Hyx 

=>■ Hxyx~ x y~ x = H 

=>■ = xyx~ l y~ l G ii 
G' C H 

Conversely if G' C if, then for any x,y £ G, 

[x, y] = xyx~ x y~ x G ii 

=>- Hxyx~ l y~ l = H 

=>- Hxy = Hyx 

=> = (Hy)(Hx) 

Hence G/H is abelian. ■ 
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Theorem 4.12. For any group G, 

G' = {(x 1 • • -X n )(x n ■ ■■XxY 1 | Xj G G, U > 1} 

Proof: Put 

K = {(x 1 ■ • -x n )(x n ■ • -xi)" 1 \ xi G G,n > 1} 

We shall first show that K is a subgroup of G. Let a — (xi • • • x n )(x n ■ ■ ■ Xi) -1 
and b = (yi ■ ■ ■ yk)(yk • • • Hi)' 1 be two elements of K. Then taking, c = 
{VkVk-i • • - yi), we have 

ab = (x 1 ---x n -x^ 1 x 2 1 ---x- 1 )(y 1 y 2 ---y k yi 1 ---yk 1 ) 
= xix 2 ■ ■ ■ Xny^y^ 1 ■ ■ ■ y^cx^x^ 1 ■ ■ ■ x^y^ ■ ■ ■ y k c~ l 
= (xix 2 ■ ■■x n y^ 1 y 2 1 ■ ■■y k : 1 c)(cy k 1 ■ ■■y 2 1 y'{ 1 x n ■ ■■x 2 x 1 )- 1 

and 

a -1 = (x n ■ ■ -xi)(xi ■ ■■XnY 1 

Hence ab, a" 1 G K for all a,b G K. Thus K is a subgroup of G. Now, note 
that for any x,y G G, 

(xy)(yx)~ 1 = xyx~ l y^ 
= [x, y] 

Thus [x, y] G K for all x,y £ G. Consequently G' C X. To complete the 
proof, we have to show that K C G". To do this we shall show by induction 
on n, that for any Xi G G, 1 < i < n, (xi • • • x n )(x n ■ ■ ■ Xi) -1 G G' . The result 
is clear for n — 1, 2. Now, let n > 3. Then 

(Xi • • • Xn) (x n • • ■ X\) = (xi • • • X n ) (x^ • • ■ X n ) 

= ([x 1 ,x 2 ]x 2 x 1 x 3 ■ ■■x n )(x^ 1 ■ --x- 1 ) 

= Oi, X 2 ]X 2 [X 1 , X 3 ]x 3 X 1 X i ■ ■ ■ X n )(x^ • • • X" 1 ) 

Continuing as above, as xG' = G'x for all x G G, we get 

(Xi • • -X n )(x n ■ • - Xi)" 1 = ([X1,X2]X 2 [X1,X 3 ]X3 • • • [xi , X n ]x„Xi) (xf 1 • • ■ X~ l ) 

= z(x 2 ■ ■ •x n )(x 2 1 • • -x" 1 ) (zeG') 

= (x 2 ---X n )(Xn---X 2 y 1 

As (x 2 ■ ■ ■ x n )(x n • • • x 2 )^ G G' by induction, we get that (xi • • • x„)(x n • • • Xi) -1 G 
G'. Consequently 

G' = {(xi • • -x n )(x n ■ • - xi)" 1 \ xi G G,n > 1}. ■ 
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Lemma 4.13. Let G be a group. Then Z(G) < G i.e. , Z(G) is a normal 
subgroup ofG. 

Proof: First of all Z(G) ^ 0, since e G Z(G). Now, let x,y G Z(G) and 
g G G. Then 

x~ x gx = g 
=>- x -1 ^ = gx -1 
=>• x~ x gy = gx~ x y 
=>• x~ x yg = gx~ x y 

Hence G Z(G). Therefore is a subgroup of G (Theorem ll.42p . 

The fact that is normal is clear by definition. Hence the result follows. 



Theorem 4.14. Let G be a group with [G : Z(G)] = n. Then o(G') < 
(n 2 -3n + 3)«(« 2 -3«+3) < n 2n 3 

Proof: We shall prove that the result in steps. 
Step I: G has atmost n 2 — 3n + 3 commutators. 

Let Z = Z(G) and let a\Z = Z, a^Z^ ■ ■ • , a n Z be all distinct cosets of Z in 
G. If x, y G G, then x = OiC,y = ajd for some 1 < i,j < n, and c,d G Z. 
Therefore 

[z,2/] = [ai,aj] 

Note that a± G and [y, b] = e for all b £ Z and y G G. Therefore the 
number of commutators in G is less than or equal to 

2((n - 2) + (n - 3) + • • • + 1) + 1 = n 2 - 3n + 3. 

Step II: For any x,y G G, [x,y] n+1 = [x, y 2 \\yxy~ x , y] n ~ l . 

By assumption o(G/Z) = n. Hence for any x,y G G, [x,y] n G Z. Therefore 

[x, y] n+1 = xyx~ x [x, y^y^ 1 

= xy 2 x~ 1 y~ 2 y[x,y] n ~ 1 y~ 1 
= [x } y 2 ][yxy- 1 ,y] n - 1 

Step III: Each element of G' is a product of at most n(n 2 — 3n + 3) com- 
mutators. 

Let us observe for a, b, c, d in G, 

[c, d] [a, b] = [a, b] [a, b]~ l [c, d] [a, 6] 
= [o,6][e,/] 
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where e = x~ 1 cx,f = x~ x dx for x = [a,b]. Hence, by step I, any element 
in G' is a product of powers of distinct commutators in G which are atmost 
n 2 — 3n + 3 in number. Using step II, we can assume that the power of each 
commutator is < n. This proves the assertion . 
Now, the theorem follows easily from steps I to III. ■ 

Exercise 4.15. For the group G = S3 (Example 11.251) . prove that Z(S$) = 
{e}, and 

G= {(l 2 3 ) ' ( 3 1 2 ) ' ( 2 3 l)} 

Lemma 4.16. Let K be a field . Then the center of Gl n (K) is the set of all 
diagonal matrices in Gl n (K) with constant entry i.e. , 

Z{Gl n {K)) = {ald\a(^ 0) e K}. 

where Id is the identity matrix of order n. 

Proof: Clearly, for any A = (a^) G Gl n {K), 

{aid) A = a(ajj) 
= A(ald) 

Further, if A e Z(Gl n (K)), then for any elementary matrix e»j(r), 0) G 
K, 





Aeij(r) 


= eij(r)A 






AE^r) 


= Eij(r)A 






Tdpi 


= 


for all p 7^ i, 


and 




= rajj 








= a jj 


for all i ^ j, 


and 


cipi 


= 


for all p 7^ % 



Hence A = aid where a = an for all 1 < i < n. Further, clearly a 7^ 0, since 
detA 7^ 0. Thus the result follows. ■ 

Corollary 4.17. Z(Sl n (K)) = {£Id\£ : n th root of 1 in K} 

Lemma 4.18. Let K be a field and n > 3. Then the derived group of E n (K) 
is equal to E n (K) i.e., (E n (K))' = E n (K). 
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Proof: We know that 

E n {K) = gp{e l3 (X) = Id+ E tJ (X)\X& 0) e K, 1 < j < n} 

in G/ n (if), where E^X) denote the nx n matrix over K with (i,j) th entry A 
and all other entries 0. Let us observe that if j ^ k, then Eij(X)E k i(n) = 
and Eij(X)Ejk(fJ.) = E ik (XfJ,) for all k ^ i. Therefore, for i^j,j^k,kj^ i, 

[eij(\),e jk (n)\ 

= (Id + E ij (X))(Id + E jk (ji))(Id+ E ij (-\))(Id+ E jk (-fx)) 
= e ik (Xfi) 

Thus for any e^A), taking k ^ i,j 

[e ik (X),e kj (l)} = ey(A) £ (E n (K))' 

Hence (E n (K))' = E n (K). ■ 

Lemma 4.19. For any field K , the subgroup Sl n (K) ofGl n (K) is its derived 
group for all n > 3. 

Proof: For any A, B E Gl n (K), we have 

det[A,B] = det(ABA- l B- r ) 
= 1 

Hence [Gl n (K), Gl n (K)\ C Sl n (K). Further, by theorem EUBpi) , 

Sl n {K) = gp{e l3 {a)\a{^ 0) G K}. 

Now, as in the lemma 14.181 for any % ^ j, k ^ j, and k i, 

[e ik (a),e kj (P)} 
= eij(af3) 

Hence Sl n (K) C [Gl n (K) , Gl n (K)] and the result follows. ■ 

Remark 4.20. All the results from the lemma 14.161 to the lemma 14.191 are 
true for Zj as well. To see the validity of the lemma 14.191 in the case of 2Z 
use the theorem 12.291 instead of theoren f2.181 
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EXERCISES 

1. Let if be a normal subgroup of a group G. Prove that 
G\' G'H 

ID ' 



(ii) z H (g) " Z ^ H 



H J ' H 

2. Let H, K, L be normal subgroup of a group. Prove that 
[HK,L\ = [H,L\[K,L\. 

and (ii) [[H,K},L] C \[K, L],H][[L, H],K]. 

3. Let for a group G, G' C Z(G). Prove that for any x,y G G, 

{xy) n = x n y n [y,x]< n -W. 

4. Show that for the group of Quaternions H, Z(H) = H'. 

5. Prove that for the symmetric group S 3 , 

«-WiS5)-(iS!)}- 

6. Let p, q be two distinct primes and let G be a group such that for any 
x(t^ e) G G, o(x) = p or q. If for any x,y £ G with o(x) = o(y) = p, 
o(xy) = q or 1, and elements of order q in G together with identity 
form a cyclic group, then G' is cyclic of order q m {m > 0). 

7. Prove that the derived group of the dihedral group 

D n = {Id, r, a, a 2 , ■ ■ ■ , a n ~\ ra, ra 2 , ■■■ , to 71 ' 1 \ t 2 = a n = Id, ar = r(T n_1 } 
is the cyclic group gp{cr 2 }. 

8. Prove that 
(i) Z(0(n.R)) = {±Id} 



r-\ vfcrtf tow / Id if « is odd 
(n) Z(SO{n, R)) = < . 

[ ±ld if n is even 

(iii) Z{U {n,(D)) = {diag(z, z, ■ ■ ■ , z) \ \z\ — 1} 

(iv) Z{SU{n,(D)) = {diagiw, w, ■ ■ ■ , w) \ w n = 1} 
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9. Let F be a finite field with g-elements. Prove that Z(Sl n (lF)) has 
d = g.c.d.{n.q — 1) elements. 

10. Let D n be the Dihedral group. Prove that 

(i) If n is odd, o(Z(D n )) = 1 

(ii) If n is even, o(Z(D n )) = 2. 

11. Let G be a group. Prove that every commutator is a product of squares 
inG. 

12. Let S be a set of generators of a group G. Prove that G' is the smallest 
normal subgroup of G containing {[a, b] | a, b G S*}. 

13. Let H, K be two subgroups of a group G. Prove that [H, K] is a normal 
subgroup of gp{H U K}. 

14. Let if be a normal subgroup of a group G. Prove that if [H, G'} = id, 
then [H', G] = id. 

15. Prove that the exercise 14 is true even when H is any subgroup of G. 

16. Let G be a group and x,y e G be such that commutes with x 
and Prove that if o(x) = m, then o([x,y]) divides m. 

17. Let for a group G, G = gp{x,y}. Prove that if [x, y] G Z(G) ) then 
G" c 

18. Prove that for a subgroup of a group G, is the smallest 
normal subgroup of G containing H. 

19. Let iV be a normal subgroup of a group G with N n G" = {e}. Prove 
that TV C Z(G). 

20. Let for a group G,x 2 y 2 = y 2 x 2 and x 3 y 3 = y 3 x 3 for all x,y e G. Prove 
that [x,y] G Z(G) for all x,y e G. 

21. Let A, B be abelian subgroups of a group G such that G = Prove 
that Z(G) = (AnZ(G))(Bf]Z(G)). 

22. Prove that if A, B are abelian subgroups of a group G and G = AB, 
then is an abelian group. Further, show that G' = [A, B]. 
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Chapter 5 

Homomorphisms And Some 
Applications 

Here, we define maps between groups called homomorphisms and some 
variants. These maps help in connecting different group structures. Image 
of a homomorphism is in a sense an algebraic deformation of the group into 
another group. We shall study these ideas below. 

Definition 5.1. Let G,H be two groups. A mapping cp : G — > H is 
called a homomorphism if it satisfies : 

<p(xy) = ip(x)ip(y) for all x,y eG. 

Definition 5.2. Let G, H be two groups and ip : G — >■ H, a homomor- 
phism. We shall say that ip is a monomorphism if (p is one-one. 
Further ip is called an epimorphism if tp(G) = H i.e., ip is onto. 

Definition 5.3. A homomorphism p from a group G to a group H 
is called an isomorphism if p is one-one and onto. 

Remark 5.4. Some authors define a monomorphism as (into) isomorphism. 

Definition 5.5. A homomorphism from a group G to itself is called 
an endomorphism, and an isomorphism from G to G is called an 
automorphism. 

1 contents group5.tex 
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Observations 5.6. Let ip : G — > H be a homomorphism of groups. Then 

(i) For the identity e G of G, <p(e G ) = e#, the identity of H. 
We have 

p(e G ) = p(e G • e G ) = (p(e G ) • <p(e G ) 
=4> </?(e G ) = e H 

(ii) For any x G G, p(x^) = (p(x))^ 1 
We have 

(p(x ■ x' 1 ) = <p(e G ) = e H 
=4> • fix' 1 ) = e H 

=> ( p(^~ 1 ) = (v^)r 1 

(iii) Identity mapping from a group to itself is an automorphism. 

(iv) Any two isomorphic groups have the same cardinality. 

Exercise 5.7. (i) Is a monomorphism of a group into itself an automor- 
phism? 

(ii) Is a homomorphism of a group onto itself an automorphism ? 

Lemma 5.8. If p : G —> H and ip : H — >■ K are two group homomorphisms, 
then ipp : G K is a group homomorphism. Further, if ip and ip are 
monomorphism (epimorphism or isomorphisms) , then so is <pip. 

Proof: For x,y E G, 

ipip(xy) = ip(ip(xy)) 

= ^{f{x)ip{y)) 
= ipip(x)ipip(y) 

Hence ipp is a group homomorphism from G to K. Further, if ip, p are one- 
one (onto), then clearly iptp is one-one (onto). Hence the rest of the statement 
is immediate. ■ 

Example 5.9. Let G = (Z, +) and H = (€*■). Then for the map 

<p : G ->■ H 
n ^ e™ 

p(m + n) = e wi{m+n) 

Trim nin 

= p{m) ■ ip(n) 
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Hence tp is a homomorphism. Further |<^(m)| = 1 for all m G Z, hence ip is 
not onto. The image of if is the subgroup {1,-1} ofCJ. 

Example 5.10. Let G = (Z,+), and H = (kZ,+), where k is a fixed 
integer. Then 

ip:G ->• H 
n I—)- kn 

is an isomorphism. 

Example 5.11. Let G be the multiplicative group {1,-1} and H = Z2 
= {0, 1} be the additive group of integers mod 2. Then 

<p:H G 

^ 1 

1 h->- -1 

is an isomorphism. 

Example 5.12. Let G = Z ni the additive group of integers modulo n (Ex- 
ample [LTD"]) and -ff = ZjnZ the factor group of ^ = +) by the subgroup 
nZ . Then the map 

<p : G ->■ # 
(-)■ + 

is an isomorphism. 
If Z G ^ n and k + I < n, then 



Moreover, if + I > n, then 



k+l+nZ 
(k + nZ) + + n 
V>(k) + <p(l). 



<p(k + I — n) 
k + I — n + nZ 
(k + nZ) + (l + n 
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Thus (f is a homomorphism. Further, for any m G /Z, by division algorithm, 
we can write 

m = nq + r, < r < n 
=>- m + = r + n.2£ since G 
= ¥>0") 

Hence ip is onto. Now, as °{G) = n = °{H). The map ip is clearly one-one 
and hence is an isomorphism. 

Example 5.13. We have a general form of the example 15.111 Let G =(C n 
be the multiplicative group of n th roots of unity inC, and H = 2Z n , then 

ip : Z5 n — > G 

m !->■ e « (0 < m < n) 



is an isomorphism. 

Proof: If for k, I G Z n , k + I < n, then 



<p(k+ n l) = e 2n ^ k+l ^ n 



Further, if k + I > n, 



(p(k + n I) = ip(k + I - n) 
= <p(k)(p(l) 



Hence <p is a homomorphism. It is easy to see that ip is onto and hence, since 
o(G) = o(H) = n, ip> is one-one. Thus ip is an isomorphism. 

Example 5.14. Let G = (U* be the multiplicative group of non-zero complex 
numbers and H = S 1 = {z G (C \ \z\ — 1}, the subgroup of G of complex 
numbers with modules 1. Consider 

a:(D* S 1 

z 

Z h-» - 

z 
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(3:€* ->• S 1 

z 

z !->■ — 

|z| 

Clearly a and /3 are homomorphisms. Moreover ,for any z = cos 9 + ism in 
S 1 , we have 

# 

j3(z) = z, and a(cos - + isin—) = z 

Thus a and (3 are surjective. 

Example 5.15. Let G be an Abelian group. Then 

6 : G ->• G 
x i — ^ 

is an automorphism of G. 

Example 5.16. Let if be a normal subgroup of a group G. Then for the 
map 

i] : G ->■ G/# 

^(fi'ifi , 2) = S^-ff = (g 1 H)(g 2 H) = 7i(gi)r}(g 2 ) i.e., r? is a homomorphism 
from G to G/H. This homomorphism is normally referred to as natural or 
canonical homomorphism. 

Example 5.17. Given any two groups G and H , the mapping 

r:G^H 
g ^ e H 

which maps all elements of G to the identity element of H is a homomorphism. 
This is called the trivial homomorphism. 

Example 5.18. Let G = (€*, •) and H = Gl 2 (M). Then 9 : G ->■ H defined 
by 

a b 



a + ib h-> 
is a monomorphism. 



—6 a 
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Exercise 5.19. Let G = 



S n and H = Gl n (M). Then the map 



e 



S n -> Gl n (M) 
v !->■ [e CT (i) , e CT(2 ) , • • • , 




where is the column vector (0, 0, • • • , 1 , 0, • • • , 0)* is a monomorphism. 

Example 5.20. Let G = (M, +) and if = (€*, •). Then i e** is a homo- 
morphism from G into if. 

Example 5.21. Let G = (M*, •) and H = {±1} with multiplication. Then 

f +1 if r > 



is a homomorphism from G onto H. 

Exercise 5.22. Show that there exists no non-trivial homomorphism from 
(M,+) to (J2T, +). (Hint : If there exists a non-trivial homomorphism then 
there exists an epimorphism.) 

Exercise 5.23. Show that the groups (M,+) and the multiplicative group 
(iR + , .) are isomorphic where 1R + is the set of positive reals 



is an automorphism, where P l denotes the transpose of P. 

Exercise 5.26. Let K be a field, and a : Gl n (K) — > K* (the multiplicative 
group of non-zero elements of K), be any homomorphism. Prove that 



is an automorphism. 

Definition 5.27. Let (p : G — > H be a homomorphism of groups. Then 

the set {x e G \ (p(x) = e H } is called the kernel of ip and is denoted 
by kenp. 




Exercise 5.24. Show that (M, +) is not isomorphic to (M*, •) 
Example 5.25. Let K be a field, and G = Gl n (K). Then 

: G -)• G 

P I— >■ (P*)- 1 



^ : G/„(K) ^ Gl n (K) 
P ^ a(P)P 
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Theorem 5.28. For a group homomorphism tp : G — >■ H, the kertp is a 
normal subgroup of G. Further ker tp = {e} if and only if tp is one-one. 

Proof: For the identity element e G G G, p(ec) = e#, the identity of H. 
Hence ker tp ^ 0. Let x,y G ker p. Then, 

p(xy^) = (p(x)ip(y- 1 ) 

= e H ( since tp(x) = e H = p{y))) 

=>- xy^ 1 G ker <p for all x, y G ker p>. 

Therefore, ker <p is a subgroup of G. Further for any g G ker <p, and x G G, 

tp(x~ 1 gx) = p(x- 1 )p(g)p(x) 

= p(x~ v )p(x) since tp(g) = en 

= ¥>(aO~V(aO 
= e H 
=>- x _1 gx G ker ip 

=>- x^iker p)x C kerp> for all x E G. 
Hence ker tp <G. Next, for x,y G G, we have 

y?(x) = tp(y) & p(x)tp( y y 1 = e H 

v(. x )<-p(.y~ l ) = ch 

p{xy^) = e H 
xy^ 1 G ker<^ 

Hence if ker tp = ec, then, 

tp(x) = p{y) 
=> xy- 1 = e G 
=>- x = y 

Therefore tp is one-one. 

Conversely, let tp be one-one. If x,y G kerp, then xy~ x G kertp as kerp is a 
subgroup. Hence 

tp(xy~ 1 ) = e H 

=> ¥>(sM2/) -1 = e ^ 
</?(x) = </?(y) 

=>- x = y as </? is one-one. 
Therefore kery9 = e G (use: G kertp) Hence the result follows. ■ 



70 



Theorem 5.29. Let G, H be two groups and let ip : G — >■ H be a homo- 
morphism of groups. Then p is an isomorphism if and only if there exists a 
homomorphism ip : H — >■ G such that ipp = Ida and pip = Ida- 

Proof: Let ip be an isomorphism. Then it is one-one and onto. Hence <p 
admits inverse map and 

ip- 1 (y) = x if (p(x) = y 
Let <p(xi} = yi, <p(x 2 ) = y 2 . Then 

p(x 1 x 2 ) = (p(x 1 )ip(x 2 ) = ym 

v^iym) = xix 2 = ^ _1 (yi)^ _1 (y2) 

Therefore ip" 1 is a homomorphism of groups and clearly 

pp" 1 = Id H and p~ l p = Ida- 

Conversely, let there exists a homomorphism ip : H — >■ G such that pip = 
Idn and ipp = Ida- Then 

<p(xi) = p>(x 2 ) (x!,x 2 eG) 

Hence is one-one. Next, if y G H, then 

y = pip(y) (pip = Id H ) 
=>- p is onto. 

Thus, as p is one-one, onto, homomorphism, it is an isomorphism. ■ 

Theorem 5.30. If p : G H is a group homomorphism, then 

(i) For any subgroup A of G, p(A) is a subgroup of H. Further if p is onto 
and A < G, then p(A) is a normal subgroup of H . 

(ii) Inverse image of a subgroup of H is a subgroup ofG. Moreover, inverse 
image of a normal subgroup of H is normal in G. 

Proof: (i) Let x, y G A, then xy~ x G A, and 

¥>(aO(¥>(j/)) -1 = ^{x)p(y- 1 ) 

= p(xy~ r ) G p{A) 
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Hence (p(A) is a subgroup of H. 

Next, let ip is onto and A < G. As is onto, any element of H is of the from 
<f(g) for some g <E G. Hence for any a <E A, 

= vigag^ 1 ) e cp(A) 

Therefore <f{A) < i/. 

(ii) Let i? be a subgroup of H and let A = </? _1 (.B). Clearly A ^ since 
e G A If rr, y G A, then </?(x), <^(?/) G B. As 5 is a subgroup of iJ,we have 

tfixy- 1 ) = ipix^ipiy))- 1 G B 
=>- xy' 1 G A 
i.e., xy" 1 <E A ~ix,y E A 

Hence A is a subgroup of G. Further, let B < if. If rr G A and g £ G, then 

^(gxg- 1 ) = ^{g^ixj^ig))- 1 G 5 
=4> fi^g -1 G A for all # G G, x G A 

Hence A < H. ■ 

Corollary 5.31. Let K be a normal subgroup of a group G. Then any 
subgroup of G/K is of the form A/K where A is a subgroup of G containing 
K. Further A/K < G/K if and only if A<G. 

Proof: Consider the canonical homomorphism 

r] : G -> G/K 
x i — ^ X-fT 

Clearly 77 is an onto homomorphism. Further, for any x G K, 

T)(x) = K (identity element of G/K) 
& xK = K 
<=> x G K 
Thus K = kerr]. 

Hence by the theorem, for any subgroup B of G/K, A = ri~ l (B) is a subgroup 
of G containing K. As rj is onto, 

rj(A) = viv-'iB)) = B 
i.e., A/K = B 
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Further, if A is a subgroup of G containing K then by the theorem 

T](A) = {xK\x eA} = A/K 

is a subgroup of G/K. Finally by the theorem it is immediate that A/K < 
G/K if and only if A < G. ■ 

Lemma 5.32. Let H be a normal subgroup of a group G. Then G/H is 
simple if and only if H is a maximal normal subgroup of G. 

Proof: Let G/H be a simple group. Then o{G/H) > 1 and G/H has 
no proper normal subgroup. Hence by the theorem I5.30l there dose not exist 
any A < G such that H C A, A ^ H. Therefore if is a maximal normal 
subgroup of G. Converse is also immediate from the theorem 15.301 as any 
normal subgroup of G/H is of the form A/H where A < G, H C A. ■ 

Lemma 5.33. Any homomorphic image of a simple group G is either identity 
group or is isomorphic to G. 

Proof: Let 

if : G -»■ H 

be an onto homomorphism and let K = kerif. then &s K < G, K = G or 
K = {e}. Hence either ip(G) = {e} or if is an isomorphism onto H. ■ 

Theorem 5.34. (FIRST ISOMORPHISM THEOREM) Let G and H 

be two groups and let (f : G — )■ H be a homomorphism. If ker if = K , 
then K is a normal subgroup of G and there exists a unique monomorphism 
f : G/K H such that <fr] — (f where rj : G — >■ G/K is the canonical 
homomorphism i](x) = xK for all x G G. 

Proof: By the theorem I5.28[ K is a normal subgroup of G. Consider the 
diagram 

G 4 H 

vi 

G/K 

of groups and homomorphisms where r\ is the canonical homomorphism. As r\ 
is onto there is precisely one map (say) if from G/K to H i.e., <f(xK) = if(x) 
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for which tprj = tp. Thus to complete the proof it is sufficient to show that <p 
is a monomorphism. Let xK,yK G G/K. Then 

(pixK.yK) = <p(xyK) 

= <p(xy) 

= <p(x)(p(y) 

= (p(xK)ip(yK) 

Therefore Tp is a homomorphism. Next, let 

(p(xK) = <p(yK) 

v( x ) = v{y) 

=>■ p(xy~ l ) = e 
=>■ xy^ 1 G kenp = K 
xK = yK. 

Thus Tp is one-one and hence a monomorphism. ■ 
Corollary 5.35. Let 

ip : G ^ H 

be an epimorphism and let K = kenp. then G/K is isomorphic to H. 

Proof: It is clear that the map Tp in the theorem 15 .341 is the isomorphism. 

■ 

Exercise 5.36. Let 

: G -> H 

be a group epimorphism and let B be a normal subgroup of H . Prove that 
for = A, G/A is isomorphic to H/B. 

Theorem 5.37. Let H, K, L be subgroup of a group G such that K <\H and 
L < G, then HL/KL is isomorphic to H/K(L R H). Thus in particular if 
K = {e}, HL/L is isomorphic to H/L fl H . 

Proof: Since L < G, HL = LH and KL = LK. Thus by the theorem 
11.471 HL and KL are subgroup of G. Further, as K C H KL C HL. Since 
L <\G and K < H, for any x G H, y G L, we have 

(xy)KL = x(yL)K 

= xLK since yL = L 

= xKLy 

= KL(xy) 
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Hence KL < HL. Now, for H C if L, consider the map: 

cp: H ^ HL/KL 
x i — ^ xifl 

For any Xi, x 2 G if, 

y9(xix 2 ) = XiX 2 KL 

= {x x KL)(x*KL) 
= ip(x 1 )ip{x 2 ) 

Hence p is a homomorphism. Further, as above, for any x G ii,y G L, 

xyKL = xyLK 
= xLK 
= xK 
= <p(x) 

Thus ip is an epimorphism. Now, for any x G H, 

ip(x) = KL 

=> xKL = KL 

=>- x = ab (a G K,b G I) 

=^> a _1 x = b G HC\l 

=> x G K(HC)L) 

Conversely if a G if and c & H (1 L, then ac G if if = if, and 

<^(ac) = acKL 
= (aK)(cL) 
KL 

Consequently ker (p = K(H fl L) and by the theorem 15.341 H/K(H fl L) is 
isomorphic to HL/KL. The rest of the statement is now immediate. ■ 

Lemma 5.38. Let C = gp{a} be a multiplicative cyclic group. Then C 
is isomorphic to the factor group TZjnTZ, of the group Zj = (Zj,+) where 
n = o(C) if o(C) = n < oo and otherwise. In particular any two cyclic 
group of same order are isomorphic. 
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Proof: Consider the map: 

<p : Z ->■ C 
m i — y a m 

Then 

<p(m + n) = a m+n 

= ip{m)<p(n) 

Hence (p is a homomorphism. Clearly is onto. Now, let °(C) = n < oo. 
Then o(a) = n. 
For any m G -ZT, 

<£>( m ) = e 
^ a m = e 

n\m Theorem 12.321 (ii) 

Therefore kerip = n!Z and by the theorem 15.341 /Z/n/Z is isomorphic to C. 
Next, let °(C) = oo. Then o(a) = oo. Hence a m = ip(m) = e if and only if 
m = 0. Thus kery) = (0) and as above 2L is isomorphic to C. Then rest of 
the statement follows by the lemma 15.81 ■ 

Theorem 5.39. Let (p : G — >■ H be a group homomorphism. If x e G is an 
element of order n, then order of (p(x) divides order of x. Further if (p is an 
isomorphism then o[x) = o{fp{x)). 

Proof: As o(x) = n, we have 

<p(x n ) = p(e G ) = e H 
=> (<p(x)) n = e H 

=>- o(y?(x)) | n = o(x) Theorem 12.321 (ii). 

If tp is an isomorphism then ip -1 exists and is a homomorphism from H to 
G. Thus, as above 

o((p-\tp{x)) | o(<p(x)) 
i.e., o(x) | o((p(x)). 

Hence, if ip is an isomorphism 

o(cp(x)) = o(x)M 
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Corollary 5.40. Let tp : G — >■ H be a homomorphism of groups. If x G G is 
an element of finite order then o(ip(x)) < oo. 

Proof: It is clear from the proof of the theorem. ■ 

Lemma 5.41. Let G be a finite group and ip : G — )■ H , an epimorphism. 
Then o{H) \o{G). 

Proof: Let K be the kernel of (p. Since (p is onto, by the corollar y^. 35[ 
G/K is isomorphic to H. Hence o{G/K) = °(H). Further, by the corollary 
13. 314 we have 

o(H) = o(G/K) = ^ 
=4> o(H). o (K) = o(G). 

Hence the result follows. ■ 

Theorem 5.42. The set AutG of all automorphisms of a group G is a group 
with respect to composition operation. 

Proof: Clearly J, the identity map over G, is an automorphism of G 
and (pi = lip = ip for all ip G AutG. Further, for any (p G AutG, y?" 1 is an 
automorphism (Theorem l5.29p and ipip~ x = (p~ 1( p = I ■ Now, let ij),(p G AutG. 
Then as ip and ip are one-one, onto, so is (pip. Moreover, by the lemma 
15. 8[ (pip is a homomorphism. Hence composite of two automorphisms is an 
automorphism. As composition of maps is associative, we conclude AutG is 
a group. ■ 

Remark 5.43. The group Aut(G) in the theorem is called the automorphism 
group of G. 

Theorem 5.44. Let G be an additive group and <p, ip be two endomorphisms 
of G. Consider the maps : 

f :G^G andh:G^G 

such that f(x) = x — (pip(x), h(x) = x — ip(p(x). Then f is onto (one-one) if 
and only if h is onto (one-one). 

Proof: First of all, note that for any x, y G G,h(x) — h(y) = h(x — y). 
Hence h is an endomorphism. Similarly / is an endomorphism.Now, let / be 
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onto G. Then for any x G G, there exist y G G such that 

x = y- (fip(y) 

= h(i/j(y)) G Im(h) 
C Im(h) 

Further, for any iGG, 

h{x) = x — iptp{x) G Im(h) 
=>- x G Im(h) 

since i/)(ip(x)) G Im(h) and Im(h) is a subgroup 

(Theorem E29](i)) 

=>• G = Jm(/i) 

Thus /i is onto. Similarly we can prove the converse. 

For the other part, let h be one-one, and let for some x G G, 

h(x) = 
x = (fip(x) 

=>- Tp(x) = Ipipip(x) 

h{i){x)) = o 

=>- ip{ x ) = since h is one-one 

=>■ a; = <pip{x) = homomorphism 

Hence / is one-one. The rest of the statement is clear. 

Theorem 5.45. Let G be a group . For any x G G , the map 

t x :G -> G 
g i — Y xgx^ 1 

is an automorphism. The set Iq = {t x \ x G G} is a normal subgroup of 
Aut(G). 

Proof: For x,gi,g 2 G G , we have 



r x (9i92) = xig^x' 1 

= x(g 1 )x~ 1 x(g 2 )x' 1 
= ^(g^T^) 



78 



Hence r x is an endomorphism of G. Further for any g G G, 

{t x r x -i)(g) = T x {x~ x gx) 

= x(x~ 1 gx)x~ 1 = g 

Similarly, we can prove that 

(r x -iT x )(g) = g 

Hence 

(t x t x -i) = Id=(r x -iT x ) 

Therefore, by the theorem 15.291 , r x is an automorphism of G. We also note 
that = t x -i. Now for r x , r y G Ig, we have for any g G G, 

(r x r y -i)(g) = r x {y~ x gy) 

= x{y~ l gy)x" 1 

= T xy-i(g) 

Hence 

T x T y -i = T xy -i G I G 

Thus by the theorem |1.42| Iq is a subgroup of Aut(G). Finally, let ip G 
Aut(G), and r x G Ig- Then for any g G G, 

(i>r x r l )(g) = ^r x ^-\g)) 

= i/j(xt/j~ 1 (g)x^ 1 ) 
= {^{x))gi){xY 1 
= T i>(x){g) 

Thus, 

^T^" 1 = T^ x ) G I G 

iplctp' 1 C I G for all ip G AutG 
Hence, by the theorem 13. 35} Ig < Aut(G). ■ 

Remark 5.46. The subgroup Iq is called the group of inner automor- 
phism of G. 
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Lemma 5.47. For any group G, the map 

r:G I G 

is homomorphism with kerr = Z{G), the center of G. 

Proof: For any x,y,g G G, 

r xy (g) = (xy)g(xyy 1 
= x(ygy- 1 )x~ 1 
= T x T y (g) 

T ( x v) = T{x)r{y) 

Hence r is a homomorphism. Now, let for x G G, t x be identity automor- 
phism. Then for every g G G,T x (g) = g. Note that 

Tx{g) = 9 

xgx^ 1 = g 
xg = gx 

hence, x G kerr if and only if x G Z(G). Thus the result is proved. ■ 

Theorem 5.48. Let C n = gp{x} be a finite cyclic group of order of n. Then 
the group Aut(C n ) has order &{n), where <fr is the Euler's function. 

Proof: For any integer k > 1, define 

&k '■ C n — > C n 

x m i-» x mk 

For x a ,x b G C n , we have 

a k (x a .x h ) = a k (x a+b ) 

_ x (a+b)k 

= a k (x a )a k (x b ) 

Hence a k is an endomorphism and 

a n (x a ) = x na = e 
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since o(x) = n. Thus a n is the trivial endomorphism. Note that for k, I G Z, 
k>l,l>l, 

a k = ai 

(Xk(x) = ai(x) for all x G C n 

h I 

X — X 

x = e 
n | (k — I) 

Therefore a±,a2, ...,a n are all distinct endomorphisms of G. Clearly image 
of ak = gp{x k }. Hence a>k is onto (equivalently, one-one) if and only if C n = 
gp{x k } i.e., o(x fc ) = n. Now ,by the corollary 12.341 o[x k ) = n if and only if 
(n, k) = 1. Therefore a k , 1 < k < n, (k,n) = 1, are automorphisms of C n . 
Finally, let (3 be any automorphism of C n . Then 

(3(x) = x k for somel < k < n 
=> /3(x a ) = x ak for all a G Z 
=>■ (5 = ak for some 1 < k < n. 

Hence Aut{C n ) = {ak 1 1 < k < n, (n, k) — 1}. This proves order of Aut(C n ) 
is <fr(n). ■ 

Lemma 5.49. Let C = gp{x} be an infinite cyclic group. Then Aut(C) has 
order 2. 

Proof: Let k G Z. Then the map 

a k : C -> C 

x m ^ x mk 

is an endomorphism of C as in the theorerr f5.48l Further, if is an endo- 
morphism of C, then if 

P(x) = x k (ke Z) 
/3 (x a ) = x ak for all a G Z 

=3- (3 = a k 

Now, if a m is an automorphism, there exists n G Z such that 

QtmCX-n Q-n&m Id. 

=^ a n a m (x^ x 
=>■ (x m ) n = x 
x" 1 ™" 1 = e 
=>- mn — 1=0 
=>- mn = 1 
=>- m = +1 or — 1. 
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Hence a,\ = Id and a_i are the only two automorphisms of C. As x ^ x l ,ot\ 
and a_i are distinct. Hence the result is proved. ■ 

Theorem 5.50. Let G = S3 be the symmetric group of degree 3. Then all 
the automorphisms of S3 are inner and AutS^ is isomorphic to S 3 

Proof: In the symmetric group (Example 11.251) . 



S3 - {Id-\ \ 2 3 ) >«i - ( 2 3 1 ) ' fl2 " ( 3 2 1 
1 2 3 \ /l 2 3\ / 1 2 3 



a, - I 2 l 3 j ,04 - ^ : 3 2 J ,a 5 - ^ 3 j 2 

on the three symbols {1,2,3}, the elements ai, a 2 , 03 are precisely the elements 
of order 2. We have a\a 2 = a 4 and Oio 3 = a 5 . Hence S 3 = a 2 , CI3}. By 

the theorem 15.391 any a G Awt S3 maps the set a 1; a 2 , 03 onto itself. Further, 
as 5*3 = gp{ai, a 2 , a 3 }, any a G AwtSs has unique representation 



a" 



<2l 2 CJ3 

o-(ai) o-(a 2 ) <r(a 3 ) 



as a permutation on the three symbols {ai,a 2 ,a 3 }. Moreover, if a, p G 
Aut S3, then 



/ V crp(ai) ap(qa 2 ) crp(a 3 ) / 



p(ai) p(a 2 ) p(a 3 ) W ai 02 «3 
crp(ai) ap(a 2 ) <xp(a 3 ) / ^ p(ai) p(a 2 ) p(a 3 ) 

Hence, if we denote the group of permutations on the three symbols {ax, cl 2 , 03} 
also by the S3, then 

9 : Aut S3 -> S 3 
a 1-). 0(<r) 

gives a monomorphism of groups. Now let for any x G S3, r x denotes the 
inner automorphism determined by x. Then for a\ G S3, 

Tai(«2) = a^a^ 1 = a 1 a 2 a 1 = a 3 
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and by the lemma E33 {.T ai ) 2 = r a 2 is the identity map since a\ = Id. Hence 
T ai 7^ Identity, and °(r ai ) = 2. Further, for a 4 G S3, 

TaMl) = °2 

(r ai f(ai) = a 3 
and (r a4 ) 3 (a;) = r a4 3 

is identity automorphism since a\ = Id. Hence AutS% contains an element of 
order 2 i.e., r ai and an element of order 3 i.e., r a4 . Therefore, by the corollary 
I3.10[ o(AutSz) > 6. Further, as 9 is a monomorphism and o{S^) = 6, it 
follows 9 is an isomorphism. Moreover, as r ai ,r 04 G ^(s 3 ), order of I(s 3 ) 
is > 6. Thus as I(s 3 ) is a subgroup of Aut(Ss), we conclude again by the 
corollary 13.101 Irs 3 ) = Aut(S 3 ), i.e., all the automorphisms of S3 are inner. 
Hence the result follows. ■ 

Theorem 5.51. Let ip be an automorphism of (IR, +), the additive group of 
real numbers. If <p{xy) = (p(x)ip(y) for all x,y G M then ip = Id, the identity 
map. 

Proof: As tp is an automorphism, f(0) = 0, and ip(—a) = —if (a) for all 
a G M. Further, we have 

^(1) = ^(1.1) = ^(1) 2 

(p(l) = 1 since (p(t) ^ for any t(^ 0) G M. 

Now, as </?(— 1) = —<p(l) = —1, by the additivity of ip, we get ip(m) = m for 
m G Zj. Further, if n(> 0) G ZZ, then 

wp{~) = (p(n ■ -) = <p(l) 
n n 

=> ¥>(-) = - 
n n 

Hence, for any rational number — , we have 

<p{—) = — 
n n 

Now, let a > be any real number. Then there is /3(j£ 0) G iR such that 
(3 2 = a. Hence 

<p(a) = f({3 2 ) = f((3) 2 > 



83 



Thus if a > p (a, p G M), then 

a - (3 > 



Therefore 

Now, let for a G M, 
Choose a rational number 



V (a -(3) = <p(a) - <p{0) > 
(p(a) > (p(p) 

(p(a) > a 
such that 



<p(a) > f > a 
=> * = ¥>(*)>¥>(«) 
This contradicts the fact that y?(a:) > — ■ Hence ty?(a:) < a - As above, we 
can show that <p(a) < a is not possible. Hence <p(a) = a for all a G M, i.e., 

We, now, prove a result which has some geometric interest. ■ 

Theorem 5.52. The group of collineations and the group of affine transfor- 
mations on M 2 are same. 

Proof: We shall prove the result in steps. 
Step I. Every affine transformation is a collineation. 

a b 



Let Q — , be an invertible 2x2 -matrix over reals. Consider the 

yea 

linear map 

Q : M 2 ->■ M 2 

determined by Q. Let A = (xi,yi), B = (x 2 ,y 2 ) and C = (x 3 ,y 3 ) be three 
collinear points in M 2 . Then the area of the triangle formed by these points 
is i.e., 



Therefore 



alet 



det 



det 



X! x 2 x 3 

yi V2 2/3 
l l l 



a b x\ X2 x 3 

c d -det y 1 y 2 2/3 

1 J 111 

ax 1 + byi ax 2 + by 2 ax 3 + by 3 

cxi + dy 1 cx 2 + dy 2 cx 3 + dy 3 
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Hence the points Q(A),Q(B) and Q(C) are collinear. Further for any point 
x = (a, b) G R, we have 





x\ + a 


x 2 + a 


x 3 + a 




Xi 


X 2 


X 3 


det 


yi + b 




Vs + b 


= det 


yi 


V2 


2/3 




1 


1 


1 




l 


1 


1 



Therefore, it follows that any affine transformation is a collineation. 
Step II. Let / : R 2 ->■ R 2 be a collineation such that /(0) = 0. Then for 
any two non-proportional points u,w G iR 2 , /(f + w) — f(u) + f(w). 
Let /i = f + [u>],/ 2 = w + [i/] be two lines in iR 2 . As v and ty are non- 
proportional liC\l 2 = {u + w}. Thus {f(u + w)} = /(/i)n/(/ 2 ). Further, note 
that as / is a collineation such that /(0) = , /(M) = [f( w )] ( use: /(M)> 
and [/(w)] are straight lines passing through and f(w) ). We have 

(z/+ H) n H = 

=► /(Zi) n [/(«;)] = 

Hence f{h) is parallel to [/(w)] and passes through f(v). Similarly f{l 2 ) is 
parallel to [f(v)] and passes through /(w). Thus f{y) + is a point on 
both /(/x) and f(l 2 ). We, however, have 

f(h)rif(i 2 ) = {f(u + w)} 

Hence 

/(!/) + /(«;) = /(!/ + «;). 

Step III. Let / : R 2 ->■ R 2 be a collineation such that /(0) = 0, f{e x ) = 
e\ and /(e2) = e 2 . Then / = Id, the identity map. 

We are given that /(0) = and /(ei) = ei. Hence / being collineation this 
maps the x-axis onto itself. For similar reason, / maps the y-axis onto itself. 
Let for t G R, we have 

/(*ei) = y»(t)ei and /(te 2 ) = ^C0e 2 

Then clearly </?(0) = = ip(0) and </?(l) = ^(1) = 1. Hence using the Step II 
for any t, s G R, we have 

/(t ei + se2 ) = f(t ei ) + /(se 2 ) 
= (p(t)ei + i[>(s)e 2 
=>• /( e i + e 2) = ei + e 2 
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Now, as /(0) = and /(ei + e 2 ) = e 1 + e 2 , we conclude that / maps the line 
x = y onto itself. Thus, as 

f(tei + te 2 ) = <p(t)ei + ip(t)e 2 

^(t) = ^(i) for all t G iR. 

As </?(0) = 0, it is clear that if t, s G M and t or s is 0, then 

ip(t)ip(s) = ip(ts) 

We shall prove that this is true for all t, s G JR. Assume t ^ 0, s ^ 0. Then 
by the step II, 

/(ei + se 2 ) = /( ei ) + /(se 2 ) 
= e 1 + (p(s)e 2 

and 

f{te 1 + tse 2 ) = f{te l ) + f{tse 2 ) 
= (f(t)e 1 + (f(ts)e 2 

As (0,0), (l,s) and (t,ts) are colinear points so are their images under /. 
Hence ip(t)ip(s) = (pits) for all t,s G M. Taking t — s — —1, we get 

^(1) = ^(-1) 2 
=>• ip(— 1) = — l(use : ip(l) = 1, and if is one-one ) 

Further, for any t,s G M, 

f{tei + se 2 ) = y>(i)ei + <p(s)e 2 

= (ip(t) + (p(s))e! + (f(s)(e 2 - ei) 

Also 

/(tei + se 2 ) = /((* + s)ei + s(e 2 - ei)) 
= y?(t + s)ei + /(se 2 - sei) 
= ip{t + s)ei + <p(s)(e 2 - ex) 

Consequently 

<p(f + s ) = (pit) + y?(s) for all t,s E R (5.1) 
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Now by the theorem 15. 5H we conclude that ip = Id. Hence 

f{te 1 + se 2 ) = ip{t)ei + ip{s)e 2 
= tei + se 2 

Thus, / = Id. 

Step IV: A collineation is an affine transformation. 

Let T : R 2 R 2 be a collineation, and let T(0) = A , T{e x ) = a, T(e 2 ) = b. 
Then define a linear map F : R 2 — > R 2 , determined by 

^(ei) = ei + a - A, F(e 2 ) = e 2 + 6 - A 
Now, for the affine transformation 

A: R 2 -> iR 

x i — ^ Fx + A 

we have 

(A-T)(0) = 
(A-T)( ei ) = Ae 1 -Te 1 = e 1 
(A-T)(e 2 ) = e 2 

As an affine transformation is a collineation A — T is a collineation. Hence 
by the Step III, we get 

A-T = 1 

=► Tx = (F - J)x + A 

Therefore, T is an affine transformation, and the proof is complete. ■ 
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EXERCISES 

1. Let G be a group. Prove that 

(i) Any homomorphism ip from (Z, +), the additive group of integers, 
to G is of the from if(n) = x n where x G G is a fixed element. 

(ii) For any x G G, the map 

t x : (^, +) -> G 
m i — ^ x m 

is a homomorphism. 

2. Show that there exists no non-trivial homomorphism from ((Q, +) to 
{%,+). 

3. Let G, H be the two groups. Prove that / : G — > H is a homomorphism 
if and only if {(x, f(x) \ x G G} is a group with respect to co-ordinate 
wise product i.e., with respect to the binary operation 

(x,f(x))(y,f(y)) = (xy,f(x)f(y)). 

4. Let H be a subgroup of a group G, and [G : H] < oo. Then let X = 
HgeG T g{H)-> where r g : G — >■ G is the inner automorphism determined 
by is a normal subgroup of G and [G : K] < oo. Thus any subgroup 
of finite index in G contains a normal subgroup of finite index. 

5. Let G, W be two groups and let (p : G — > W be an epimorphism. Prove 
that for any subgroup H of G with ker/ C H\G : H] — 
\W:<p(H)]. 

6. Let if : G — > H be a group isomorphism. Prove that if(Z(G)) = Z(H) 
and y?(G") = if'. 

7. Find all automorphisms of +), the additive group of rationals. 

8. Prove that any group with more then two elements has a non-trivial 
automorphism. 

9. Find the number of automorphisms of Zjuq. 

10. let fi'.G—t H,i = 1,2 be two group homomorphisms. Show that if 
gp{x} = G then f 1 = f 2 if and only if fi(x) = /^(a?) for all x G G. 
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11. Let / : G — > H be a group homomorphism where o(H) = n < oo. 
Prove that if for an element x G G,(o(x),n) = 1, then x G ker/. 

12. Let G = gp{a} and H be two groups. Prove that for any b G H, there 
exists a homomorphism </? : G — >■ such that ip(a) = b if and only if 
o(6) divides o(o). 

13. Let G be a finite abelian group with o(G) = n. Then for any nZj, 
(p : G — > G such that (p(x) = x n for all x G G, is an automorphism if 
and only if (m.n) = 1. 

14. Prove that if a group G has order n, then o[Aut G) divides (n — 1)!. 

15. Let a be an endomorphism of a group G such that identity is the only 
element of G fixed by a. Prove that the map 

6 : G G 

a; h-> a; _1 (j(x) 

is one-one. Further, show that if 6* is onto and a 2 = Id, then G is 
abelian. 

16. Let G be an infinite group. Prove that if G is isomorphic to every 
non-identity subgroup of itself. Then G is infinite cyclic. 

17. Find all proper subgroup of the quotient group /Z/154/Z. 

18. Let S = {si, s 2 , • • • , s n } and U = {ui, • • • , u n } be two sets each with n 
elements. Prove that the group A(S) (Example |1.24p is isomorphic to 
A{U). 

19. For the subgroup +) = /Z of ({Q, +), prove th&tQ/Z is isomorphic 

to Goo. 

20. Let ip be an automorphism of a group G. Prove that if x is a non- 
generator of G, then so is ip(x). Then deduce that for the Frattini 
subgroup $(G) of G, ^($(G)) = $(G). 

21. Let n > 3 and let _D n = {e, a, a 2 , ■ ■ ■ , cr n_1 , r, err, ■ ■ • , a n_1 r \ a n = e = 
t 2 ,ut = ra -1 } (Example II .28[) be the Dihedral group. Prove that 

(i) For any fixed < i < n — 1, the map 
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satisfying a(a l r) = a l+l r for all < I < n — 1 and a(a k ) = a k for all 

k > 0, is an automorphism of D n . 

(ii) For any fixed 1 < t < n, (t, n) — 1, the map 

l3:D n ^D n 

satisfying (5(a k ) = a kt and (5(a k r) = a kt r for all < k < n — 1 is an 
automorphism of D n . 

22. Let if be a subgroup of group G and a G Aut G. Prove that 

a(N G (H)) = N G (a(H)). 
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Chapter 6 



Direct Product, Semi Direct 
Product And Wreath Product 

In this chapter we shall describe some methods of constructing new groups 
from a given collection of groups and also analyze when a given group is 
constructed by a collection of groups (up to isomorphism). 
Let {Gi | % G 1} be a family of groups. Then there is a natural way of 
constructing a new group with the help of these groups G^s. Let us denote 
by G = YlieiGi, the set of functions : 

{/:I-+I]G 4 |/(i)eCy 4 } 
where \{Gi denotes the disjoint union of the Gj's. For f,g in G, define 

(/•»)(<) = /(»X0 

Then it is easy to check that G is a group with respect to the above binary 
operation . The function 6 G G defined by Q(i) = e 4 , the identity element of 
the group G i: is the identity element of G. For any / G G, f G G defined by 
f(i) = is the inverse of / in G. The group YlieiGi) defined above, 

is called the cartesian product of the groups G^s. Some times we write, 

Y\ Gi = {x = (xi) | Xi G Gi} 

1 contents group6.tex 
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where x : I — > ]J Gi is the function x(i) = X; L . Clearly = (xit/i), (xj) 1 = 

(x^ 1 ) and e = (e*) is the identity element in G. The map, 

Pi : G ->■ 

/ H- /(<) 

is a homomorphism and is called the i" 1 projection of G. For any f E G = 
Q Gj, the set 

supp(/) = {«G J|/(i) ^ e*} 

is called the support of /. Clearly the set of functions in G with finite support 
is a subgroup of G. We shall denote this by X Gj. Any group isomorphic to 
the subgroup X Gi is called external direct product of G^s and the groups 
Giis are called its direct factors. Thus direct product of G^ is unique upto 
isomorphism. 

If |/| < oo, then clearly direct product and cartesian product coincide. In 
case Gi^ are additive groups we call direct sum instead of direct product and 
G^s are called its direct summands instead of factors. We shall write 

G = 0G, 

iei 

for the direct sum of the groups G^s 

We shall first develop the general properties of direct product for finite index 
set I. If I = {1, 2, • • • , n}, then for the cartesian product G\ x G2 x • ■ • x G n = 
{x = (xi,X2,--- , x n ) I Xi e Gi for i — 1, 2, • • • , n) the map 

r : G -¥ Gi x G 2 x • • • x G n = {x — (xi, x 2 , ■ • ■ , x n )} 
f h. (/(l),/(2),...,/(n)) 

is a bijection. Identifying G with Gi x G 2 x • ■ • x G„ under r transfers 
in a natural way the group structure on G to a group structure on Gi x 
G 2 x • • • x G n , where for x — (xi, x 2 , • ■ ■ , x n ) and w = (wi,W2, • • • , w n ) in 
Gi x G2 x • • • x G n , the product x ■ w of x and w is 

xw = (xiwi, ■ ■ ■ ,x n w n ). 

The two groups are of course isomorphic. We shall normally understand the 
group Gi x G2 x • ■ ■ x G n defined above as the external direct product of the 
groups Gi, G2 • • • , G n . For any 1 < i < n, put 

Gi = {(ei, • • • , ei-i, a, e i+1 , ■ ■ ■ , e n ) \ a e GJ 
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It is easy to check that Gi is a normal subgroup of G — G 1 x • • • x G n , 
moreover, we have 

(i) a b = ba for all a G G^b G Gj,i ^ j. 

(ii) G i n(G 1 ---G^G^ 1 ---G n ) = {e} for alH = 1, 2, • • • , n. 
and 

(m)G = G 1 ---G n . 

If for a group G, there exist subgroups Hi, H 2 , ■ ■ ■ , H n such that the map 
jj, : H — Hi x H 2 x • • • x H n — > G 

\Xi, X 2 , • • • , X n ) I y XiX2'--X n 

where Xix 2 • • • x n is the product of Xi, i — 1, 2, • • • , n, in G, is an isomorphism 
from the external direct product of Hi, H 2 , • • • , H n onto G, then G is called 
the internal direct product of Hi, H 2 , ■ ■ ■ , H n As noted above, we have 

(i) a b = ba for all a G H^ b G Hj, i ^ j. 

(ii) H t n (Hi - ■ -H^H^i - ■ -H n ) = {e} for alH = 1, 2, • • • , n. 
and 

(iii) JJ = H 1 ---H a . _ 

As Hi < H for alH = 1, 2, • • • , n, clearly fi(Hi) = Hi, is normal in G and 

(i) ab = ba for all a G f/j, b G f/j, i 7^ j. 

(ii) H i n(Hi---H i _iH i+ i---H n )=id. 
(m)G = H 1 ---H n . 

We, now, prove a result which shows that these condition on H-s are infact 
sufficient for G to be internal direct product of H[s. 

Theorem 6.1. Let Hi, H 2 , ■ ■ ■ , H n be subgroups of a group G such that 

(i) ab = ba for all a G Hi, b G Hj and i 7^ j. 

(ii) Hi n (HiH 2 ■ ■ ■ Hi_iH l+1 H l+2 ■ ■ ■ H n ) = id for i = 1, 2, • • • , n. 
and 

(in) G = HiH 2 ■■■Hn. 

Then G is the internal direct product of the subgroups Hi, H 2 , ■ ■ ■ , H n . 
Proof: Consider the map 

$ : Hi x H 2 x ■ ■ ■ x H n ->■ G 

% = ( x l) x 2) ' ' ' j x n) l— ^ XiX 2 ■ ■ ■ X n . 
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For x = (xi, x 2 , ■ ■ • , x n ) , y = (y u y 2 ,--- , Vn) in U H = H x x H 2 x • • • x H n , 
we have 

$(xy) = x 2 ?/2, • • • , Zn2/n) 

= x 1 y 1 x 2 y2---x n y n 
= x x x 2 ■ ■ ■ x n y x y 2 , ■■■y n (use (i)) 

Hence $ is a homomorphism from \\Hi to ^- Further, let $(x) = e, the 
identity of G. Then 

=>- rria^ ■ ■ • x n — e 

=4> • • • Zi-iZi+iXj+2 • • • x n x { = e (use(i)) 

x 1 ■ ■ ■ Xi-ix i+l ■ ■ ■ x n = xf 1 e Hid {HiH 2 ■ ■ ■ Hi^iH i+1 H i+ 2 ■ ■ ■ H n ) 
=r- xC l = e (use (ii)) 
=>- Xi = e. 

As i is arbitrary, we get x — e, the identity element of n^«- Hence $ is 
one-one. Finally $ is onto follows from the assumption (iii). Hence $ is an 
isomorphism. 

Observations 6.2. (1) It is clear from the isomorphism described above 
that every element of G can be expressed uniquely as product of elements of 
Hi'a. 

(2) If we assume in the theorem that (i) holds and every element of G can 
be expressed uniquely as product of elements of HiS, then (ii) and (iii) also 
hold. 

(3) For the group (2fi, +) for any two non trivial subgroups mZ, nZZ of ZZ, 
mn(^ 0) G fl nZ. Hence % can not be decomposed as direct sum of its 
subgroups. 

Corollary 6.3. Let Hi, H 2 , ■ ■ ■ H n be normal subgroups of a group G such 
that 

(1) ^ n (HiH 2 ■ ■ ■ Hi_iH i+ iH i+2 ■■■H n ) = {e} for alii = 1, 2, • • • , n. 
and 

(ii)G = HiH 2 ---H n . 

Then G is internal direct product of H[s. 

Proof: By (i), it is clear that HiDHj = {e} for all i ^ j. If x e Hi, y e Hj 
for i 7^ j, then as H-s are normal, xyx~ l y~ l £ Hid Hj. Thus 

xyx^y^ 1 = e 
=>- xy = yx 
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Hence the result follows from the theorem. ■ 

Corollary 6.4. Let a group G be (internal) direct product of its two subgroups 
A and B. Then for any subgroup H ofG, H D A, H is internal direct product 
of A and HOB. 

Proof: As G is internal direct product of A and B, A<G, B <G, AC\B = 
id, and G = AB. Therefore A < H, B x = B n H < H and A n B x = id. Thus 
to complete the proof it is sufficient to prove that H = AB\. Since G = AB, 
for any h G H, 

h = ab where a G A,b G B 

=4> a - x h = beBHH = Bi since A C H 
=4> h = a(a~ 1 h) G AB X 

H = AB 1 

Hence the result follows. ■ 

Exercise 6.5. Show that ((£>, +) can not be expressed as direct sum of two 
proper subgroups. 

Exercise 6.6. Let a group G be internal direct product of its subgroups A 
and B. Prove that G/A is isomorphic to B. 

Theorem 6.7. Let a group G be isomorphic to the external direct product 
G\ x G 2 x • • • x G n of the groups Gf, i — 1, 2 • • • , n. Then there exist subgroups 
Hi, % — 1, 2 • • • , n. of G such that Gi is isomorphic to Hi and 

(i) ab = ba for all a G Hi, b G Hj, i ^ j. 

(ii) Hi n {HiH 2 , ■ ■ ■ Hi-iH i+1 Hi+2 • • • H n ) = id for all i = 1,2, ■■■ ,n. 
(in) G = H X H 2 ■■■H n . 

Proof: Let 

Gi = {(ei, • • • , e,_i, x, e i+ i ■ ■ ■ , e n ) \ x G G h e i = identity of Gj, for all j ^ i} 

It is easy to see that Gi is a subgroup of Y[ Gi and we have 

(a) ab = ba for all a G Gi,b G Gj and i ^ j. 

(b) Gi n (G 1 G 2 ■ ■ ■ G^G-^Gi+2 ■ ■ ■ G n ) = id for i = 1, 2, • • • , n. 

(c) Y\G l = G 1 G 2 ---G n . _ 

If a : Y[ Gi — > G is an isomorphism. Put a(G.j) = Hi for % = 1,2, ••• ,n. 
Then from (a),(b),(c) above we get the required conditions for H^s. 



95 



Exercise 6.8. Given a finite set {G±, • • • , G n } of groups and a G S n , the 
map 

G± x • • • x G n — >■ G a (i) x • • • x G CT ( n ) 

(->• (X CT (1), • • • ,X a ( n )) 

is an isomorphism of groups. 

Definition 6.9. A group G with o(C) > 1 is called indecomposable if 
G is not a direct product of its proper subgroups. 

Example 6.10. The group (<$,+) and (%, +) are indecomposable. 

Definition 6.11. A subgroup of a group G is called a direct factor 
of G if for a subgroup K of G, G is (internal) direct product of H 
and A. 

Remarks 6.12. (i) An indecomposable group has no direct factor. 

(ii) Any simple group is indecomposable. 

(iii) For a group G, the group G and its identity subgroup are always direct 
factors of G. 

Theorem 6.13. Let C n denotes the cyclic group of order n. Then 
C n ~ C m x Cfc if and only if n = mk and (m, k) = 1. 

Proof: (=^) We have \C m x Ck\ = rnk. Hence n = mk. Further, let 
(m, k) = d. Then, for any element (x, y) G C m x Ck, we have 

(x,y) s * = (x s *,y'f)=id 
o(x,y)<f. 

Now, note that the image of the generator of C n is an element of order 
n = mk. Hence (m, k) = d = 1. 

(<=) Let C m = gp{a},C k = gp{b}. Then, (a, b) mk = (a mk ,b mk ) = (e,e), the 
identity of C m x Ck- Hence o((a,6)) < mk = n. Further, if 

(a, b) 1 = (e,e) 
=► (o , ,6 , ) = (e,e) 
^> a 1 = e,b l = e 
^> m | / and k \ I 

=^> n = mk divides I since (m, k) — 1 
^> / > n. 

Hence o(a, 6) = n. Now, as |C m x C^l = m/c = n, it follows that C rn x is 
cyclic of order n. Hence C m x Cu is isomorphic to C n . 
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Remark 6.14. Let C n denotes a cyclic group of order n > 1. Then C n is 
indecomposable if and only if n = p k where p is a prime and k > 1 . 

Theorem 6.15. Let f be an endomorphism of a group G such that f 2 = f . 
If H , the image of f , is a normal subgroup of G and K is the Kernel of f, 
then G is the internal direct product of K and H. 

Proof: Let x G KC\H. As H is the image of / , x = f(a) for some a G G. 
Further, G K = ker / 

e = f(x) 

= /(/(«)) 

= f(a) (use p = f) 

= x. 

=> KHH = e. 
Now, if x G H , y G K, then, since H and K are normal subgroups of G, 

xyx~ l y~ l G H D K = e 
xy = yx. 

Further, for any g G G, g = f(g)f(g' 1 )g, and 

f{f{g- l )g) = f 2 {g- l )f{9) = f(g)f(g- 1 ) = e 

=> f(g 1 )g £ ker / = K. 

Hence, G = HK. Consequently, by theorem l6.lt G is internal direct product 
of the subgroups K and H. 

Theorem 6.16. Let G be a finite abelian group in which every non-identity 
element has order 2. Then G is direct product of cyclic groups of order 2. 

Proof: Let {a±, 02, ■ - • , a n } be a minimal set of generators for G. Clearly 
dj 7^ e for any i. Put Cj = gp{<2j}. Then each Cj is a cyclic group of order 2. 
As {di, a 2 , • ■ ■ , a n } is a set of generators for G, every element g in G can be 
expressed as 

^ = (a 1 ) Ql (a 2 ) Q2 ---(a„) Q " 
where a« = or 1. As G is abelian, it is easy to check that the map 

$ : d x C 2 x ■ ■ ■ x C n -> G 

X = (xi, ' ' ' j SCfi) I ^ XiX 2 • • • x n 
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is an onto homomorphism . To complete the proof we have to show that $ 
is one-one. Let for Xi = (a^)" 1 , we have (ai) Ql (a 2 ) Q2 • • • (a n ) an = e. If x ^ id, 
then OLi = 1 for some i, and hence then a, = (ai) ai • • ■ (a^i) 01 '' 1 (a i+ i) a ' +1 ■ ■ ■ (a n ) 
since a^ -1 = ai for all i. This contradicts that {a%, a 2 , ■ ■ ■ , a n } is a minimal 
set of generators for G. Hence $ is one-one and is an isomorphism. 

Remark 6.17. We have \G\ = \C X x C 2 x • • • x C„| = 2 n . 

Lemma 6.18. Lei H denotes the multiplicative group of real numbers 
{+1, —1}, and G = H x H be the direct product of H with itself. Then the 
group AutG is isomorphic to S3. 

Proof: We have o(G) = 4, and a = (1, -1), b = (-1, 1), c = (-1,-1) are 
precisely the elements of order 2 in G. Note that ab = c,bc = a, ca = b. Hence 
for any permutation r of the subset {a,b,c}, if f(a) = r(a), f{b) = r(b) , 
f(c) = t(c) and f(l, 1) = (1, 1), then f G AutG. Further, for any a G AutG, 
a restricted to a,b,c gives a permutation of {a,b,c}. Therefore a = f for 
some permutation r of the three symbols a, b, c. Clearly, the map 

t 1 — ^ r 

from the group of permutations on {a, b, c} to Aut G is one-one, and for any 
permutations n, r 2 of {a, 6, c} 7Y7^ = t\t^. Hence S3 is isomorphic to AutG. 

Remark 6.19. We have proved that AutS^ is isomorphic to S3 (Theorem 
15.501 ). Hence, as S 3 is not an abelian group, non-isomorphic groups may 
have isomorphic automorphism groups. 

Theorem 6.20. Let H be a normal subgroup of a group G such that Z(H) = 
e and AutH = I — AutH. Then H is a direct factor of G i.e., there exists a 
normal subgroup A of G such that G = A x H . 

Proof: Consider the homomorphism : 

t : G AutH 
9 ^ r g 

where r g (h) = ghg~ l for all h G H . By assumption AutH = I — AutH, hence 
t is onto. Let A = ker r, then A < G. Note that 

r g = id 

& T g {h) = h VheH 

<^> gh = hg V7i G H 
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Hence, as Z(H) = e, Af]H = id. Now, as r is onto, for any x G G, r x = 
for some h G H. Therefore 



id = T x T h = T xh -i 

=>- xhr x G A 

=>- x G AH 

G = AH 



Hence by corollary El G = Ax H. ■ 

Lemma 6.21. Let Nf, i = 1, 2, • • • , k, k > 2, be distinct minimal normal sub- 
groups of a group G such that G = NiN 2 - ■ ■ N^, the product of the subgroups 
N[s. Then G is the direct product of a subset of {N ly N 2 , • • • , N^}. 

Proof: First of all, since N { < G for all i = 1,2, ■ ■ ■ ,k; N X N 2 ■ ■ ■ N k = 
N a (i)N a (2) ■ • • N a (k) for any o G S^, the symmetric group on {1,2, ••• ,k}. 
Let t be the smallest integer such that 

G = N h N i2 ---N it 

where 1 < ii < k for all I — 1, 2, • • • , t. Without any loss of generality, by 
change of notation, we can assume that G = NiN 2 ■ ■ ■ N t . Clearly t > 2. 
As iV/s are distinct minimal normal subgroups of G, n Nj = e for all 
j / j. Therefore xy = yx for all x G iVj, and y G Nj,l < i ^ j < k 
(Lemma 13.291 (b)). Further, by induction , using lemma 13.291 (a), any finite 
product of normal subgroups of G is normal. Hence for 1 < i < t, if a G 
Ni n NiN 2 ■ ■ ■ Ni_iNi + i ■ ■ ■ Nt, then as iV, is minimal normal subgroup of 
G, either a = e or N t C iViiV 2 • • • A^ i _ 1 A^ i+1 • • • N t . However, if N t C N { n 
N 1 N 2 ---N i _ 1 N i+1 ---N t , then 

G = N 1 N 2 ---N l _ 1 N l+1 ---N t , 

a contradiction to the choice of t. Consequently, 

N n N t N 2 ■ ■ ■ iVi-iiVi+i • • • N t = {e} 

for all 1 < i < t. Therefore G is isomorphic to the direct product Ni x N 2 x 
•• • x N t . (Theorem El]) ■ 

Corollary 6.22. Let for a group G, G = NiN 2 ■ ■ ■ N^, k > 2, where N-s are 
distinct minimal normal subgroups of G for all i = 1, 2, ■ • • , k. Then any 
proper normal subgroup N of G is a direct factor of G. 
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Proof: Choose a subset J = {ji,j2, • ■ ■ ,jt} of {1, 2, • • • , k} with \J\ = t 
minimal such that G = NP for P = Nj 1 Nj 2 ■ ■ ■ Nj t , the product of the 
subgroups Nj k , 1 < k < t, in G. As seen in the theorem P <\G. By change of 
notation, if necessary, we can assume J = {1,2, ■■•,£}. As N < G and Ni a 
is minimal normal subgroup G, N (1 Ni = Ni or {e}. Let for some 1 < i < t, 
NiDN = N^ Then N { C N, and for Q = N±N 2 ■ ■ ■ N^N^ ■ ■ ■ N t , G — NQ. 
This contradicts the minimality of \J\. Consequently NON^ — {e} VI < i < 
t. Now, let NdP 7^ id. Then there exists e) G N and G A^, z = 1, • • • t, 
such that 

x = a\(i2 ■ ■ ■ a t . 

As x e, one of the cij 7^ e. As ajCL,- = a^-aj for all 1 < i ^ j < t, if necessary, 
by change by notation we can assume that ai 7^ e. Hence 

xa^ 1 ■ ■ ■ a^ 1 = a>i ^ e 
N 1 DNQ 1 

where Q\ = N% - ■ ■ N t . Note that NQi is a normal subgroup of G. Hence, 
as above, Nt D NQ t ^ e implies C NQi Then as NQ = G, NQ 1 = G. 
A contradiction to minimality of \J\. Consequently N C\ P = {e}. Now, 
by theorem 16. 1\ G is internal direct product of A^ and P. Hence the result 
follows. ■ 

We shall, now, define a class of groups such that any member of the class if 
contained in an abelian group is its direct factor. 

Definition 6.23. A group G is called divisible if for every n > 1, and 
g G G, there exists at-least one solution of the equation x n = g(nx = g 
in additive notation) in G. 

Remark 6.24. A group G is divisible if and only if G = {x p \ x G G} for all 
primes p. 

Example 6.25. The group (fQ, +), (M, +) and (C, +) are divisible. 
Example 6.26. The group (C*, •) is divisible. 
Example 6.27. For any prime p } dJpco is divisible. 

Exercise 6.28. Show that the multiplicative group •) of non-zero pos- 
itive real numbers, is divisible. 
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Exercise 6.29. Show that any homomorphic image of a divisible group is 
divisible. Further show that direct product of divisible groups is divisible. 

Theorem 6.30. Let G be an abelian group, and H, a proper subgroup of G. 
If H is divisible, H is a direct factor of G i.e., G is internal direct product 
of H and a subgroup K of G. 

Proof: Let 

S = {A C G | A : subgroup, A n H = {e}} 

Define an ordering < in S as follows : 

For A 1 ,A 2 e S, A 1 < A 2 if and only if A 1 C A 2 . 

Then < is a partial ordering on S. If {Ai} i€l is a chain in (S, <), then put, 

B = [jA t 

Let x,y G B. Then, as {Ai} ieI is a chain, there exists i G / such that 
i,l/6 A io . hence xy' 1 G A io C B. Thus B is a subgroup of G. Further 

B f] H = [j(Ai HH) = e 

iei 

Hence B G S. Clearly, B is an upper bound of the chain {Ai}i & j in S. 
Therefore, by Zorn's lemma (S, <) has a maximal element (say) K. We shall 
prove that G is internal direct product of K and H . To prove this, it suffices 
to show that HK = G (Theorem 16. ip . If HK ^ G, then choose g G G, 
g $l HK. By choice of K, 

gp{g, KjnH^e 
=^> g m k = e) for some h^H,k^K,m>l 

=> g™ = hk- 1 G HK 

Let m be the smallest +ve integer such that g m G HK. We can assume that 
m is prime. If not, then for any prime p dividing m, put n = ^ and g\ = g n . 
Clearly g\ = g m G HK, and g\ ^ HK by minimality of m. Now, as H is 
divisible, we can write 

g m = h^k^ 1 for some h\ G H 
=> (h^g) m = k~ l 
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Note that h l g SjL HK, since g G" HK. Thus for g 2 = h x g, g™ G K where m 
is prime, g 2 $ HK. By choice of K, as above 

gp{g 2 ,K}f]H^e 
=> gih = h 2 & e) 

for some k 2 G K and h 2 G H, where t > 1. As g™ G K, we can assume 
t < m. since if = e. As g\ y g™ G if If for some 1 < t < m, and m is 
prime, it follows that g 2 G if if. (use : am + bt — 1 for some a, 6 G 2£). This 
contradicts the fact that g 2 if i^. Hence = G, and the result follows. 
■ 

Definition 6.31. A group G is called semi-simple (or completely 
reducible) if every normal subgroup of G is a direct factor of G. 

Example 6.32. (i) Any simple group is semi-simple. 

(ii) The Klein's 4-group V4 (Example II. 14)) is semi-simple, but is not simple. 

Exercise 6.33. Prove that in a semi-simple group G, normal subgroup of 
normal subgroup is normal. 

Exercise 6.34. Give an example of a non-abelian semi-simple group which 
is not simple. 

Lemma 6.35. Every normal subgroup of a semi-simple group is semi-simple. 

Proof: Let iV be a normal subgroup of a semi-simple group. Then there 
exists a normal subgroup K of G such that G is internal direct product of N 
and K. Hence if A < N, then A < G. Thus as G is semi-simple 

G = AB (direct product) 

for a normal subgroup B of G. Therefore by corollary 16.41 iV = A(N D B) 
(direct product). Hence N is semi-simple. ■ 

Lemma 6.36. Homomorphic image of a semi-simple group is semi-simple. 
Proof: Let for a semi-simple group G, 

ip:G^H 

be an epimorphism of groups. Let iV = kenp. Then N <\ G (Theorem 15 .28)) . 
Since G is semi-simple G = NA (direct product) for a normal subgroup A 
of G. The factor group G/N is isomorphic to H (Corollary I5.35p . Further, 
G/N is also isomorphic to A, which is semi-simple (Lemma 16.351) . Hence H 
is isomorphic to A, hence is semi-simple. ■ 
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Lemma 6.37. Let G be a semi-simple group. Then any normal subgroup 
id) of G contains a minimal normal subgroup of G. 

Proof: If G is simple there is nothing to prove. Hence, let G be non- 
simple. Let id) be a normal subgroup of G. Choose 2(7^ e) G N, and 
let H = gp{g^xg \ g G G}. Then H < G and H C N. Put 



Define an ordering < over S as follows : 
For K h K 2 e S, 
K x <K 2 ^K x d K 2 

Then (S, <) is a partially ordered set. Take a chain {K a } a& A m S. Then 
L = U Qg A-^a is normal subgroup of if. Note that L ^ H, since otherwise 
x G L = UfT Q which implies x G X a for some a G A. As X a < G, clearly 
x G ff a implies if = K a . This contradicts our assumption that K a ^ if. 
Hence L ^ H, and L<G. Thus L is an upper bound of the chain {K a } a( zA in 
S. Now, by Zorn's lemma S has a maximal element (say) S. By lemma [6. 35 [ 
if is semi-simple. Hence H = ST (direct product) for a normal subgroup T 
of H. As any normal subgroup of H is normal in G, S is a maximal normal 
subgroup of if, and hence H/S = T is simple. Thus T is a minimal normal 
subgroup of H and hence of G. ■ 

To Prove the next result we need to define the product of an arbitrary family 
{^4q}qga of subsets of a group G. This is given by 

n s {ai • • • a n I a,i G A ai ; i = 1, 2, ■ ■ ■ ,n} 
, the set of all finite products of elements in A a . if A a <\G for each a G A, 

then n s is a normal subgroup of G. Since any finite product of normal 
subgroups in G is a normal subgroup of G. 

Lemma 6.38. Every semi-simple group is a product of its minimal normal 
subgroups. 

Proof: Let e) be a semi-simple group. By lemma 16.371 G contains 
a minimal normal subgroup. Let (N a ) a( zA be the set of all minimal normal 
subgroups of G. Put iV = riogA^"- ^ N — G, there is nothing to prove. 
If not, then as G is semi-simple and N <i G, there exists K < G, K 7^ id, 
such that G = NK (direct product). By lemma |6.37[ K contains a minimal 
normal subgroup L of G. Thus L = N a for some a G A. This is not possible 
as L fl iV = id. Hence K = {e} and N = G. M 
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6.1 Direct product (General Case ) 



For an arbitrary family of groups we have defined G = X Gi, the 

external direct product of the groups G^s, to be the set of all functions 

such that \supp(f)\ < oo. Let 

Gi = {/ G G | /(j) = ej, where ej is the identity of Gj, for all j ^ i} 

It is easy to check that Gi is a normal subgroup of G and is isomorphic to 
the group Gi under the projection map Pi. We identify Gi to Gi via p iy then 
it is clear that 

(i) Any element of G is finite product of elements of G[s. 

(ii) For all x G Gi, y G Gj, i ^ j, xy = yx. 

(iii) For any finite subset J = {ji,jz, • • • ,jk} of / and i G I — J, 

Gi P) G^G^ ■ ■ ■ G jk = id. 
As defined in the case |/| < oo, we again define : 

Definition 6.39. Let {Ai} ieI be a family of subgroups of a group A. 
We shall say that A is an internal direct product of the groups A^s 
if the map : 

XAi ->■ A 

l£I / n /(o=n/w 

i£supp(f) i€l 

is defined and is an isomorphism of groups. 

Note : In the above definition it assumed that the product is independent 
of the order of f(i)'s. 

As seen above if A is an internal direct product of A^s then as A { = {/ G 
X Ai | f(j) = id for all j ^ i} is a normal subgroup of XA„ each is 
normal subgroup of A, and we have 

(i) Any element of A is a finite product of elements of A^s. 

(ii) For all x G y G A,-, i ^ j, xy = yx. 

(iii) For any finite subset J = {ji, J2, • • • ,jk} m I and i e I — J, 

At P) Aj x A^ • • • A jk = id. 
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Conversely, if we have a family {Aj} ieI of subgroups of a group A, satisfying 
the properties (i), (ii) and (Hi) above then one can easily check that the map 



6: ]jA t A 

a 



iei 



iei 

is an isomorphism of groups i.e., A is internal direct product of A^s in this 

case. 

Example 6.40. For the group Q* of non-zero rationals with multiplication, 
Q* is internal direct product of the subgroups {±1} and gp{p}, where p is a 
prime i.e., 

Q* = {±1} X gp{p} 

p: prime 



6.2 Extensions Of A Group And Semi-Direct 
Products : 

Definition 6.41. A group G is called an extension of a group A by 
a group B if there exists an epimorphism a : G — > B such that 
kera is isomorphic to A. Further, if there exists a homomorphism 
(5 : B — >■ G such that a/3 = id, then G is called a split extension of A 
by B. 

Remarks 6.42. (i) If H is a normal subgroup of a group G, then the natural 
map : 

T]: G -)• G/H 
x i — y xH 

is an epimorphism and keri] = H. Hence G is an extension of H by G/H. 
(ii) An extension of a group A by a group 5 is not unique (up to isomor- 
phism^. g., 

(x, y) i — ^ x 

and 

x 4 2i 
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are group epimorphisms and ker 6 = kerpi = Z 2 ,hut Z 4 is not isomorphic 
to %2 ©-^2- Thus, both ^ 4 and /Z 2 (§)% i 2 are non-isomorphic extensions 
of %>2 by Zj2- In fact, ^2 © ^2 is a split extension. 

(iii) If G is a split extension of A by fi, then /3 is a monomorphism , since if 
/3(b) = id, then b = a /3(b) = id. 

Exercise 6.43. Let if be a normal subgroup of a group G such that G/H 
is a cyclic group of order m. Prove that if G contains an element x of order 
m such that o(xH) = m, then G is a split extension of H by cyclic group of 
order m. 

Exercise 6.44. Prove that Gl n (M) is a split extension of Sl n (lR) by Ft*. 

Exercise 6.45. Show that S3 is a split extension of C3 by C2, and use this 
to show that two split extensions of a group A by a group B need not be 
isomorphic. 

Exercise 6.46. Let m > 1, n > 1 be two co-prime integers. Prove that any 
extension of C m by C n is a split extension. 

Lemma 6.47. Let G be a group. Then G is a split extension of a group A 
by a group B if and only if there exists a normal subgroup H of G and a 
subgroup K such that H = A, K = B,G = HK, andHf)K = {e}. 

Proof: By definition of split extension there exists an epimorphism 

a : G ->■ B 

such that A is isomorphic to ker a and there is a homomorphism 

(3 : B -> G 

such that a/3 = id. As noted above (3 is a monomorphism. If (3(B) = K. 
Then _B is isomorphic to K. Let H = ker a. Then H <G. For any x E G, 

a(xf3a(x~ 1 )) = e since a/3 = id 

=^ X/Sa^ 1 ) G kera = /J 

If 

x/3a(x~ 1 ) = h e H 
=>• x = h(3a(x) e HK 

since X = 
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Now, to complete the proof of direct part, we have to show that Hf]K = {e}. 
Let 



y 


e Hf]K 






y 


= 0(b) 


= h 


where h G H,b G B 


<*(y) 


= a(3(b) 


= a(h) 


= e 


b 






since a(3 = id 


y 


= 0(b) 


= e 





Hence direct part is proved. Conversely, let for a normal subgroup H of G 
and a subgroup K, G = HK, and H f] K — {e}. Then every element x of G 
can be uniquely expressed as x = hk, where h G H,k G K. Now, define the 
map : 

a : G ->■ K 
x = hk i — y k 

If x = hk, y = hiki(h, hi G H, k, k x G K) are any two elements of G, then 

a(xy) = a(hkh\k\) 

= aihkhik^kki) 

= kki since hkhik' 1 G H = kera, as H < G 

= a(x)a(y) 

Therefore a is an epimorphism and kera = H. As for the inclusion map 
P : K G, a/3 = id, the result follows. 

Remark 6.48. In the converse of above lemma, if K is also normal in G, 
then G = H x K. Further, if G is direct product of its subgroups H and K 
then G is a split extension of H by K. 

Definition 6.49. Let H and K be two subgroups of a group G. Then 
G is called semi-direct product of H and K if H < G, G = if If and 

#n^ = {e}. 

Notation : If G is semi-direct product of its subgroups H and if, then 
we write G = H oc K . 

Exercise 6.50. Show that the symmetric group S3 is semi-direct product of 
the subgroups 

' 1 2 3 W 1 2 3 
3 1 2 J ' V 2 3 1 
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H = {id, 



and 

2 1 3 
of 53. 

We shall, now, consider a special extension of a group G. For the group 
of automorphisms of G i.e., AutG, consider the cartesian product 

G x AutG = {(x,a) \ x e G, a e AutG}, 

and define a binary operation on this set as below : 

(x,a)(y,/3) = (xa(y),a/3) 

We have, 

(x,a)(e,id) = (x,a) = (e,id)(x,a) 

1 

(x,a)(a~ 1 (x~ 1 ),a~ 1 ) = (e, id) = (a~ 1 (x~ 1 ), a _1 )(x, a) 

and 

((x,a)(y,/3))(z,-f) = (xa(y)a/3(z), (ap)i) 
= (x,a)((y,/3)(z,-f)) 

Hence G x AutG is a group with respect to the binary operation. This is 
called the Holomorph of G, and is denoted hyHolG. It is easy to check 
that the maps: 

V> : AutG -> ffoZG 
ct !->■ (e, a) 

and 

9 : G ^ HolG 
x (-)■ (x, id) 

are group monomorphism (i.e.,embeddings) and for any /3 G AutG, 

(e, /?)(*, ^(e,/?)" 1 = (/3(a;),/3)(e,/3- 1 ) 

Thus if we identify G and AutG by their images under 9 and ^ to subgroups 
of HolG, then any automorphism of G is obtained as a restriction of an inner 
automorphisms of HolG. Further, as 

(y,P)(x,zd)(y,P)-i = {yfi{x),p){p-\y-*),fi-i) 
= (yl3(x)y- 1 ,id) 
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and 

(y,P) = (y,id)(e,P) 

We get thatG < HolG, HolG = G.AutG. 

As it is clear that G f] AutG = id, we conclude 

HolG = G oc AutG 

Let us note that for any subgroup A of AutG, GA is a subgroup of HolG 
and is, of course, a split extension of G by A. 

Example 6.51. Let G = {Z, +), then AutZ = {±id}. Consider the map : 

i> : HolZ ->■ G7 2 (^) 
(m, ±id) I—)- 



1 

m ±1 



We have 



m e 



ip((m,id)(n,id)) = tp(m + n,id) 

1 \ / 1 \ / 1 

m + nly y m 1 J y n 1 

= ip(m,id)ijj(n,id) 

i/)((m,id)(n, —id)) = ip{m + n, —id) 

1 \ / 1 \ / 1 

m + n —I J \ m 1 J \ n —1 

= ip(m,id)ip(n, —id) 

and 

ip((m, —id)(n, —id)) = ip{m — n,id) 

1 
m — n 1 
1 \ / 1 
m — 1 J \ n —1 
= ip(m, —id)ip(n, —id) 

Hence HolZ is isomorphic to the subgroup 

H ={( 1 ° J | e = ±l,m G ^ 



of G/ 2 (^). 
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The following example gives a general formulation of the above example. 
Example 6.52. Let A be an additive abelian group. Then put 

K — < ( ^ ) \x £ A,a £ AutA, id : identity automorphism of A 



x a 

Define a binary operation over K as below : 



id \ / id \ / id 



x a J \ y (3 J y x + a/3 
Then (i^, *) is a group , and the map : 

if) : HolA K 



, id 
1 x a 



is an isomorphism. 



Example 6.53. HQ = ((Q,+), the additive abelian group of rational num- 
bers, then AuiQ isomorphic toQ*, the multiplicative group of non-zero ra- 
tionals. Hence by example 16.521 

Ho ®-{(l I) \seQ,reQ*Y 
a subgroup of Gl^^i). 

6.3 Wreath Product 

Let G, H be groups. Put 

GW = {f .H ^G} 

the set of all set maps from H to G, and 

G^ = {f:H^G\ \supp(f)\ <oo} 

Clearly, G^ is the cartesian product of copies of the group G indexed by 
H and G^ is the direct product of copies of G indexed by H. For each 
/ G GW and h e H, define : 

f h (x) = f(xh) for all xeH 
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Then for the function 

f H- / fc 

for any f,gE G^ H \ and x E H , 

(fg) h (x) = (fg)(xh) 

= f(xh)g(xh) 
= f h (x)g h (x) 

= (f h g h )(x) 
=► (fg) h = f h g h 

Hence h is a homomorphism. 

Clearly hli' 1 = id = h _1 h. Therefore h is an automorphism of G^ H \ more- 
over, h(G^) C G( H \ Thus restriction of /i to G^ gives as automorphism 
of G( H \ Now, consider the map : 

r: if -> AuiG^ 
h ^ h 



For any x E H , h, hi E H and / G AuiG [JT] , 

= f(xhhi) 
= (f hl ) h (x) 
= h(hi(f))(x) 

=4> /i/ii = hhi 
i.e., r{hh\) = r(/i)r(/ii) 

thus r is a homomorphism from H to AutG^. It is easy to check that if 
h = id, then h = e. Therefore r is a monomorphism (i.e., embedding ). 
Identify H under r to the subgroup t(H) of AutG^ H \ Then the subgroup 
G^ H \H of HolG^ is called the unrestricted wreath product of the group G 
by the group H . It is denoted by GWrH. In fact, this is the set product 
G^ x H with the binary operation 

(f,h)(g,h 1 ) = (fg h ,hh 1 ) 
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The group is called base group of GWrH and H is called its top group. 
We have noted that for any h G H, the restriction of h to is an au- 
tomorphism of G( H \ It is easy to see that the set product G^ x H is a 
subgroup of GWrH. We call this subgroup, the restricted wreath product 
of G by H and is denoted by GwrH. Here again G^ is called base group 
of GwrH and H is called its top group. By the definition of GWrH and 
GwrH, it is obvious that GWrH = GwrH if and only if either H is finite 
or G = {e}. 

The diagonal subgroup of G^ i.e., 

Diag{G [H] ) = {/ G G^ ] |/(:r) = a( fixed ) for all ^Gff} 
is also called the diagonal subgroup of GWrH. 

Exercise 6.54. Show that if G and H are torsion groups i.e., all elements 
in G and H have finite order, then GwrH is a torsion group. 

Lemma 6.55. Let G and H be two groups such that o(G) > 1 and o(H) = 
oo. Then Z(GwrH) = id. 

Proof: We know that GwrH is the cartesian product G^ x H where 
for any (/, h), (g, hi) in G^ x H, the binary operation is defined as : 

(f,h)(g,h 1 ) = (fg\hh 1 ) 

Hence if (/, h) G Z(GwrH), then for any g G G^ H) and hi G H, 

(fg\hh 1 ) = (gf h \h 1 h) 

^he Z(H) and fg h = gf h ' for all h x G H, and 5 G G (H l 

If <? = id, then g' 1 = id, and we get / = f hl for all hi G if. Therefore for any 

x G H, 

f(x) = f(xh) V/iiG if 

/ G DiagGW 
=>• f = id since o (if) = oo 

Now, as / = id, (id,h) G Z(GwrH) implies g h = g for all g G G^. This 
can hold only if /i = e. Hence Z(GwrH) = id. 

Corollary 6.56. in i/ie lemma if we take H to be any group i.e., order of 
H is not necessarily oo, then 

Z(GWrH) = Diag{Z(A) [H] ) 
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Proof: From the proof of the lemma it is clear that if (/, h) G Z(GWrH) 
then / G DiagG^ H \ h G Z(H) and fg h = gf h ^ for all hi £ H and g G 
Let f(x) = a G G for all x e H. Then for all x, hi G if and 5 G 

/(a;)<7 fc (a0 = g(x)f h ^x) 

=>- ag(hx) = g(x)a 

=>- a G and g(hx) = g(x) 

=>- a G and /i = e since o (G) > 1. 

Hence the result is proved. 
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EXERCISES 

1. Prove thatC* is isomorphic to S 1 x M* + . 

2. Show that S n (n > 2) is indecomposable group i.e., is not a direct 
product of its proper subgroups. 

3. Prove that the group (Too is a direct product of its proper subgroups. 

4. Let G be a torsion free abelian divisible group and x(^ e) G G. Prove 
that the map : 

<p:(Q,+) -+ G 

- ^ y 

where y n = x m , is a monomorphism. Then deduce that any uncount- 
able torsion free abelian divisible group is decomposable. 

5. Show that •) is decomposable. 

6. Let G be a divisible abelian group and x(^ e) G G has finite order. 
Prove that G contains a subgroup isomorphic to(C p oo for some prime p. 

7. Let G be a abelian group such that o(x) < oo for all x G G (such a 
group is called periodic). For any prime p; 

put 

Gpoo = {x G G | x pm = e for some m > 0} 

Show that G p oo is a subgroup of G and G — Y\p- prime Gpoo . Thus, in 
particular , G^ = Y\ p: prime @p°° ■ 

8. Let G be a finite group, and let for subgroups H 1: H 2 , • ■ • , H n of G, G 
is internal direct product of H[s. Show that if (o(Hi),o(Hj)) = 1 for 
all 1 < i ^ j < n, then AutG = AutH x x • • • x Aut H n i.e., AutG is 
external direct product of Aut Hi. 

9. Prove that if n > 3 is odd, then O n (lR) is isomorphic to SO n (M) x Z 2 - 

10. Show that (Ft, +) can be expressed as direct sum of two proper sub- 
groups. 

11. Prove that Sl n ((D) is a direct factor of Gl n (Q2) i.e., there exists a sub- 
group if of G/„(C) such that Sl n ((D) x H is isomorphic to Gl n ((U). 
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12. Let Gi,i = 1,2, ••• ,n be groups and //j be subgroups of Gi for all 
i — 1, 2, • • • , n. Prove that Hi x H 2 x • • • x if n is a normal subgroup 
of G 1 x • • • x G n if and only if #j < Gj. 

13. Let Gj, « = 1, 2, • • • , n be groups and let Hi < Gj for alH = 1, 2, • • • , n. 
Prove that 

(a) G\jH\ x • • • G n /H n is isomorphic to G/H where G — G\X ■ • • xG n 
and H = Hi x ■ ■ ■ x H n . 

(b) The direct product Gi x • • • x G n is finite if and only if each Gj is 
finite. 

(c) The group G\ x • • • x G n is abelian if and only if each Gj is abelian. 

14. Let a group G be internal direct product of it's subgroups G^i = 
1, 2, • • • , n. If for any x G G, x = rci£ 2 • • • x n (xj G Gj), then show that 

(i) The map 

Pi-. G ->• G, 

is an epimorphism. 

(ii) PiPj(x) = e for all « 7^ j. 

(iii) pi(x)p2(^) • • -Pn(x) = x for all x G G. 

(iv) niLi kerpi = e. 

15. Let for a group G, we have endomorphisms 

Pi : G ->■ Gj ;i = 1,2, • • • ,n 

such that for all x G G, we have (i) PiPj(x) = e whenever i ^ j 
(ii) p, 2 (a;) = p^x) (iii) Y\Pi(x) = p 1 (x)p 2 (x) ■ ■ -p„(x) = x and (iv) 

fT=i ker Pi = e - 

Prove that if Hi = Pi(G), then G is internal direct product of H'f . 

16. Prove that the group (D p oo is an indecomposable group. 

17. Prove that a finite abelian group is semi-simple if and only if every 
element of the group is of square free order. 

18. Show that a cyclic group is semi-simple if and only if it is finite of 
square free order. 
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19. Let G be an additive abelian group and x, an element of finite order in 
G. Prove that if G = gp{x} H for a subgroup H of G, then for any 
y G H, o(y) dividing o(x),G = gp{x + y} H. 

20. Let G be a finite, additive abelian group with o(G) = p n for a prime p 
and n > 1. If for an element x G G, G = gp{x} if for a subgroup H 
of G, then for any y <E H with o(y) < o(x), G — gp{x + y} H. 

21. Let n > 3. Prove that for the Dihedral group D n (Example II . 28j) . the 
group Aut D n is semi-direct product of its subgroups, 

H = {a G Aut D n | a(a) = a} 

and 

K = {a G Awt D n | q(t) = r}. 
Further show that °{H) = n and o{K) = $(n). 

22. Let if, i^ be two subgroups and let 

/ : H -> Aut if 
y ^ fy 

be a homomorphism. Put 

G = if x K = {(x, u) | x G H, u G if} 

If for (x,u), (y,v) in G, we define : 

(x,u) * (y,v) = (xy, (f y (u))v), 

then show that G is a group with respect to binary operation *, and G 
is semi-direct of its subgroups A = {(x, e) | x G H} and 5 = {(e,|/)]|/G 
if}, where A is isomorphic to H and i? is isomorphic to K. 

23. Let m > 1,N > 1 be two integrals such that m\n. Let C m = gp{x}, 
and C n = gp{y} be two cyclic groups of orders m and n respectively. 
Prove that for the direct product G = C m x C n , 



9:G -)• G 



and 



x s , y l ) h> *) 



a : G -)• G 

(x s ,y l ) i — ^ (x s+t ,y l ) 

are automorphisms of G. Further, if n 7^ 2, show that #a 7^ a^. 
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24. Let a group G be direct product of its subgroups Hi]i = 1, ••• ,n. 
Prove that C ^(H^ x • • • x $(//„). 

25. Let G be a finitely generated group and let G be direct product of 
its subgroups H^i = 1, • • • ,n. Prove that is direct product of 
$(iZi);i = 
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Chapter 7 

Action Of A Group 



In many practical situations we encounter groups and their effects on certain 
objects. We shall describe, below, this phenomenon in mathematical terms. 

Definition 7.1. A group G is said to act on a non-empty set X or is 
called a transformation group of X if there exists a homomorphism 
from G into A(X), the group of all transformations of X. 

Note: Given an action of a group G on a set X, we shall denote the 
image of any g G G in A(X) by g itself, unless a specific notation is called 
for. 

Remarks 7.2. (l)For a transformation group G of a set X, we have 

(i) (010a) 0*0 = giMx)) for all g u g 2 G G and x G X 

(ii) e(x) = x where e is the identity of G and ieX 

(2) If G is mapped to the Identity subgroup of v4(X),then G is said to have 
the trivial action on X and in this case g(x) = x for all x G X. 

(3) Clearly a group G can act on X in several ways depending on the homo- 
morphism from G to A(X). 

(4) If a group G is acting on a set X, then for any subgroup H of G, H acts 
on X where action of any elements of H is its action as an element of G. 

Example 7.3. Let G be a group and X — G. Let for any g G G 

T g :G ->• G 
x i — ^ gx 

1 contents group7.tex 
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Then 



r : G -> A(G) 



defines a group action of G over G. 



Example 7.4. In the example I7.3[ if we take 

T g (x) = gxg~ x 
then we get another action of G over G. 

Example 7.5. Let G be a group and H, a subgroup of G. Let X = {giH} ie j 
be the set of all distinct left cosets of H in G. If for any g G G, 

r 9 : X -> X 
ftif i ^ 

Then 

t : G ->■ A(X) 
defines an action of G over X. 

Example 7.6. Let G = Gl n (M) and X = iR n , the vector space of dimension 
n over M. Let for any A G Gl n (M), 

t a :X -> X 
A = (Ai,A 2 ,...,A n ) t i ^ AA 

Then 

r : G/ n (iR) -»■ A(X) 
^4 1 y ta 



defines a group action of Gl n (M) over X. 
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Example 7.7. Let G = S n , be the symmetric group on n-symbols {1, 2, • • • , n} 
and X = Wl n . For any a G S n , let 

r a : X ->■ X 

A = (Ai, A 2 , • • • , XnY !->■ (A CT (1), A CT ( 2 ), • • • , K(n)Y 



Then 



r:S n -> A(X) 



defines a group action of S n over X. 

Example 7.8. Let G and be two groups, and let ^ : G — > H be a 
homomorphism. If H acts on a set X, then for any g G G,i G X, define : 

T g (x) = <p(g)(x) 

the image of x under (p(g). Clearly r g G A(X) and 

G -> A(X) 

defines a group action of G on X. 

Example 7.9. Suppose db group G ctcts on a set X. Then for any set Y, G 
acts on T = {/ : X — > Y \ f : set function } as follows : 
Let g G G, and f E J 7 . Then for any rr G X, define : 

{r 9 {f)){x) = f{g-\x)). 

Example 7.10. The orthogonal group 0(n, Ft) acts in a natural way on the 
unit circle S*™ -1 in M n . For any A G 0(n,M), and x = (xi,x 2 ,-- - , x n ) G 



5" 1 , we define ta(x) = A(xi,x 2 , • • • , x n y. 

(Use : orthogonal transformations preserve length. 



Theorem 7.11. Let G be a transformation group of a set X . Let for x\,x 2 G 
X, 

X1RX2 4=> ^(a^i) = ^2 for some g G G. 
T/ien i? zs an equivalence relation on X. 
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Proof: (Reflexivity) For any e(x) = x. Hence xRx. 

(Symmetry) Let for x±,x 2 G X, x\Rx 2 holds. Then there exists g G G such 
that 

g(xi) = x 2 

=> g' 1 {g{x l )) = g'\x 2 ) 

e(xi) = g~ 1 (x 2 ) 
=4> X! = g -1 ^) 

Therefore x 2 Rx\ holds. 

(Transitivity) Let for x 1 ,x 2 ,x 3 G X, x\Rx 2 and x 2 Rx 3 hold. Then there 
exist g,h E G such that 

5(^1) = £2 and /i(x2) = £3 
=4> (hg)(x!) = h{g{x 1 )) = x 3 
=>- xiRx s . 

Hence i? is an equivalence relation on X. ■ 

Theorem 7.12. (Caley's Theorem) Any group G is isomorphic to a 
subgroup of the transformation group of G. Thus, in particular, if o(G) = n, 
then G is isomorphic to a subgroup of S n . 

Proof: For any g G G, define r g : G — > G by T g {x) = gx. Then r g is a 
one-one, onto mapping i.e., r g G A{G). Consider the mapping 

g^r g 

from G to A(G). For g,h,x G G, we have 

Tgh(x) = (gh)(x) 
=> r gh (x) = (g(h(x)) = T g (r h (x)). 

Therefore r g h = r g o for all g, h G G. Thus g 1— >■ r fl is a homomorphism 
from G to A(G). Let r 9 be identity for some g G G. Then, for any x G G, 

Tg(x) = X 

=>- gx = x 

=>- g — e( takings = e). 

Hence g >->■ r s is an isomorphism of G onto its image in A(G). The final part 
of the statement is immediate because if °(G) = n, then A(G) is isomorphic 
to S„. ■ 
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Remark 7.13. The isomorphism of G into the transformation group pro- 
vided in the above theorem is quite inefficient in the sense that if we have 
o(G) = n, then o(A(G)) = n\. Thus G is mapped into a large transformation 
group. The situation can be improved sometimes. 

The following result shall be useful in this direction. 

Theorem 7.14. Let G be a group and H be a subgroup of G. Let X = 
{giH | % G /} be the set of all distinct left cosets of H in G. Then there exists 
a homomorphism 6 from G into A(X) with 

ker6> = n{x^Hx \ x G G} 

Proof: Let g G G. Then for each giH G X, g(giH) = ggiH G X. Further, 
for g t H, gjH G X, 

9(9*H) = g(gjH) 
=>- 9iH = gjH 

We also have g(g~ 1 g i H) = giH. Hence, the map 

6 g : X ->■ X 
9iH i— >■ ggi H 

is in A(X). One can easily see, as in the above theorem, that the map 6(g) = 
9 g is a homomorphism from G to A(X). Further, g G ker^ if and only if 
6 g = Id. Thus g G ker# if and only if for any g^H G X, 6 g (giH) = g^H . Note 
that 

6 g ( gi H) = gi H 

gg { H = giH 
& g^ggiEH 
^ 9^9iHgi l 

Now, if x G G, then x G giH for some i. Thus x = gih for some h G H. We 
then have 

xHx" 1 = gihHh^g' 1 = giHgr 1 . 

Consequently 

g G ker 6 g G Q x^Hx. 

Thus the proof is complete. ■ 

We,now,give some applications of this result. 
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Theorem 7.15. Let G be a finitely generated group and n > 1, an integer. 
Then the set of all subgroups of G with index n is finite. 

Proof: Let H be a subgroup of index n in G and let X = {g\H = 
H, g2H, • • • , g n H} be all distinct left cosets of H in G. Then, by the theorem 
I7.14[ for any x G G, the map 

9 X : X -> X 

g { H ^ xgiH 

is a permutation on X and 

6 : G Apf) 
a; i— > ^ 

is a homomorphism. Writing z for for all 1 < % < n, gives the homo- 
morphism 

Oh '■ G —7- o„ 

where 9h(x)(i) = j if a^if = 9jH. Now, if H ^ K are two subgroups of 
G with index n, then H K, and K (£ H. Choose h e H, h K. Then 
0jc(/i)(1) ^ 1 and 6 H (h)(1) = 1. Thus fl ^ 0#. As G is finitely generated 
any homomorphism from G to S^i is completely determined by its action over 
the generators of G. Thus the number of homomorphism from G to S n is 
finite. Hence the result is immediate. ■ 

Corollary 7.16. Let G be a finitely generated group and n > 1, an integer. 
Let 

A n = {H C G : subgroup \ [G : H] — n) 
Then for any epimorphism (onto, homomorphism) f from G to G the map : 

f ■ A n y A n 

H ^ f-\H) 

is a bisection (one-one, onto map). 
Proof: If H e A n , then 



G = {Jx t H 



i=l 
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for some Xj G G, 1 < i < n, where XiH (~| XjH = for all i ^ j. Hence 

n 

G , = r 1 (G) = u^r 1 w 

i=l 

where disjoint union. Therefore [G : f 1 (H)] = n. Thus / 

maps A to A. Further, let for if, K G X, /^(ff) = f~ l (K). Then as / 
is an epimorphism if = f{f~ 1 {H)) = f{f^ 1 {K)) = K. Thus / is one-one. 
Now, as A n is finite by the theorem, / is a bijection. ■ 

Definition 7.17. A group G is called residually finite if the intersec- 
tion of all subgroups of G of finite index in G is identity. 

Example 7.18. Any finite group is residually finite. 

Example 7.19. Any infinite cyclic group is residually finite. 

Let C = gp{a} be an infinite cyclic group. Then any subgroup of C is of the 

from gp{a n }, n > 1. Clearly f] n>1 gp{a n } = Id. Hence C is residually finite. 

Theorem 7.20. Let G be a simple group of order 60. Then G contains no 
subgroup of order 30 or 20 or 15. 

Proof: We shall show that there is no subgroup of order 15. Proof for the 
other cases is similar. Let if be a subgroup of order 15. Then [G : H] = 4. 
Hence, by the theorem 17.141 we have a homomorphism 

: G -)• S 4 

Let K be the kernel of 9. Then if is a normal subgroup of G contained in 
H . As G is simple, K = G or K = id. As K C if., K = id. Thus 6 is an 
isomorphism of G into S4. As 0(^4 ) = 24, in view of theorem I3.8[ 5*4 can not 
contain a subgroup of order 15. Thus the result follows by contradiction. ■ 

Definition 7.21. Let G be a group of transformations on a set X. 
Then for any x G X, the orbit of x under G-action is 

Orh(x) = {g(x) \ g G G} 

Remarks 7.22. (1) If R is the equivalence relation defined in theorem 17. 11\ 
then Orb(x) = {y G X \ xRy}, the set of all elements of X which are related 
to x under the action of G. 

(2) As R is an equivalence relation on X, any two orbits are either identical 
or disjoint. 
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Definition 7.23. Let G be a transformation group of a set X. A 
subset Y of X is called invariant under G if g(Y) C Y for all g £ G. 

Definition 7.24. Let G be a transformation group of a set X. For 

any x G X, the set Stab(x) = {g G G \ gx = x} is called the Stabilizer 
of x in G. 

Lemma 7.25. Let G be a transformation group of a set X . For any x G X, 
Stab(x) is a subgroup ofG and | Orb(x)| = [G : Stab(x)]. Thus | Orb(x)| 
divides °(G). 

Proof: Clearly e G Stab(x). Further, if g 1: g 2 G Stab (re), then 



Hence Stab(rr) is a subgroup of G. To prove | Orb(x)| = [G : Stab(x)], 
let gi, g 2 G G . Then for any x G X, 



Hence | Orb(x)| = [G : Stab(x)]. Finally, as |G| = [G : Stab(x)]| Stab(x)|, 
the result follows. ■ 

Lemma 7.26. Let G be a group acting on a set X. Let for x,y G X, 
y = gi(x), for some g\ G G. Then Stab(y) = g\ Stabfx)^ 1 and hence 
| Stab(x)| = | Stab(y)| 

Proof: As g\{x) = y, for any g G Stab(x), 



(9i92)(x) = gi(g 2 (x)) = gi(x) = x 



and 



9i (x) = g 1 (gi(x)) = x. 



9i(x) = g 2 {x) 
92 1 (9i(x)) = x 
<=> g 2 1 g 1 G Stab(z) 

gi Stab(z) = g 2 Stab(z). 



{gi99i ^(y) = (gmi ^(giix)) 
giggT 1 e stab(y) 



(9i(z)) = y 



Hence 



Now, as gi(x) 



9l Stab(x)^ 1 C Stab(y) 

y,x — g^ l {y). Therefore as above 



(7.1) 



g^ 1 Stab(y) 5l C Stab(x) 
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Stab(y) C g x Stab(x)^ 1 (7.2) 

Now, from the equations 17.11 and I7.2[ we get Stab(y) = g\ Stab(x)gjf . 
Thus 

Stab(z) -»■ Stab(y) 

is one-one and onto, and hence | Stab(x)| = | Stab(y)|. ■ 

Remark 7.27. If Y is an invariant subset of X, then for any y G Y, 
Orb(y) C Y as g»(y) G K for all g £ G. Hence K is a union of orbits. 

We shall now give some interesting group actions on M 2 . 

Example 7.28. For each b G M*, define <f) b : M 2 -> M 2 by <p b ((x,y)) = 
(b 2 x, by). It is easy to see that 4> b gives a transformation of M 2 . Further, 

{(j) c (j) b ){x,y) = <p c (b 2 x,by) = (c 2 b 2 x,cby) = (j) cb (x,y). 

Clearly <f>i = id. Thus we get an action of M* on M 2 where each b G M* acts 
via <pb- In this case, for any, a G M*, Orb(a, 2a) = {(6 2 a, 2a6) | 6 G iR*} is 
the parabola Y 2 = 4aX except the point (0, 0). 

Example 7.29. For each 9 G iR, define 

5 e : 1R 2 -> iR 2 

(x, ?/) i — ^ (xcos© + ?/ sin©,?/ cos© — a; sin 9). 

For any ©i, 2 G iR, we have 

(5 Ql Se 2 )(x,y) 
= Sq 1 (x cos 02 + y sin 2 , y cos 2 — x sin 2 ) 
= (((x cos 2 + ?/ sin 2 ) cos ©i + (y cos 2 — x sin 2 ) sin ©i), 

((y cos 2 — x sin 2 ) cos ©i — (x cos @ 2 + y sin 2 ) sin 6i)) 
= (x cos(0i + 2 ) + y sin(0i + 2 ), y cos(©i + 2 ) - x sin(©i + 2 )) 
= 5 Ql+e2 (x,y). 

Further, <5 = id. Thus 5 : +) — » A(iR 2 ), where 5(0) = <5e, is a homo- 
morphism i.e., (iR, +) is a group of transformations of M 2 , where G iR acts 
via 5®. For any r > 0, we have 

Orb((0, r)) = {(r sin 0, r cos 0) | < < 2tt}, 

the circle of radius r in iR 2 with centre as origin. 
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Definition 7.30. Let G be a group acting over a set X{^ 0). The 
action of G is called transitive if for any x,y E X there exists g E G 
such that gx = y. 

Lemma 7.31. Let G be a finite group acting over a finite set X transitively. 
Then 

(i) Order of G is divisible by \X\. 

(ii) For any normal subgroup N of G, orbits of X under N -action have same 
cardinality. Hence the length of an N -orbit divides \X\. 

Proof: (i) Let x E X be any element. Then 

\X\= \Gx\ = [G: Stab(*)] = TS Jfj^ 
\X\ | Stab(x)| = |G| 

Hence (i) is proved. 

(ii) Let x,y E X. Then there exists g EG such that y = gx. Therefore 

\Ny\ = \Ngx\ = \(Ng)x\ = \(gN)x\ = \g(Nx)\ = \Nx\ 

Hence all iV-orbits of X have the same cardinality (say)/. Since X is a disjoint 
union of iV-orbits of X, it is clear that / divides \X\. ■ 

Lemma 7.32. (Burnside) Let G be a finite group acting over a finite set 
X . Let Bi, B 2 , . . . , Bk be all the distinct orbits of X under G-action. Ifx(d) 
denotes the cardinality of the set {x E X \ gx = x}, then 



g&G 

Proof: To prove the lemma, we shall calculate the number of elements 
of the set 

M = {(g, x) | g E G, x E X, gx = x} 
in two different ways. Let for any g E G, x E X , 

A g = {(9,x)\x E X, gx = x} 

B x = {(g,x)\g EG,gx = x} 

Then 

M = U A 9 = U B * ( 7 - 3 ) 

geG x<=X 
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are two disjoint decompositions of M into it's subsets. Clearly x(g) = \A g \ 
and \B X \ = | Stab(x)|. Hence from the equation 17.31 we get 

\ M \ = E lArl = E \ B *\ 
geG xex 

=> E^) = E \ stab (x)\ 

geG xex 

k 

= EE stab (^) ( 7 - 4 ) 

i=l XiGBi 

By the lemma I7.26[ | Stab(x)| = | Stab(y)| for any x,y G Bi. Hence, the 
equation 17.41 gives that 

k 

E*te) = E W I Stab^)!, (a* G 

geG i=l 

Now, by the lemma 17.251 

ici 



BA 



Stabfx,- 



Hence 



\G\ 

E^) = E l S tab(^l =fc|G| 



geG i=l 

This implies 



9 gG 

Thus the result is proved. ■ 

We shall, now, give an application of Burnside's lemma. 

Example 7.33. Find the number of all distinct factorizations of 216 into 
three natural numbers when the order of factors is ignored. 

Solution : We have 

216 = 2 3 3 3 
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Hence any factor of 216 is of the form 2 a 3 13 . Let 



216 = (2 ai 3 /3l )(2 Q2 3 /32 )(2 a3 3 /33 ) 

where a, t > 0, ft > 0. Then 

ol\ + a 2 + a 3 = 3 = /3i + f3 2 + (3 3 

Clearly, each factorization of 216 into three natural numbers correspond to a 
tuple (ai, a 2 , a 3 , f3i, f3 2 , P3) of non-negative integers such that ai + a 2 + a 3 = 
3 = (3i + (3 2 + f3 3 , and conversely. Put 



X = {(oil, «2, «3, Pi, P2, fo) 



^a i = 3 = ^A, «»(> 0), ft(> 0) E ^} 



i=i 



Define for each a E S3, 

a(ai,a 2 ,a3,(3i,(3 2 ,(3 3 ) = (a^i), a a{2 ), a CT (3), Ar(i), Ar(2), Ar(3)) 

This defines an action of S3 over X. Further, any two tuples in X which 
lie in the same orbit under the action of S3 define same factorization ( upto 
order of factors ) of 216, and conversely. Hence to calculate the number 
of distinct factorizations (ignoring the order of factors) of 216 into three 
natural numbers, we have to calculate the number of distinct orbits (say) k 
of X under the S3-action defined. By the Burnside's lemma, 

k = 4t E 

We know that the order of S 3 is 6. Hence to obtain k we have to calculate 
x(cr) for all a E S3. First of all, note that \X\ is 100. For the identity element 

e E S3, X (e) = 100. For a x = ( \ \ in S3, 

<7i(ai, « 2 , «3, ft, ft, ft) = («1, "2, «3, A, ft, ft) 

ai= a 2 ,f3i = (3 2 
One can easily check that such possible tuples are 

(0, 0, 3, 0, 0, 3), (0, 0, 3, 1, 1, 1), (1, 1, 1, 0, 0, 3), (1, 1, 1, 1, 1, 1). 
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Thus — 4. Similarly we can check that for 

a 2 = 



0~3 



(7 4 = 



0~5 



12 3 

3 2 1 

12 3 

13 2 

1 2 3 
3 1 2 

12 3 

2 3 1 



We have 

xM = xfa) = 4, xM = xfo) = i 

Hence 

k = ^(100 + 3 x 4 + 2 x 1) 
114 

= - = 19 

Theorem 7.34. Let G be a finite group and H , a subgroup of G, with [G : 
H] — n > 1. If n\ is not divisible by o(G) then H contains a proper normal 
subgroup of'G. 

Proof: Let X be the set of all distinct left cosets of H in G. Then 
\X\ = n. For any x E G and gH G X, define 

x(gH) = xgH 

Then 

6 : G -> A(X) 
x (->■ x 

9 is a group homomorphism. Thus we get an action of G over X. As \X\ — n, 
the order of the group A(X) is n\. By our assumption o(G) does not divide 
= n\. Hence is not a monomorphism. Let K be the Kernel of 9. 
As 6? is not a monomorphism 7^ id. Therefore K is a nontrivial normal 
subgroup of G. As K = ker 0, we get 

ifa; = x for all x E X 
KH = H 
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Hence the result follows. ■ 

Corollary 7.35. Let G be a finite group and H , a subgroup of G. If [G : 
H] = p, the smallest prime dividing order of G, then H <\G. 

Proof: If o(G) = p, then H = {e}, and the result is clear. Further, if 
[G : H] — 2, then H is normal. Hence we can assume that o(G) > p > 2. 
Now, as p is the smallest prime dividing o(G), o(G) does not divide p\. Thus 
by the proof of the theorem H contains a proper normal subgroup if of G 
such that o(G/K) — [G : if] divides pi. We have 

[G:K\ = [G : H\[H : if] 
= p[H : if] 
=4> [ii : if] divides p\ 

=>- [ii : if] has a prime factor less than p and divides °(G). This 
contradicts our assumption on p, unless [H : K] — 1. Thus [ii : if ] = 1 i.e., 
ii = if . Hence H <G. ■ 



EXERCISES 

1. Let a group G acts transitively on a set X. Prove that the cosets 
of the subgroup G x = Stab(x) for some x G X, are exactly the sets 
S(y) = {g eG\ g(x) = y} where y G X. 

2. Let ii be a finite subgroup of a group G. Prove that for any (h, h') G 
H x H and x e G, 

(h,h')(x) = hxh'- 1 

defines an action of H x H on G. Further, show that H < G if and only 
if every orbit in G with respect to this action of H x ii has exactly |ii| 
elements. 

3. Let a group G acts on a set S. Prove that for an element x G S, 
Stab(x) = Stab(gx) for all elements g G G if and only if Stab (re) is a 
normal subgroup of G. 

4. Let G be a group of order p n (n > 1), where p is a prime. Prove that if 
G acts on a finite set X and m is the number of the fixed points in X, 
then \x\ = m{modp). 
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5. Let G be a group with o(G) = 55. Prove that if G acts on a set X with 
\X\ = 19, then there are at-least 3 fixed points. 

6. Prove that under the action of the group Gl n (M) on S = M n (Example 
17. 6p . there are exactly two orbits. 

7. Consider the group G = S 7 , the symmetric group on 7-symbols. Find 
the stabliser of the element 



a 



1 2 3 4 5 6 7 
3 4 2 1 5 6 7 



in G under the action of G over G as in the example 17.41 

8. Prove that in the example I7.10[ orbit of any vector x G S 11 ^ 1 is whole 
ofS™" 1 . 



9. Consider the subgroup G 



s,t G Rs > 0,t > \ of Gl 2 (R). 



s 
t t 

The action of Gl n (M) on M 2 (Example 17.61 ) gives an action of G on 
M 2 . Prove that G acts on the set of all straight lines in M 2 . Show 
that X-axis and y-axis are the only fixed points under the action of 
G. Further, prove that there are twelve orbits of this action. 

10. Prove that a group G is residually finite if and only if G is isomorphic 
to a subgroup of a direct product of finite groups. 
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Chapter 8 
Conjugacy Classes 



We shall consider here a special action of a group over itself. This gi 
very useful concept in group theory. 
For an element g of a group G, define 



;ives a 



Tg-.G -> G 



x i — y gxg 



-i 



We can easily check that r g is a transformation of G, i.e., it is a one-one map 
from G onto G. Further, for x,g,h G G, we have 



Hence = T g r h . Thus G can be considered a transformation group of G 
where action of g over G is given by r g . As seen in the Chapter 7, this action 
defines an equivalence relation over G. This relation has special importance 
in group. We define : 

Definition 8.1. Let G be a group and x,y E G. We shall say that y 
is a conjugate of x in G if there exists an element g e G such that 

grxflr 1 = y. 

Remarks 8.2. (i) As seen in Chapter 7, conjugacy is an equivalence relation 



Tgh{x) 



ghx(gh)' 
g{hxhT x )g 

TgT h (x). 



-1 



over G ( Theorem 17.111) . 



contents group8.tex 
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(ii) For every g G G, r g is an automorphism of G [Theorem 15.45] . 

(iii) The map g H- r g is a homomorphism from G to AutG since r g h = T g Th 
for any g,h G G. 

Definition 8.3. Let G be a group and x G G. Then the set 

[x] = {r g (x) = gxg' 1 \ g G G} 
is called the conjugacy class of x in G. 

Remarks 8.4. (i) As noted above, conjugacy is an equivalence relation over 
G. Hence any two conjugacy classes are either identical or disjoint i.e., for 
x,y G G, either [x] = [y] or [x] PI [y] = 0. 
(ii) For the identity element e of G, [e] = {e}. 

Definition 8.5. Let G be a group. Then the set 

Z(G) = {x eG\[x} = {x}} 

is called the centre of G. 

Note:(i) In case it is not necessary to emphasize the group G, we write 
Z for Z(G), the centre of G. 
(ii) Note that 

[x] = {x} 
<^ g~ l xg = x for all g G G 
xg = gx for all g G G 

Hence 

Z(G) = {x G G\xg = gx for all g G G}. 
Definition 8.6. For an element x in a group G, 

C G (x) = {g G G\gx = xg i.e., r g (x) = x} 
is called the centralizer of x in G. 

Theorem 8.7. Let G be a group. Then 

(i) Z(G) is a normal subgroup of G. 

(ii) For any x G G, Cq{x) is a subgroup of G. 
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Proof: (i) Clearly [e] = {e}, hence e G Z(G). Take x, y G Z(G). Then 
for any g G G, 

gxy^g' 1 = gxg^gy^g' 1 

= xigyg^y 1 (since [x] = {x}) 
= xy' 1 (since [y] = {y}) 

Hence = {xy^ 1 }. Thus for x,y G Z(G),xy~ x G Z(G). Consequently 

Z(G) is a subgroup of G. Further for any x G Z{G),g G G, we have, 

gxg~ l = x G Z(G) 
=> gZ(G)g' 1 C Z(G) 
=>- Z(G) is a normal subgroup of G. 

(ii) The proof is similar to (i). ■ 

Remark 8.8. For a group G, 

z{G) = pi g g (x). 

Definition 8.9. Let S be a subset of a group G. The set 

C G (S) = {g G G\gx = xg i.e., gxg~ x = x for all x G 5} 
is called the centralizer of S* in G. 
Definition 8.10. For a subset S of a group G, the set 

N G {S) = {geG\gS = Sg} 
is called the normalizer of S in G. 
Remarks 8.11. (i) If S = {x} is a singleton set, then 

C G (S) = N G {S). 

(ii) By definition of Cg{S), we have 

C G (S)= f]C G (x). 

Thus by the theorem 18.71 (ii), it follows that C G (S) being an intersection of 
subgroups is a subgroup of G. 

(iii) One can easily check that N G (S) is a subgroup of G. 

(iv) If if is a subgroup of G, then H C N G (H). (Use : xif = H = Hx for 
all x G #.) 
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Exercise 8.12. Give an example of a proper subgroup if of a group G such 
that H c N G (H). 

Definition 8.13. Let A, B be two subsets of a group G. We shall say 
that B is a conjugate of A if there exists an element g E G, such 
that g- l Ag = B i.e., r g (A) = B. 

Remarks 8.14. (i) If A, B are conjugate subsets of G, then CIS Tg IS cl trans- 
formation of G (in fact an automorphism of G), 

\A\ = \B\ 

(ii) Let if be a subgroup of G. Then any conjugate of H is g~ x Hg = r g (H) 
for some g £ G. Thus being the image of H under r g , it is a subgroup. (Use 
: Image of a subgroup under a homomorphism is a subgroup.) 

Theorem 8.15. Let G be a group and x £ G. Then the cardinality of the 
conjugate class of x i.e., \[x]\ is equal to [G : C G (x)]. 

Proof: Let g,h £ G. Then 

gxg~ l = hxh~ l 

h~ x gx = xh g 
& h- x g £ C G (x) 
& gC G (x) = hC G (x) 

Hence, \[x} \ = [G : C G (x)}. ■ 
More generally, we have 

Theorem 8.16. For a subset S of a group G, the cardinality of the set of 
conjugates of S in G is equal to [G : C G (S)}. 

Proof: The proof is similar to theorem 18.151 ■ 

Corollary 8.17. For any subgroup H of a group G, the number of subgroups 
conjugate to H is [G : N G (H)]. 

Proof: (Use : Conjugate of a subgroup is a subgroup and the theorem 

EH) ■ 

Lemma 8.18. Let H be a subgroup of a group G. Then for any x £ G 

N G (x- x Hx) = x- l N G {H)x. 
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Proof: For any g G N G (H), we have 

x~ l gx ■ x^Hx = x^gHx 
= x^Hgx 
= x~ x Hx ■ x gx 

Therefore 

x~ l N G {H)x C Naix^Hx) (8.1) 
Taking x~ l Hx for H, we get from 18. ll 

xN G (x~ 1 Hx)x- 1 C ^(^(x- 1 ^)^- 1 ) = iVcOff) 

Therefore 

N G (x' l Hx) C x' l N G (H)x (8.2) 
Now, from 18. ll and 18.21 we conclude 

x- x N G {H)x = N G {x- l Hx) ■ 

Remark 8.19. The result is true for any non-empty subset A of G. 

Lemma 8.20. Lei H be a subgroup of a group G, and x G G. Then 

[G:H] = [G: x~ x Hx\. 

Proof: Let {xiH} ie j be the set of all distinct left coset representatives 
of H in G. Then 

G = U ieI XiH 
is a disjoint union. For any x G G, 

G = x~ x Gx = Uitix^XiHx 
= L)i e ix~ 1 Xix(x~ 1 Hx) 
=> [G : #] > [G : x" 1 ^] for any x E G. 



Hence, 



[G:H] > [G 
> [G 
= [G 



x Hx] 
x(x~ Hx)x ] 
H}. 



Consequently, [G : H] = [G : x^Hx). ■ 
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Theorem 8.21. Let H be a subgroup of finite index in a group G. Then 
there exists a normal subgroup KofG,K<OH, such that [G : K] < oo. 

Proof: By the definition of N G (H), H C N G (H). Hence as [G : H] < oo, 
we get [G : Nq(H)] < oo. Thus, by corollary 18.171 the subgroup H has finite 
number of conjugates in G. Let x^ Hx\, x% Hx%, ■ ■ ■ x^ x Hx t be all distinct 
conjugates of H in G. Then 

t 

[\xJ x Hxi) = p| {x~ l Hx) = K say 

i=l xGG 

Hence, for any y G G, 

V~ x Ky = f] xeG y- 1 (xr 1 Hx)y 
=► y-'Ky = n xeG (xy)- l H(xy) = ^{x^Hx) = K 
K is a normal subgroup of G. 

By the lemma I8.20[ we get 

[G:H] = [G: x^Hxt] for alH = 1, 2, . . . , t. 

Hence, by corollary 13. 22[ 

[G:K] = [G-.nUix^Hx,)} 
t 

< Y[[G (x^Hxi)} = [G : H]* < oo. 

i=i 

Thus the proof is complete. ■ 

Theorem 8.22. Let H be a normal subgroup of a group G such that G/H 
is infinite cyclic. If N is a torsion free, normal subgroup of G contained in 
H with [H : N] < oo, then there exists a torsion free, normal subgroup M of 
G with [G : M] < oo. 

Proof: Let G/H = gp{aH}, and A = gp{a}. Then AH = G. Since 
gp{aH} is infinite cyclic, A fl H = id. As N < G, B = AN is a subgroup of 
G. Let for g = a m and x £ N, o[a m x) = t < oo. Then 

(a m xHY =H 

(a m HY =H 

(aH) mt =H 

m = 
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Therefore o(x) = t < oo. Now, as N is torsion free , x = e. Hence if o(a m x) < 
oo, a m x = e. Consequently B is torsion free. If 

m 

H=\JfnN 

i=i 

is a coset decomposition of H with respect to N, then 

m 

G = AH = HA = [jhiN 

Further, 

M# = hjAN 

<^> hj x hi e N since H f] A = e, and N C H 

hiN = hjN 

Hence [G : B] = [H : iV] < oo. Now, the result follows from theorem 18.211 ■ 

Remark 8.23. From the proof of the theorem it is clear that if G/H is cyclic 
and N is not necessary torsion then thee exists M < G, and [G : M\ < oo. 

Remark 8.24. For any group G, if 

A = {H C G : subgroup \ [G : H] < oo} 

and 

N = {N <G\[G : N] <oo}, 

then 

Hence G is residually finite if and only if 

f]N = {e} 

NeAf 

Exercise 8.25. Show that a group G is residually finite if and only if G is 
isomorphic to a subgroup of a direct product of finite groups. 
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Definition 8.26. Let G be a finite group and let [xi], [x 2 ], ■ ■ ■ , [xf.] be 
all the distinct conjugate classes of G such that |[xj]| > 1 for i = 
1,2,..., k. Then 

k 

\G\ = \Z(G)\ + J2 INI 
i=i 

k 

= \Z(G)\ + J2[G:N G ( Xi )} (8.3) 

i=i 

The equation 18.31 is called the class equation of the group G. 

We shall, now, give some applications of the class equation. 

Theorem 8.27. Let p be a prime and G a finite group with p n (n > 0) 
elements. Then \Z(G)\ = p a , a > 0. 

Proof: By theorem 18.151 for any x G G, \[x)\ = [G : Cq(x)]. Hence, 
if | [a;] | > 1, then Cq{x) ^ G. By theorem 13.81 for any finite group, order 
of a subgroup divides the order of the group. Hence, if \[x]\ > 1, then 
|C G (x) | = p m ,l < m < n. This implies \(xi)\ = [G : C G (xi)} = p n ~ mi is a 
multiple of p for all i > 1. Now, consider the class equation for G 

\G\= \Z{G)\+YLi INI 

where [xi], [x 2 ], ■ ■ • , [x^] are all the distinct conjugate classes of G with | [xi)\ > 
1. As noted above we shall have |C(;(xi)| = p m \l < rrii < n, and hence 
\[xi}\ = [G : Ca{xi)\ = p n ~ mi for all i = 1,2, ••• ,k. Therefore the class 
equation gives 

p n = \Z(G)\ + J2i=iP n ~ mi where n - mi > for alH = 1, 2, ■ ■ • , 
=► p \ \Z{G)\ 

=> \ Z ( G )\ > 1 

As Z(G) is a subgroup of G, by theorem 13. 8^ o(Z(G)) divides o(G) = p n . 
Hence o{Z{G)) =p a ,a > 0. ■ 

Corollary 8.28. Let p be a prime. Then any group of order p 2 is abelian. 
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Proof: Let G be a group of order p 2 , by the theorem, |Z(G)| = P ot p 2 . 
If \Z(G)\ = p 2 , then G = Z(G). Hence G is abelian. Next, let \Z(G)\ = p. 
As Z(G) is normal in G,G/Z(G) is a group of order p. A group of prime 
order is cyclic. Hence G/Z(G) = gp{aZ(G)} for some a £ G. Thus every 
element in G is of the form a l h(0 < i < p),h G Z{G). Let x = a l h\, y = a^h 2 
be any two elements of G, where hi, h 2 G Z(G). Then 

xy = (a J /ii)(a- 7 7i2) 
= a i+j hih 2 
= a i+j h 2 hi 
= aPhioO'hi 
= yx 

Thus G is abelian. ■ 

Corollary 8.29. Let G be a finite group of order p n where p is a prime. If 
H is a proper subgroup of G, then Ng(H) ^ H. Thus if G contains a proper 
subgroup, then G has a proper normal subgroup. 

Proof: We shall prove the result by the induction on n. Clearly n > 1, 
since a group of prime order has no proper subgroup. If n — 2, then by 
corollary 18.281 G is abelian. Hence N G (H) = G, and the result is clear. 
Therefore assume o(G) = p n ,n > 3. By the theorem o(Z(G)) = p a ,a > 0. 
If Z = Z(G) <£. H, then choose any z e Z,z £ H. As zH = Hz,z G N G (H) 
and hence H Q N G (H). Now, assume Z C H. Then as Z < G, H = H/Z 
is a subgroup of G — G/Z, where o(G) = p n ~ a < p n . Hence by induction 
Nq(H) if. Consider the natural epimorphism 

i] : G ->■ G/Z 

.T 1—7- 

As Z C H,r]- l (H) = H. Since g IT, there exist z G G such that 

z = 7](z) G Nq(H),z £ H. Then z £ ^(H) = H, and 

r\{z~ x Hz) = z^ 1 H 1 
_ CH 
=> z'^Hz C T]- l {H) =H 

Thus z G N G (H),z H. Hence N G (H) g #. The final part of the statement 
follows by observing that as G is finite, the chain H Q N G (N G (H)) S - ■ ■ 
has to terminate at G. ■ 
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Exercise 8.30. Let : A — > B be an onto, homomorphism of groups. Prove 
that for any subgroup K of B, (t)-\N B (K)) = N A ((p~ l (K)) . 

Lemma 8.31. If for a group G, G/Z(G) is a cyclic group, then G is abelian. 

Proof: Let G/Z(G) = gp{aZ(G)} for some a G G. Then 

G = U ne %a n Z(G) 

Let g,h G G. Then there exist m,n G Zj and x, y G Z[G) such that g = a n x 
and h = a m y. Now, as in the proof of corollary 18.281 gh = hg. Hence G is 
abelian. ■ 

Corollary 8.32. Let G be a non-abelian group of order p 3 (p a prime). Then 
\Z(G)\=p. 

Proof: By theorem EM °(Z(G)) = p a ,a > 0. Hence o(Z(G)) = p or 
p2 Qr p3 ^y e ^ however, have that G is non-abelian. Hence o[Z(G)) ^ p 3 . 
Further, if o[Z(G)) = p 2 , then G/Z(G) is cyclic of order p. Then by lemma 
18.311 G will be abelian. This contradicts our assumption. Consequently 

o(z(G))= P .m 

Theorem 8.33. (CAUCHY) Let p be a prime dividing the order of a finite 
group G. Then G has an element of order p. 

Proof: Leto(G) = n. We shall prove the result by induction on n. As 
p | n, n > p. If n = p, then G is cyclic of order p and hence every element 
(7^ e) of G has order p. Now, assume n > p. We shall consider two cases: 
Case I: G is abelian. 

Assume that for any proper subgroup H of G, p does not divide the order of 
H, since otherwise by induction assumption H contains an element of order p, 
which gives required element in G. As p \ o(G) and °(G) ^ p, n is a composite 
number. Hence G has a proper subgroup H. ( Use: Any group of composite 
order has a proper subgroup.) Now, note that o(H) ■ o(G/H) = o(G), and 
p does not divide by our assumption. Hence p divides o(G/ H). Hence 
by induction assumption G/H has an element (say) aH of order p, i.e., 
aH ^ H, and (aHf = H. Thus a? G H. Let a p = b G H } and o(6) = m. 
Then (a m ) p = a pm = e. If we show that a m ^ e, then a m shall be an element 
of order p in G. Let us assume the contrary, i.e., a m = e. Then (aH) m = H. 
Hence o[aH) = p divides m. As o(b) — m, m \ °{H). This implies p \ °(H), 



142 



which is not true. Hence a m ^ e, and the proof follows in this case. 
Case II: G is any group, i.e., not necessarily abelian. 

As in case I, we can assume that p does not divide °(H) for any proper 
subgroup H of G. Now, consider the class equation 



|G|= \Z(G)\+J2[G:N G ( ai )} 



i=i 



where [ai], [a 2 ], . . . , [a m ] denote all distinct conjugate classes of G with | [a$] | > 
1. As \[cii\\ > 1, N G (cii) is a proper subgroup of G. Hence p does not di- 
vide o(A^ G (aj)). Thus p divides [G : No(ai)} for all i = 1, 2, . . . , m. Now, as 
p | o(G), we conclude from the class equation that p \ o(Z{G)). As Z{G) is 
an abelian subgroup of G, the result follows from the case I. ■ 

SECOND PROOF OF CAUCHY'S THEOREM. 

We shall infact prove the following more general statement. 
If a prime divides the order of a finite group G, then G has kp(k > 1) solu- 
tions to the equation x p = e. 
Proof: Let o(G) = n. Put 

X = {a = (di, a2, • • • , a p ) | ai.ci2 a p = e, a, 6 G for 1 < i < p] 

The set X has n v ~ x elements. (Use : If first p — 1 elements are arbitrarily 

chosen, then the p^-element is the inverse of the product a\.a 2 a p -i-) 

For any r G S p and a = (oi, 02, • • • , a p ) G A, put 

r(a) = (a T (i), a T ( 2 ), . . . , a T(p )) 

This defines an action of S p over A. Let 

/ 1 2 3 ...» — 1 p\ „ r . 
ff = I 2 3 4 p x ) e 5 P , and A = ^{tr}. 

Restricting the action of S p to A we get an action of A over X. We shall, 
now, concentrate on the A-orbits of X. Let us observe that o(cr) = p. Hence 
o(A) = p. Clearly any subgroup of A has order p or 1. (Use: Order of a 
subgroup divides the order of the group.) Hence, by lemma [TT25| any a G A, 
I Orb(a)| = p or 1. Note that for the identity element e of G, the element 
e = (e, e . . . , e) G A has only one element in it's A-orbit. Let r be the number 
of A-orbits of X with one element and I be the number of A-orbits with p 
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elements. Then 

\X\ = r.l + p.l 

=>- p\r since p \ n 

=>- r = kp for some k > 1. 

Clearly r > 2 If a = (ai, d2, . . . , a p ) 7^ (e, e, . . . , e) is an element of X whose 
A-orbit has only one element, then 

cr(a) = a 

=>- (02, 03, ... , a p , ai) = (ai, 02, • • • , a p ) 
ai = a 2 = • • • = dp = y say 

i.e., y is an element of order p in G. As r = kp > 2, the equation x p = e has 
fcp solutions in G. Each of the non-identity solutions has ofcourse order p. 

Corollary 8.34. Let G be a finite group and p, a prime. Then o(G) = p a if 
and only if every element of G has order power of p. 

Proof: It is clear from the theorem. 
We, now, define : 

Definition 8.35. Let p be a prime. A group G is called a p-group if 
every x E G has order p a , a depending on x. 

Remark 8.36. A finite group G is a p-group if and only if o(G) = p n . 

Exercise 8.37. Give an example of an infinite p-group. Further show that 
any two finite p-groups need be isomorphic. 
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2 

1. Write all the conjugates of the element A — I 1 I in G^^z) and 



EXERCISES 

pnn in craf £>q nf f ^l^m^ri t~ A — I 

x 1 2 

determine its centralizer. 

2. Write all conjugacy classes in S4 and verify the class equation. 

3. Write the class equation for the following groups : 

(i) 5/2(^5) (ii)The group of quaternions , and (iii) D 5 . 

4. Prove that if a group G has a conjugacy class with exactly two elements, 
then G is not simple. 

5. Let if be a proper subgroup of a finite group G. Then U^gx^Hx ^ G. 

6. Let p be a prime, prove that a group of order p 2 is either a cyclic group 
or is a direct product of two cyclic groups of order p. 

7. Prove that a subgroup H of a group G is normal if and if if is a union 
of conjugacy classes of G. 

8. Let m > 1 and n = 2m. Consider the Dihedral group (Example I1.29P : 

D n = {Id, a, a 2 , ■ ■ ■ , a n ~\ r, ar, ■ ■ ■ , a n ~ l r, a n = Id = t 2 , or = ra 71 ' 1 }. 

Prove that o(C G (V)) = n for all 1 < i < m - 1, C G ((x m ) = L>„ and 

o(Cg(t)) = 4. Further show that : 

Conjugacy class of a % = {a 1 , o~ 1 } for all 1 < i < m — 1 

and 

Conjugacy class of r = {r, rcr 2 , ra 4 , • • ■ , rcr 2( - m ~ 1 )}. 

9. In the above exercise if n = 2m + 1, then show that : 
Conjugacy class of a 1 = {a 1 , cr~ 1 } for all 1 < % < m and 
Conjugacy class of r = \to % \ < i < 2m}. 

10. Let G be a finite group with 3 conjugacy classes. Prove that |Z(G)| = 1 
or 3. 

11. Let p be a prime. Prove that G =(Q p /Zj is a p-group, and p n G = G for 
all n > 0. 
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12. Let x be a non-generator of a group G. Prove that for any g G G, gxg~ l 
is also a non-generator of G. Then deduce that the Frattin subgroup 
of G is a normal subgroup. 

13. Let for a group G, o(G') = m. Prove that any element of G has atmost 
m conjugates. 

14. Let G = gp{x 1: x 2 , • • • , x k } and let o(G') = m. Prove that [G : Z(G)] < 
m fc . 

15. Let : G — >■ H be an epimorphism of groups. Prove that if A, B are 
two conjugate subgroups of H, then and _1 (_B) are conjugate 
subgroups of G. 

16. Let be two proper subgroups of a group G such that G = AB. 
Prove that for any x,y E G, G = (x~ 1 Ax)(y~ 1 By). 

17. Let A be a proper subgroup of a group C Prove that if G = AB for a 
subgroup _B of G, then B is not a conjugate of A. 

18. Let H be a normal subgroup of a group G. Prove that Cg{H) < G, 
and deduce that for G = G G ($(G)), $(G)G/G C $(G/G). 
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Chapter 9 
Symmetric Group 



Let T = {1,2,...., n}. Then A(T) = {/ : T — > T \ f is one-one } is a group 
with respect to the composition of maps as binary operation (Example [L25]). 
We denote this group by 5* n .This is called the Permutation group/ Symmetric 
group on n symbols. An element of S n is called a permutation. We have 
proved that any finite group of order n is isomorphic to a subgroup of S n 
(Cayley's theorem). Hence it is of particular interest to have a closer look at 
S n . We represent an element a G S by 

/ 1 2 3 ••• ?i\ 

\ i\ 12 13 ■ ■■ in J 

where cr(k) = for k — 1, 2, . . . , n. Let us elaborate the binary operation by 
an example. 

Example 9.1. Let cri,o"2 £ 5*4! where 

(I 2 3 4 \ ( \ 2 3 4 \ 

ai " [3 1 4 2 J 5(72 " ^2 1 4 3 J 

Then (<7i<ra)(l) = <7i(<t 2 (1)) = 1, {cr 1 a 2 )(2) = 3, ((7 1( t 2 )(3) = 2, and (a 1( x 2 )(4) = 
4. Hence 

/ 1 2 3 4 \ 
ai(72 = (, 1 3 2 4 J 

We now define : 

1 contents group9.tex 
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Definition 9.2. An element o G S n , is called a cycle of length k if 
there exist A>elements i 1: i 2 , . . . , ik in T — {1, 2, • • • , n}, 1 < k < n, such 
that 

a(ii) = i 2 , cr(i 2 ) = i 3 , . . . , cr(i k -i) = ik, cr(i k ) = %\- 

and a(j) = j for all j G T \ i 2 , . . . , ik}- In this case o is represented 

by {h,i 2 , . ■ .,ifc). 

Remarks 9.3. (i) Clearly (ii,i 2 , • • • ,i k ) — (h, iz, • • • , 4, ii) etc. 

(ii) Any cycle of length 1 is the identity permutation. Thus for any 1 < i < n, 

(i) is identity permutation. 

(hi) If a is a cycle of length > 1, then whenever a ^ a (a) = b, a(b) ^ b. 

Notation : We shall denote the length of a cycle a in S n by 1(a). 

Definition 9.4. Two cycles a = (ai, a 2 , . . . , a k ), t — (b±,b 2 , . . . , bi) in S n 
are called disjoint if {a±, a 2 , . . . , a^} fl {&i, b 2 , . . . , fy} = 

Remark 9.5. If a, r G S'n are two disjoint cycles, then or = to since for 
any 1 < j < n, r(j) ^ j implies = j and ^ j implies r(j) = j. 

Exercise 9.6. Let r, a G S^, n > 3. If for two disjoint subsets A, 5 of 
T = {1, 2, • • • ,n}, t(i) ^ i ii and only if i G ^4 and <r(j) ^ j if and only 
if j G -B, then ar = to. Thus if r and o move no common element then 

TO = OT. 

Definition 9.7. A cycle of length 2 in S n is called a Transposition. 

Observation 9.8. Any cycle (ii,i 2 , . . . ,i k ) of length k > 2 is a product of 
transpositions. In fact 

(ii, i 2 , . . . , i fc ) = (ii, ifc)(ii, ife-i) • • • (ii, i 2 )- 

If n > 2, then id = (1, 2)(1, 2) i.e., a cycle of length one is also a product of 
transpositions. 

A decomposition of an element o G S n into transpositions is not unique. For 
example if 1 ^ a, b, then (a, 6) = (1, a)(l, b)(l, a) as well. 

Exercise 9.9. Prove that the number of cycles of length r in S n is (r — 1)! ■ 

— ~ Pr- 

Lemma 9.10. Any conjugate of a cycle of length k in S n is a cycle of length 
k. Further, any two cycles of length k are conjugate to each other. 
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Proof: Let a,r G S n , and let 

t= / 1 2 3 ... n \ 

\ H i2 13 ■ ■■ in J 

Then (erTer _1 )((cr(fc)) = a{ik)- Hence 

ara -i = ( *(1) *(2) <r(3) ••• (r(n) \ 
\ cr(ii) a(i 2 ) <j(i 3 ) ■ ■ ■ cr(i n ) J 

i.e., the conjugate ara^ 1 of r by er is obtained by applying <r on the symbols 
representing r. Now, if r = i 2 , . . . ,ik) is a cycle of length k, then clearly 
(ara^ 1 ) = (a(ii)a(i 2 ), ■ ■ ■ , cr(z fc )) i.e., (crro" -1 ) is a cycle of length k. 
Next, let a - = (ii,i 2 , ■ ■ ■ , ik), T — {j\-,3ii ■ ■ ■ i3k) be two cycles of length k in 
S n . Then for any 9 G S n such that 9(i p ) = j p for p = 1, 2, . . . , k, we have 
9a9^ = (9(i 1 ), 9{i 2 ), . . . , 9(ik)) = (ji, J2, • • • , jfc)- Hence the result follows. 

Theorem 9.11. Any <t(^ Id) G S^n > 2, is a product of disjoint cycles 
(t^ id) uniquely upto order of cycles. 

Proof: Let us define a relation ~ on T — {1, 2, . . . , n} as below : 
For i, j G T, i ~ j iff <r fc (i) = j for some k <E /Z. 

One can easily check that ~ is an equivalence relation on T. Let for k G T, [A;] 
denote the equivalence class of k with respect to ~ and let [hi], [k 2 ], . . . , [k m ] 
be all the distinct equivalence classes of T with more than one element. Note 
that for any k G T, [fc] = {/c, cr(fc), . . . , a l ' l (k)} where t > 1 is the smallest 
the integer such that a l (k) = k. Moreover \[k}\ = t. Now, let 

[k 1 ] = {k 1 ,a(h),...,o tl - 1 (k 1 )} 

[k 2 ] = {k 2 ,o-(k 2 ),...,o- t *-\k 2 )} 

[k m ] = {k m , cr(A; m ), . . . , cr m (& m )} 
where | [kj\ \ = U for all 1 < % < m. Then, consider the cycles 

n = (fci, a (fa), a tl ~ 1 (k 1 ) 
r 2 = (k 2 ,a(k 2 ),...,a t2 -\k 2 ) 

r m = (k m , o~(k m ), . . . , cr tm 1 (/c m )) 
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in S n determined by equivalence classes of T with respect to ~ having more 
than one element. As any two equivalence classes are disjoint, the cycles 
Ti, r 2 , . . . , T m are pairwise disjoint and hence commute with each other. Fur- 
ther, note that if k G [fcj] for some 1 < i < m, then Tj(fc) = <r(A;). We 
claim 

a = rir 2 . . . T m . 

If fc G T, and ^ [/c^] for any i, then cr(/c) = k = T p (k) for all p = 1,2, ... ,m. 
Hence 

cr(fc) = (tiT 2 • • .r m )(/c) = fc 

Further, if G [fcj] for some 1 < j < m, then r p (fc) = k for all 1 < p ^ j < m. 
Therefore 

(tiT 2 . . . r m )(fc) = r,-(A;) = a(k). 

Consequently, 

a — TiT 2 . . .T m 

Thus any <j(^ ic?) G ^ is a product of disjoint cycles id). We shall, now, 
prove the uniqueness. Let 

a = uj\0J2 ■ ■ .oj s 

where for i — 1, 2, . . . , s are disjoint cycles id). For any k E T, a{k) = k 
if and only if k £ uii for any i. Further, if k G for some 1 < j < s, then 
clearly <r(/c) = iUj(A;) and ujj = [k]. i.e., the set of elements in Wj is precisely 
the set of elements in [k]. Hence u>i, u>2, ■ ■ ■ , ou s are formed as above precisely 
from all distinct equivalence classes of T with respect to ~ having more than 
one element. Thus the uniqueness follows. ■ 

Remark 9.12. As any cycle is a product of transpositions, any permutation 
is a product of transpositions. Further, for any transposition (ab), where 
a ^ 1, b ^ 1, we have 

(ab) = (la)(16)(la). 
Hence S n is generated by (12), (13), (1^)- 

Lemma 9.13. Let n>3. Then center of S n is trivial i.e., Z(S n ) = Id. 

Proof: Let /(^ Id) G S n . Then there exists an 1 < i < n such that 
f(i) = j,j i. Choose any g G S n such that g(i) = i, and g(j) = k, k ^ i,j 
(such a g exists as n > 3). Then fg{i) = j and gfii) = k. Thus fg ^ gf. 
Hence Z(S n ) = Id. ■ 
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Exercise 9.14. Prove that for any n > 2, S n is generated by (12) and 
(12 ■ ■ - n). Further, show that this is a minimal set of generators. 



Let for cr e S, 



a = n.T 2 r, 



(9.1) 



where r« for i = 1, 2, . . . , m are disjoint cycles. Here we assume that cycles 
of length 1 are also included and all integers 1, 2, • • • , n appear in the repre- 
sentation (19. ip . Further, as any two disjoint cycles commute we can assume 
that if U is the length of r,, then, 1 < l\ < l 2 < . . . < l m . We shall call the 
sequence of integers {h, l 2 , . . . , l m }, the cycle pattern of a. From [97T| it is 
clear that 



i.e., the cycle pattern determines a partition of the integer n. Further, one can 
easily see that given any partition of n, there exists a permutation with that 
cycle pattern. If e« denotes the number of cycles of length i in the decompo- 



sition [97TJ then we write that the permutation a is of the type l ei 2 62 . . . n Sn . 
Note that here > 0. 

Examples 9.15. For the identity permutation Id, Id = (1)(2) ■ ■ ■ (n). Thus 
in this case e\ = n, and = for all z > 1. 

Example 9.16. Let 



Then a = (127) (354) (6) is the decomposition of a into disjoint cycles. Hence 
for a, ei = 1, e2 = 0, e 3 = 2, and = for all i > 3. 

Lemma 9.17. Any two permutations with same cycle pattern are conjugate 
and conversely. 

Proof: Let ai,o- 2 G S n be two permutations with same cycle pattern 
{mi,m 2 , . . . , m s } and let 



h + 1 2 + . . . + l m = n, 




1 2 3 4 5 6 7 

2 7 5 3 4 6 1 




(Tl = OJ^ ...U s 

= {xix 2 . . . x mi )(yiy 2 . . 

■ 2/012) • • • (tilli2 • • • "mj 

02 = TiT 2 . . . T s 



= • • • O (y'iy'2 ■■■y'm 2 )--- K M 2 • • • U 'ra s ) 
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be the decompositions of u\ and a 2 into disjoint cycles. Consider the permu- 
tation 



9 





x 



yi V2 
y[ y'2 



ym 2 



Ui U 2 

u'i u' 2 



U 



u: 



) 



in SU.Then 







1 



o 2 e 




e-\r s )e 



by the lemma 19.101 Hence o\ and a 2 are conjugate. The converse follows 
easily from the lemma 19.101 Hence the result is proved. ■ 

Theorem 9.18. (Cauchy) Suppose a £ S n has cycle pattern l ei 2 62 . . . n Sn . 
Then the number of permutations conjugate to a is 

ei!e 2 ! . . . e n !l ei 2 e2 . . . n e ™ ' 
Proof: Let us indicate the cycle pattern of o as follows 



where (.) indicates a 1-cycle, (..) indicates a 2-cycle and so on. All the n 
symbols {1, 2, • • • , n} are involved in the presentations ( 19. 2ft of a. We know 
that any two permutations are conjugate if and only if they have the same 
cycle pattern (Lemma 19. 17(1 . Hence, any permutation of the n symbols shall 
give conjugate to a and conversely. Thus apparently a has n! conjugates; the 
number of permutations on n symbols. Note that two distinct permutations 
of the symbols in (I9.2p may give rise same element in S n . This can happen 
in two ways. 

(a) j-cycles are permuted among themselves 

(b) each j-cycle is written in different order. 

By way of (a), as there are Cj distinct j-cycles, Cj\ repetitions occur i.e., ej\ 
permutations in S n give same element on operating on a. 
Further, note that any j-cycle can be written in j different ways as 



a = (.)(.)■■•(.)(..)(..)(..)... 



(9.2) 



(a\a 2 . . . aj) = (a 2 . . . ajai) 



(Oj-ai . . . aj_a) 
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Hence there are j e] different ways of writing one element by changing writing 
pattern of ej j-cycles involved in the representation of a. Hence while count- 
ing the number of conjugates of a as n! we actually counted each element 
e\\e2\ ■ ■ ■ e n \l ei 2 e2 . . . n £n times. Therefore the number of distinct conjugates 
of a is 

n! _ 



ei!e 2 ! . . .ejl ei 2 e2 . . .n e ™ 



Corollary 9.19. For a = (12. ...n) in S n = G, Cg{o~) = gp{cr} i.e., the 
centralizer of a in G is the cyclic group generated by a. 

Proof: As a = (12. ...n) is a n-cycle we have e n = 1 and = for all 
i < n. Hence by Cauchy's theorem, the number of conjugates of a is equal 
to — = (n — 1)!. However, the number of conjugates of a is equal to 



|CcM| \C G (a)\ 
Therefore 

(n-l)\ 



\C G {°)\ 

=> n = \C G (a)\ 

We know that gp{cr} C Cg(ct), and o(er) = n. Hence gp{c} = Cg(ct)M 

Remark 9.20. The result in the corollary holds for any n-cycle. 

Theorem 9.21. Let n > 4. Then every element of S n is a product of two 
elements of order 2. 

Proof: For any transposition r in S n , r 2 = Id. Hence the result holds 
for the identity element in S n . Now, let cr(^ Id) G S n . By the theorem 19. Ill 



a = Wiw 2 ■ ■ ■ w s , 



s > 1, where w^s are pair-wise disjoint cycles with l(wi) > 1 for each i. 
We can assume that l(wi) < l(wi+i) for all 1 < i < s — 1, since any two 
disjoint cycles commute. We shall first consider the case when l(wi) = 2 for 
alH = 1, 2, • ■ ■ , s. If s = 1 then a = W\. Let a = (ij) for some 1 < i < j < n. 
As n > 4, we can choose 1 < k < I < n such that {k, 1} fl {i, j} = 0. Clearly 

o = {ij){kl) (kl) 
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where (ij)(kl) and (kl) are elements of order 2 in S n . Next, let s > 1. Then 

a = (w x w 2 ■ •■w s - 1 )w s 

where (w\W2 • • • w s -i) an d w s are elements of order 2 in S n . Thus if l(wi) = 2 
for all 1 < i < s, then a is a product of two elements of order 2 in S n . Now, 
let l{wi) = 2 for all < i < r < s. If we prove that for any cycle w G S n 
with l(w) > 3, w = cd where c and d are two elements of order 2 in S n which 
move no element left fixed by w , then let Wj = Cj dj, for all r + 1 < j < s, 
where Cj,dj have required properties, then 

a = wiw 2 ■ ■ ■ w r (c r+1 d r+1 ) ■ ■ ■ (c s d s ) 
= {wiw 2 ■ ■ ■ w r c r+1 ■ • ■ c s ) (d r+1 ■■•d s ) 

Note that wi, W2, • • • , w r , c r+ i, ■ ■ ■ c s and d r+ \, ■ ■ ■ ,d s are pairwise commuting 
elements, each of order 2, in S n . Thus c = W1W2 ■ ■ -w r c r+ i ■ ■ ■ c s and d = 
d r -i-% ■ ■ ■ d s are elements of order 2, and a = cd. Now, to complete the proof, 
we shall show that for any cycle w G S n with l(w) > 3, w = cd where c,d 
are elements of order 2 such that c, d move no element left fixed by w and d 
does not move all the symbols moved by w. We shall do this by induction 
on l(w) — k > 3. We can assume, if necessary by change of notation, that 
w = (123- ■ - k). If k = 3, then w = (123) = (12)(23). Hence our assertion 
holds in this case. Let k > 4. Then by induction hypothesis 

tt>! = (12-..jfe-l) = cd (9.3) 

where c, d are elements of order 2 with required properties. Let for 1 < I < 
k — 1, I is fixed under d. Then from the equation (19. 3p . 

(ZJfe)(12...Jfe-l) = (lk)c(lk) (lk)d 

=>• e = (12- ■■l-lkll + 1- ■ -k-1) = c x d x (9.4) 

where C\ = (lk)c(lk) each and d\ = (lk)d are elements of order 2 and I is left 

fixed by c\. Now, there are two possibilities : 

Case I The element d\ keeps fixed one of the symbols 1, 2, • • ■ , k. 

In this case, observe that the cycle w = (12 • • • k) is a conjugate of the cycle 

e (use; l(w) = 1(e) = k). Hence we can write w = cd where c,d G S n have 

order 2 such that c, d move no element left fixed by w and d fixes at-least 

one symbol from 1, 2, ■ • • , k. 
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Case II The element d\ move all the symbols 1, 2, • • • ,k. 
From the equation f!9.4p . we have 

e- 1 = c^q 1 

where d^ 1 and c^ 1 are elements of order 2 which move no element left fixed 
by e _1 and c^ 1 keeps fixed at-least one symbol, infact k, out of the symbols 
1, 2, • • ■ , k. Now, we are in the case I. Hence the assertion holds. Thus the 
result is proved. ■ 

Definition 9.22. Let 2Z[Xi, X 2 , . . . , X n ] be the polynomial ring over 
integers in n-indeterminates X 1? X 2 , . . . , X n . Then for any polynomial 

/(Xl, X 2 , • • • , X n ) in Z5[Xi,X- 2 , . . . , X n ] and a G S n , we define: 

<r(f{Xi,X 2 , ■ • ■ ,X n )) = /(X (T (i),X CT (2), . . .,X a (n)). 

Remarks 9.23. (i) The action of a defined in the definition gives an action 
of the group S n over 2Z[X\, ■ ■ -X n }. 

(ii) For A = ni<i<y<n(*< - X i)' a ( A ) = ±A for an y a e S n- 

(use; For every pair 1 < i < j < n, the pair (a(i),a(j)) is unique and 

either a{i) < a(j) or a(j) < <r(i)) 

Definition 9.24. A permutation a & S n is called even (odd) if a (A) = 
((cr)A where ((a) = 1 (—1). The integer £(cr) is called the sign of the 
permutation a. 

Exercise 9.25. Let f(X u X 2 ,--- ,X n ) G %[X U ---X n }. Prove that H = 
{a e S n | a(f(Xi,X 2 , ■ ■■Xn)) = f(X h X 2 , ■ ••Xn)} is a subgroup of S n . 

Remarks 9.26. (i) The group H in the exercise is called the group of 

symmetries / symmetry group of f{X\,X 2 , ■ ■ ■ X n ). 

(ii) Even permutations form the group of symmetries of A = Yli<i<j<n(Xi — 

Xj). 

Definition 9.27. A polynomial f(X x , X 2 , ■ • • X n ) G Z[X lt X 2 , • • • X n ] is 
called symmetric if a(f(Xi,X 2 ,---X n )) = f(Xi,X 2 ,---X n ) for all a G 

Remark 9.28. A polynomial f(X x , X 2 , ■ ■ ■ X n ) G Z[Xi, X 2 , ■ ■ ■ X n ] is a sym- 
metric polynomial if and only if every homogeneous component of / (X\ , X 2 , • • ■ 
is symmetric. 
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Exercise 9.29. Let p(X 1 ,X 2 , ■ ■ ■ X n ) = X x + X 2 H h X n _ x + X\ be a 

polynomial m2fi[Xi, X 2 , ■ ■ ■ X n ], n > 3. Find the group of symmetries of 
p{Xi, X 2 , ■ ■ ■ X n ) in S n , and prove that this group is isomorphic to S n - 2 . 

Let us, now, make some observations regarding the signs of permutations. 

Lemma 9.30. Let <j,t G S n . Then 

(i) C(ot) = C(a)C(r). 

(ii) C{a- l ra) = C(r) 

fmj If a is a transposition, ((a) = —1. 

Proof: (i) We have 

(err) (A) = a(r(A)) 

= *(C(r)A) 
= C(r)(a(A)) 
= C(r)((a)A 

Therefore ((<rr)A = ((o-)((r)A. 

(ii) Note that for the identity permutation id € S n 

id{A) = A. 

Therefore ((id) = 1. Hence from (i) we get 

C(*)C(* -1 ) = C^" 1 ) = ((id) = 1. 

Therefore 

((a-\a) = C(^ 1 )C(r)C(^) = C(r) 

(iii) We have proved that any two cycles of same length are conjugate (Lemma 
I9.10p . Hence, any two transpositions are conjugate. Therefore, in view of 
(ii), it suffices to prove the result for a = (12). We have 

A = (X 1 -X 2 )(X 1 -X 3 )(X 1 -X 4 )...(X 1 -X n ) 
(X 2 -X 3 )(X 2 -X 4 )...(X 2 -X n ) 

(X 3 -X±)...(X 3 -X n ) (9.5) 

(X n -\ — X n ) 
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Hence 

a(A) = (X 2 -X 2 )(X 2 -X 3 )(X 2 -X 4 )...(X 2 -X n ) 

(X 1 -X 3 )(X 1 -X A )...(X 1 -X n ) 

(X 3 - X 4 ) . . . (X 3 - X n ) (9.6) 



{X n -\ — X n ) 

where the expression from third row onwards remain unchanged. It is clear 
from expressions 19.51 and 19.61 that cr(A) = — A. Hence ({&) = — 1. 

Corollary 9.31. A permutation a G S n is even (odd) if and only if a is a 
product of even (odd) number of transpositions. 

Proof: The proof is straightforward. 

Remarks 9.32. (1) By the lemma 19.301 (ii) it is clear that the conjugate of 
an even (odd) permutation is even (odd). (2) By the lemma 19.301 (i), the 
map ( : S n — >• {±1} is a homomorphism of groups. 

Lemma 9.33. Let G be a group of permutations on n symbols, i.e., G is a 
subgroup of S n . Then even permutations in G form a normal subgroup (say) 
H. Further, [G : H] < 2. 

Proof: Clearly H ^ 0, since id G H. Let a, r G H. Then 

C^T- 1 ) = ((O-)C(T- 1 ) 

= 1 

Hence ar _1 G H. Thus if is a subgroup of G. Further, as conjugate of an 
even permutation is even (Remark : 19.32( 1)). H is normal in G. For any 
even permutation a G G, crH = H, as o G H. However, if r%, r 2 G G are odd 
permutations, then 

c(rrv a ) = ccocfa) 

= CCti)- 1 ^) 



1. 



Therefore r x r 2 G H, and we have 



T^T 2 H = H 
T 2 H = T 1 H 

Consequently [G : H) < 2.1 
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Remark 9.34. From the above lemma, either G = H or \H\ = | 

Definition 9.35. The subgroup A n of all even permutations of S n is 
called the Alternating group of degree n. 

Observation 9.36. \A n \ = \ \S n \ = y for all n > 1, and A n is normal in 

Theorem 9.37. The Alternating group A n is generated by three cycles for 
all n > 3. 

Proof: For any three cycle (abc), we have (abc) = (ac)(ab). Hence, (abc) 
is an even permutation, and all three cycles lie in A n . Next, we know that any 
element in A n is a product of even number of transpositions. Hence to prove 
our claim, it is sufficient to show that the product of any two transpositions 
is a product of three cycles. Let (ab), (cd) be two transpositions. We shall 
prove that the product (ab) (cd) is a product of three cycles. Let us consider: 
Case I : {a, b} n {c, d} = 
In this case 

(ab)(cd) = (ab)(ac)(ac)(cd) 
= (acb)(ca)(cd) 
= (acb)(cda). 

Case (ii) :{a,b} n {c, d} ^ 

If {a, b} = {c, d}, then clearly (ab)(cd) = id. Hence, let {a, b} ^ {c, d}. Then 
there is exactly one common element. Let b = c. Then 

(ab)(cd) = (ab)(bd) 
= (ba)(bd) 
= (bda) 

Thus it follows that the product of any two transpositions is a product of 
three cycles. This completes the proof. ■ 

We, now, prove a result giving a more elaborate set of generators for A n . 

Theorem 9.38. The alternating group A n (n > 2) is generated by the three 
cycles (123),(124),....,(12n). 
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Proof: By the theorem 19.371 it suffices show that a three cycle (010203) 
is a product of the given three cycles. To prove this, we shall consider : 
Case I : Oj = 1 for some i. 

There is no loss of generality in supposing that a\ — 1. Then, if a« 7^ 2 for 
2 = 2,3, we have 

(la 2 a 3 ) = (la 3 )(la 2 ) 

= (la 3 )(12)(i2)(la 2 ) 
= (12a 3 )(la 2 2) 
= (12a 3 )(12a 2 ) 2 

However, if a 3 = 2, then it is clear from above that (la 2 a 3 ) = (12a 2 ) 2 and 
for a 2 = 2, there is nothing to prove. 
Case II : aj =^ 1 for any i. 
In this case, we have 

(aia 2 a 3 ) = (aia 3 )(aia 2 ) 

= (a 1 a 3 )(a 1 l)(a 1 l)(aia 2 ) 
= (aila 3 )(aia 2 l) 

By case I and case II, it is immediate that (aia 2 a 3 ) is a product of the given 
cycles. Hence the result follows. 

Lemma 9.39. If a normal subgroup N of A n (n > 4) contains a three cycle, 
then N = A n . 

Proof: If necessary, by change of notation, we can assume (123) G N. 
Then for any k > 3, and I ^ 1,2, 3, k, we have 

(3Z)(3Jfe)(123)(3A;)(3Z) = (12fc) 

Therefore, since N is normal in A n , (12k) G A n for all /c > 3. Hence by the 
theorem EM N = A n . 

Definition 9.40. A group G ^ id is called a simple group if it has 
no non-trivial normal subgroups i.e., it has no normal subgroups 
other than identity subgroup and the whole group. 

Theorem 9.41. The alternating group A n (n > 4) is simple. 



159 



Proof: Let id) be a normal subgroup of A n . The result will follow 
if we prove that N contains a three cycle (Lemma l9.39p . Choose an element 
t(t^ id) in iV which leaves maximum number of symbols fixed. We shall 
prove that r is a three cycle. This will follow if we prove that r displaces 
exactly three symbols. Assume this is not true. Let us write r as a product 
of disjoint cycles. Then either there is a cycle of length atleast three in the 
decomposition or else r is a product of transpositions. (Note that r is not a 
transposition as it is an even permutation.) 

In the first case, if necessary by change of notation, we can write 

r = (123...) (9.7) 

Let us note that r shall move atleast five symbols in this A n contains 

no cycle of length four (Use : a four cycle is an odd permutation). We can 
assume that r moves 1, 2, 3, 4, 5. Now, for a = (345) G A n , we have 

Tl = (jtcj- 1 = (124...) G N. 

Clearly r~ l T\ is a non-identity element in N and moves at-best the same 
elements which r does. We,however, have t -1 ti(1) = 1. This contradicts the 
choice of r that r(^ Id) is an element of N which moves minimum number 
of symbols. Hence r does not have the form (19.71) . 
The other possibility is that 

r = (12)(34) (9.8) 

Again for o = (345), we have 

n = ara- 1 = (12) (45) . . . 

is in N. Hence t~ 1 t\ G iV is a non-identity element and moves atmost one 
more symbol than the symbols moved by r. We, however, have that r _1 ri 
keeps 1, 2 fixed. This again contradicts the choice of r. Consequently r moves 
exactly three symbols, and hence is a three cycle. Thus the result follows. ■ 

Remarks 9.42. (i) The group is not simple. In fact 

N = {zrf,(12)(34),(13)(24),(14)(23)} 

is a nontrivial normal subgroup of A±. 

(ii) The subgroup N in (i) is abelian. Hence 

C = W,(12)(34)} = OT {(12)(34)} 
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is normal in N. It is , however, easy to check that the subgroup C is not 
normal in A*. This shows that normal subgroup of a normal subgroup need 
not be normal, 
(iii) A n is simple for n / 3,4. 

Theorem 9.43. Let n > 4. Then A n is the only proper normal subgroup of 

Proof: Let if be a proper normal subgroup of S n . We claim o(if) > 2. 
If not, then H = {id, o | o (o) = 2}. As o(er) = 2, o is either a transposition 
or is a product of disjoint transpositions. If o is a transposition, let cr = (ab). 
Choose c other than a and 6 (Use: n > 4). Then as if is normal in 

(ac)(a6)(ac) = (c6) G if. 

This contradicts the assumption that °(if ) = 2. Hence o 7^ (ab). In the other 
case, let 

o = (0102) (0304)0"! 

where o~\ is a product of disjoint transpositions not involving 01,02,03,04. 
Then for r = (010203), we have 

rar^ 1 = (a 2 a^) (0104)0"! G if 

Clearly ror -1 7^ id, and also tot -1 7^ o. This again contradicts that o(if ) = 
2. Hence the claim that o(if ) > 2 holds. Now, let D = A n D if . Then D 
is normal in v4 n (Use: if is normal in 5* n ), and is the subgroup of all even 
permutations in if . Hence, by the lemma 19 .33| \D\ = ||if] > 1. Consequently, 
by the theorem I9T4T1 D = A n . Thus H D A n . As [S n : A n ) = 2, ff = A n , 
since if is a proper subgroup of S n . This completes the proof. ■ 

Theorem 9.44. Letn > 2. Then there exists no outer automorphism of S n , 
for n 7^ 6 i.e., Aut(S n ) = IAut(S n ) for n^6. 

Proof: Clearly Aut(So) = IAut(S2). Hence, let n > 3. Now, let a be 
any automorphism of S n . Note that 

(i) Any conjugacy class of S n is mapped to a conjugacy class of S n under 
a, i.e., for any o G S n , image of the conjugacy class of o under a is the 
conjugacy class of a (a). 

(ii) Any two permutations of S n are conjugate if and only if they have same 
cycle pattern. 
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(iii) For any a G S n , order of ot(a) is equal to the order of a. 
Put 

B k = The set of all products of k disjoint transpositions in S n . 



J\( a i b i 



1=1 



(a,ibi) & (djbj) are disjoint if i ^ j 



By (ii), each B k is a conjugacy class for k > 1. Further, an element of 
has order 2 if and only if it is a product of disjoint transpositions. Hence, 
a(B\) = Bk for some k > 1. We shall show that a (Si) = Si. First of all, 
note that 



' t=0 ^ ' 



If a (Si) = Bk, then |Si| = |Sfc|. Therefore 

1 T-r / n — 2i \ ( n 
fcllll 2 J == I 2 

i=0 v 7 v 

Hence, we get 

(n - 2)(n - 3) . . . (n - 2k + 2)(n - 2k + 1) = k^ 1 (9.9) 



By the equation 19. 9[ n > 2k. Therefore 
(n - 2){n - 3)...(n-2k + 2)(n - 2k + 1) 

> (2Jfe-2)(2ib-3)...2.1. 

= ((2k - 2)(2k - 4) . . . 2)((2fc - 3)(2Jfe - 5) . . . 1)) 
= 2 k - 1 (k- 1)! ■ ((2fc-3)(2fc-5)...l)) 

Note that 2k — 3 > if and only if > 3. Hence for k > 4, the equation 19.91 
does not hold for any n > 2k. We shall now consider the cases k = 2, k = 3. 
Case I : k = 3 

As n > 2/c, we have n>7 since n ^ 6. As 5.4.3.2.1. > 3!. 2, the equation 19.91 
does not hold true for any n > 7. 
Case II : fc = 2 

Here n > 4. It is easy to see that the equation 19 .91 does not hold for any n > 4. 
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In view of the above we conclude that a(B 1 ) = B 1 . We shall now show 
that there exists an inner automorphism 9 of S n such that 

a(l, i) = 9(1, i) for all i = 1, 2, . . . n. 

As {(1, i) | i — 1, 2, . . . n.} generate S n , this will complete the proof. Let 

a(l,2) = (i,j) 

By (ii), (1,2) and (i,j) are conjugate to each other. Thus there exists an 
inner automorphism 9i of S n such that 

a(l,2) = 1 (l,2). 

Put ai = 9± 1 a. Then «i(l,2) = (1,2). Let 

ai(l,3) = (i,j) 

Then 

ai((l,2)(l,3)) = (l,2)(i,j) 
=}► ai(l,3,2) = (l,2)(i,j) 

As (1, 3, 2) is an element of order 3, order of the element (l,2)(i,j) is also 3. 
Hence {1,2} n {i, j} ^ 0, since otherwise order of (l,2)(i,j) shall be 2. We 
can assume, without any loss of generality, that i = 1. Then 

«i(l,3) = (l,j) 

where j > 3. If j > 3, then 

a 1 (l,3) = (3,j)(l,3)(3,j) 

i.e., ai(l,3) is the conjugate of (1,3) by (3,j). Thus, if 9 2 denotes the con- 
jugation by (3, j), then for a 2 = 9~^ x a,\, we have 

a 2 (l,2) = (1,2) and a 2 (l,3) = (1,3). 
Thus it is clear that, there exists an inner automorphism 7 of S n such that 

a(l, 2) = 7(1, 2) and a(l, 3) = 7(1, 3). 
Now, suppose for an inner automorphism 9 of S n , 

9(1, i) = a(l,i) 
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for alH = 1, 2, . . . , r where 2 < r < n, and let f3 = 9~ l a. Then (3(li) = (li) 
for all 1 < i < r. If 

P(l,r + l) = (i,j) 

Then 

/3((l,2)(l,r + l)) = (l,2)(i,j) 
/3((l,3)(l,r + l)) = (l,3)(i,j) 

Hence, as seen above 

{i,2}n{i,j}^0,{i,3}n{i,j}^0. 

Note that 

/3(23) = /3((13)(12)(13)) = (23) 

Hence, as /3 is one-one, /3(lr + l) ^ (23) i.e., (ij) 7^ (23). Thus we can assume 
% — 1, and therefore 

/3(l,r + l) = (l,j). 
Clearly j > r + 1. If j > r + 1, then 

/?(l,r + l)HU)Hr + U)(l,r + l)(r + l,j) 

i.e., /3(l,r+ 1) is a conjugate of (l,r+ 1) by (r + 1, j). Let us denote by 9 r+1 
the conjugacy map of S n by (r + 1, j). Then 

0(1, r + 1) = r+ i(l,r + l) 
r - + 1 1 /3(l,r + l) = (l,r+l). 

Hence, for alH = 2, 3, • • • , r + 1, we have 

r - + 1 1 /3(l,i) = (l,i) 
=*► /9(l,i)=0 r+1 (l,i) 
=4> = 00 r +i(li) 

Therefore by induction there exists an inner automorphism 9 of S n such that 

a(l,i) = 0(1, i) 

for alH = 2, 3, . . . , n. Consequently, a is an inner automorphism of S n . Hence 
the result follows. ■ 
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EXERCISES 

1. (i) For the element (432156) in S 7 , write (432156) (25) and (432156) (27) 
as product of disjoint cycles. 

(ii) Prove that the product of a cycle and a transposition in S n is either 
a cycle or product of two disjoint cycles or identity. 

(iii) Prove that any three cycle is a commutator in S n . 

2. (i) For the element (125678) in S 8 write a 2 and a 3 as product of disjoint 
cycles. 

(ii) Let <t(t^ Id) G S n be a cycle of length t. Prove that for any divisor 
d > 1 of t, a d can be expressed as a product of d disjoint cycles each 
of length t/d. 

3. (i) Write all elements of order < 2 in S5 and S4. 

(ii) Let a(n) denotes the number of elements of order 7^ 2 in S n . Prove 
that 

a{n + 1) = a{n) + na(n — 1). 

4. Prove that any cycle of length k has order k. Further, show that if 
for a G S n , a = C1C2 • • • c m , where c[s are pairwise disjoint cycles with 
l(ci) = U for all 1 < % < m, then 0(0") = I. cm. of h, I2, ■ ■ ■ l m - 

5. Write the cycle (123456789) as the product of two elements of order 2 
in 59. 

6. Let A be a set of 1 < r < n distinct natural numbers in {1, 2, • • • , n}. 
Prove that H — {a G S n \ cr(A) C A} is a subgroup of S n , and show 
that H is isomorphic to the direct product S n - r x S r . 

7. Prove that the transposition (12), (23), • • • ,(n—ln) together generate 

8. Let a G S n be an n-cycle and r be a transposition. Prove that S n is 
generated by r and a. 

9. Show that for any odd integer n, (123)and (123 • • -n) generate A n , and 
if n is an even integer than (123) and (23 • • -n) generate A n . 

10. Prove that A n is the derived group of S n for all n. 
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11. Find all the subgroups of order 6 in S 4 . 

12. Let a, (3 G S n , and a(3 = (3a. Prove that for A = {i G A \ a(i) = i}, 
P{A) — A. 

13. Prove that any symmetric polynomial of degree t = 2 or 3 in Zj[X 1 ,X 2 , X 3 ] 
is a polynomial in si = X 1 + X 2 + X 3 , s 2 = X ± X 2 + X X X 3 + X 2 X 3 and 
s 3 = X!X 2 X 3 over 

14. Find the symmetry group of the polynomials XYZ + XY + + X 2 
and (X + wY + w 2 Zf in ^[X, Y, Z] where iu = (-1 + >/3)/2. 

15. Let n > 2. Show that there exists a subspace W of the metric space 
iR™" 1 with |W| = n such that ^ is isomorphic to I(W), the group of 
isometrics of W. 

16. Prove that Gl 2 (Zu 2 ) is isomorphic to S3. 

17. Let n > 2, and let 

= l.c.m.{o(a) I a - G S n } 
t = l.c.m.{o(r) I t G A n }. 
Prove that 2t = g if n = 2 k or 2 fe + 1 and £ = <? otherwise. 

18. Prove that S999 contains an cyclic subgroup of order 1111, and this 
subgroup fixes atlast one 1 < i < 999. 

19. Let n > 1, and let 2 = 1, 2, • • • , n, be the transpose of the row vector 
(0, • • • , P* , 0, • • • ,0). Prove that a & S n is even or odd if and only if 
det(e am , e CT ( 2 ), • • • , e CT ( n )) = 1 or -1 respectively. 

20. Let n > 1. Prove that for a, r G S n , ar and rcr have same cycle pattern. 

21. Let n > 3. Write the cycle (123) as product of two n-cycles in S n . 

22. Let n > 1. Prove that : 
(i) The map, 

a ^ a 

where a(i) = a(i) foe all 1 < i < n, and a{n + 1) = n + 1 is a 
monomorphism of groups which maps A n to A n+i . 
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(ii) Identity the group S n to the subgroup 9 n ,n+i(S n ) of S n+ i. Prove 
that G = Un>i &n * s a g rou P an d ^4 = U n >i ^™ * s a norma l subgroup 
of G which is simple. 
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Chapter 10 
Sylow Subgroups 



We have proved that order of any subgroup of a finite group divides the 
order of the group. It is natural to ask if the converse is true. The Sylow 
theorems are in consequence to this enquiry. We shall also note that the 
converse is not true in general. 

Definition 10.1. Let G be a finite group of order n. Let for a prime 
p, n = p r ■ m, where (p,m) = 1. Then any subgroup of order p r is 
called a Sylow p-subgroup of G. 

We shall prove that any finite group contains a Sylow p-subgroup for 
every prime p dividing the order of the group. To prove this we shall prove 
a more general result. 

Theorem 10.2. Let G be a finite group of order n. Let for r > 0, p r divides 
n. Then G contains a subgroup of order p r . Further, the number of subgroups 
of order p r is congruent to 1 mod p. 

Proof: We shall prove this result in steps. 
Step I : Let S be the set of all subsets of G with p r elements. We know that 
for any subset A of G, \A\ = \xA\ for any x G G. Thus for any x G G, 

x : S -> S 

A xA 

is a transformation on S. (Use : x~ x (xA) = A). For any x, y in G, and 
A <E S, 

{xy){A) = {xy){A) 

1 contents groupl0.tex 
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Thus G is a transformation group of S with respect to this action. From the 
lemma [7.251 for any A G S, 

| Orb(A)| = [G : Stab(A)] 

Let H = Stab (A). Then HA = A. Hence if Ha\, Ha,2, ■ ■ ■ , Hat are all 
distinct right cosets of H with respect to elements of A, we have 

A = Ha! U Ha 2 U . . . U Ha t . 

and this is a disjoint union. This gives 

\A\ =t\H\ 
=>■ \H\ divides \A\ 

Hence, \H\ = p k for some k < r. 
Step II : If for A G S, Stab(A) 

exactly one subgroup of order p r . 
We have HA = A, and \H\ = \A\ 

Ha = A 

a- l Ha = a' 1 A G Orb(A) 

Note that a~ l Ha is a subgroup of G with \a~ l Ha\ = \H\ = p r . Put K = 
a" 1 Ha. Then K G Orb (A), and hence Orh(A) = Orb (K). As any element 
in the Orb(K) is of the form gK(g G G), it is either equal to K or is not a 
subgroup of G (Use: For any subgroup K of G, and x G G, irif is a subgroup 
of G if and only if x G K.) Therefore the assertion holds. 
Step III: If Stab(A) = H is a subgroup of G with p fc (A; < r) elements, then 
Orb (A) has no subgroup. 

Let us assume the contrary i.e., let Orb(A) has a subgroup K. Then K = xA 
is a subgroup for some x G G. We have 

# = KK 
=^ xA = KxA 
=>- A = x~ x KxA 
=>. ar 1 ^ C Stab(A) = H 
=> \x~ l Kx\ = \K\ < \H\ 
=>• p r < since |fT|=p' r ) 



= has p r elements, then Orb (A) has 
= p r . Hence, for any a £ A 
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This contradicts our assumption on H. Hence Orb(A) has no subgroup. 
Step IV : There is atleast one A e S, such that Stab(A) has p r elements. 

First of all, note that the number of elements in S depends on the order 
of the group and not on the group. In fact 




We have seen that for any A 6 S, | Stab(A)| = p k (k < r), and | Orb(A)| = 
[G : Stab(A)]. Hence if | Stab(A)| = p r , then Orb(A) is minimal. Let 
Mq denotes the number of distinct minimal orbits in S. As | Orb(A)| = 
[G : Stab(A)], if | Stab(A)| = p k ,k < r, then | Orb(A)| is a multiple of 
pi, where I = and if | Stabv4| = p r , then | Orb(y4)| = I. Therefore 

N=plz + M G l (10.1) 

If G = C n , a cyclic group of order n, then there is exactly one subgroup 
of order p r in G (Theorerr i2.38l) . Hence, in this case, there is exactly one 
minimal orbit in S i.e., Mc n = 1. Therefore we get 

N = plz x +l (10.2) 

Now, from (jTITTjl and pTT2l . we get 

plz + MqI = plzi + I 

=>• pZ + Mq = pZ\ + 1 

=^ M G = \{modp) 

Thus G has at least one subgroup of order p r and the number of such sub- 
groups is congruent to l(mod p). ■ 

Theorem 10.3. (Sylow's first theorem) Let G be a finite group of order 
n, andp, a prime. Letp m ,m > 1, be the highest power of p dividing n. Then 
there exists a subgroup of order p m in G. 

Proof: This is a special case of theorem 110.21 ■ 

Theorem 10.4. Let G be a finite abelian group and p, a prime. Let H = 
{x G G | o (x) = p a , a > 0}. Then H is the only Sylow p-subgroup of G. 
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Proof: Clearly, H ^ 0, as e G H. Let x,y G H, where o(x) = p a , o(y) = 
pP . Then 



{xy- l f a+fi = {xf a+ '\yP a+ ' 5 )- 1 

= (x pa y p ■ ((y~ 1 ) pf> y a 

= e 

Hence xy^ 1 G H for any x, y G H. Thus if is a subgroup of G. Further, 
by Cauchy's theorem, o[H) = p m . For any Sylow p-subgroup S of G, order 
of any element of 5* is a power of p (Use : Order of an element divides the 
order of the group ). Hence S C H. Now, by definition of Sylow p-subgroup, 
S = HM 

For any subgroup if of a group G, and x G G, the conjugate of H with 
respect to x, i.e., x~ l Hx, is a subgroup of G. Further \H\ = \x~ l Hx\. Hence 
if if is a Sylow p-subgroup of G, so is its conjugate x~ x Hx. We shall, now, 
show that any two Sylow p-subgroups of a finite group are conjugate. To 
prove this we introduce : 

Definition 10.5. Let A, B be two subgroups of a group G. For any 
element x G G, the set 

AxB = {axb | a G A, b G B} 

is called the double coset of the pair (A, B) with respect to x. 

Lemma 10.6. Let A, B be two subgroups of a group G. Then any two double 
cosets of the pair (A, B) in G are either identical or disjoint. 

Proof: Take x, y G G. If 

(AxB) n (AyB) ^ 0, 

then there exist a±, 0,2 G A and 61, 62 G B such that 

a±xbi = a^yb2 
AaixbiB = Aa2yb2B 
=^ AxB = AyB. 

Hence the result follows. ■ 
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Lemma 10.7. Let A,B be two subgroups of a group G. Forx,y G G, define 
x ~ V if an d on ly tfy = axo for some a G A,b G B . Then ~ is an equivalence 
relation over G and the equivalence class of an element x G G is AxB. 

Proof: The proof is routine and is left as an exercise. ■ 

Remark 10.8. Let for x G G, [x] denote the equivalence class of x with 
respect to ~. If {[xj]}j G / be the set of all distinct equivalence classes of G, 
then 

G = U ieI AxiB ( Use : [xt] = AxiB) 

a disjoint union. This is called the double coset decomposition of G with 
respect to (A, B). 

Theorem 10.9. ( Sylow's second theorem) Let G be a finite group. Then 
any two Sylow p-subgroups of G are conjugate. Thus the number of Sylow p- 
subgroups of G is equal to the number of conjugates of any Sylow p-subgroup 
ofG. 

Proof: Let H, K be two Sylow p-subgroups of G, and let 

G = H Xl K U Hx 2 K U . . . U Hx t K (10.3) 

be a double coset decomposition of G. Assume \H\ — \K\— p m . From the 
equation fll0.3j) . we have 

\G\ = \H Xl K\+ \Hx 2 K\ + ...+ \Hx t K\. 

Note that for any x £ G, 



\HxK\ = \{x- l Hx)K\ 

\(x- l Hx)\ \K\ 



{x- 1 Hx)nK\ 



(Theorem E2DJ) 





H\ 


\K\ 




|(x- 


1 Hx)nK\ 



p 



Hence 



{x- 1 Hx)r\K\ 

|G|=p 2m tj ( 10 - 4 ) 



i=i 
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where di = \{xj Hxi) R K\ < \K\ = p m . As (x~ l Hxi) R K is a subgroup of 
i^, <ij divides p m . Thus dj = p ai , oti > 0, for all i. If ccj < m for all then 
equation 110.41 gives that p m+1 divides \G\. This contradicts that p m is the 
highest power of p dividing the order of G (Use: Sylow p-subgroup of G has 
order p m ). Hence di = p m for some i$. Thus 

x. o l Hx io = K(XJse : {x^HxJ = \K\ = p m ) 

Consequently, K is a conjugate of H. The rest of the statement is immediate. 
■ 

Corollary 10.10. A finite abelian group has unique Sylow p-subgroup for 
any prime p. 

Proof: Clear from theorem 110.91 ■ 

Remark 10.11. The corollary also follows from theorem 110.41 

Corollary 10.12. Let P be a Sylow p-subgroup of a finite group G. Then P 
is unique if and only if P is normal in G. Thus P is unique Sylow p-subgroup 
ofN G (P). 

Proof: We know that the number of distinct conjugates of P in G is [G : 
Ng(P)]- Hence the first part of the result follows from the theorem. For the 
other part, note that P C Ng{P) C G. By the Lagrange's theorem (Theorem 
GLHD, o(P) divides o(N G (P)) and o(N G (P)) divides o(GQ. Therefore it is clear 
that P is a Sylow p-subgroup of N G (P). Now, as P < N G (P), the result is 
immediate from the theorem. ■ 

Theorem 10.13. ( Sylow's third theorem ) Let G be a finite group, and 
H a Sylow p-subgroup of G. Let r be the number of distinct conjugates of H 
in G. Then r = 1 (mod p) and r divides °{G). 

Proof: By theorem I10.9[ r is equal to the number of Sylow p-subgroups 
of G. It is already proved in theorem 110.21 that r = 1 (mod p). Now, as 

\G\ = \N G (P)\- \[G:N G (P)]\ 
= \N G (P)\-r, 

r divides o(G). Hence the result follows. ■ 
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Theorem 10.14. Let G,H be two finite groups, and let <p : G — )■ H be an 

epimorphism. Then for any Sylow p-subgroup S of G, <p(S) is a Sylow p- 
subgroup H. Conversely, if A is a Sylow p-subgroup of H, then there exists 
a Sylow p-subgroup B of G such that ip(B) = A. 

Proof: Put ip(S) = T. By lemma E3H °(T) divides o(S). Hence o(T) = 
jr for some /3 > 0. Let if be the kernel of For the subgroup KS = SK of 
G, let 

t 

G = \JxiSK (10.5) 

i=l 

be a left coset decomposition of G with respect to SK. From the equation 
(PIEgl) , we get 

i 

# = y?(G0 = |J^)T (10.6) 

i=l 

Note that 

<p(xi)T = (p(xj)T 

& fixfxi) eT = <p(S) 

& xfxi e ^~%(S)) = SK 

<=> XiSK = XjSK 

As XiSK 7^ XjSK for z 7^ j, tp{x,i)T 7^ ip(xj)T for all i 7^ j. Therefore (110.61) 
is a coset decomposition of H with respect to T, and [G : Sif] = [H : T]. 
We have 

[C : S] = [G : SK][SK : 5] = tfSAT : S] 

As o(S) is the highest power of p dividing o{G), [G : S] is relatively prime 
to p. Therefore (p,t) = 1. Consequently °(T) = is the highest power of 
p dividing o(H). Thus T is Sylow p-subgroup of H . For the other part, let 
C = tp~ l (A). Then C is a subgroup of G. Let 



G = Qj/<C (10.7) 



8=1 



be a left coset decomposition of G with respect to C. From the equation 
PEP , we get 

^ = P(G) = U^) A ( 10 - 8 ) 
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Note that 

(p(yi)A = <^{yj)A 

<p(vJ x Vi) 6 A 
& yfy i e(p- 1 (A) = C 
& y J C = y i C 

As yiC 7^ yjC for all % ^ j, (110.8)) is a coset decomposition of H with respect 
to A. Thus [£r : C] = [iif : A] = m. Since A is a Sylow p-subgroup of H, 
and [H : A] = m, (p.m) = 1. Now, as m = [G : C] = o(G)/ o (C), and 
(p,m) = 1 highest power of p dividing o(G) is the same as highest power of 
p dividing o(C). Thus if -B is a Sylow p-subgroup of C, it is also a Sylow 
p-subgroup of G, and hence by the direct part (p(B) is Sylow p-subgroup 
of H. As (f(C) = A, (p(B) C A, and hence = A. Thus the proof is 

complete. ■ 

Lemma 10.15. Let S be a Sylow p-subgroup of a finite group G, and let H 
be a subgroup of G containing N G (S). Then Nq(H) = H. 

Proof: We have H C N G (H). Therefore, if H ^ N G (H), choose x G 
N G (H),x H. As H D N G (S),x £ H^Sx" 1 ^ S. However xHx~ l = H. 
Thus S and xSx^ 1 are two Sylow p-subgroups of H. By theorem 110. 9) there 
exists an element h E H such that 

h Sh = x Sx 
xh- l S{xh- 1 )- 1 =S 

xh- 1 G N G (S) C H 
x e H 

A contradiction to our choice of x. Consequently N G (H) = H. ■ 

Theorem 10.16. Let G be a finite group andp, a prime. Then any subgroup 
K of G with o(K) = p r , r > 1, is contained in a Sylow p-subgroup. 

Proof: Let S = {H 1 , H 2 , ■ ■ ■ ,H t } be the set of all Sylow p-subgroup 
of G. By theorem 110.2) t = \{modp). As conjugate of a Sylow p-subgroup 
is a Sylow p-subgroup, K operates by conjugation on S. By lemma 17.25) 
any orbit of S with respect to K action has p a , a > 0, elements. Hence 
as t = l(modp), at-least one orbit shall have 1-element. We can assume 
without any loss of generality that | Orb(i/ 1 )| = 1. Then by theorem 110.2) 
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Stab(#i) = G. Thus x^Hix = H 1 for all x G K. Hence H 1 K = KH X is a 
subgroup of G containing K as well as H\. By theorem 13.131 

Therefore o(H\K) = p r for some r > 1. As Pi is Sylow p-subgroup of G and 
Pi C HiK, Pi = H\K. Thus K C ffi. ■ 

Corollary 10.17. Lei G 6e a finite group andp, a prime. Let for a subgroup 
K of G, p | o(f^). T/ien there exists a Sylow p-subgroup P of G such that 
P n K is a Sylow p-subgroup of K . 

Proof: Let B be a Sylow p-subgroup of K. Then o[B) = p r for some 
r > 1. By the theorem B G P for a Sylow p-subgroup P of C Thus 
P C\ K D B, and o(P fi if) is a power of p. Now, as B is a Sylow p-subgroup 
of K , B — P n K . Hence the result follows. ■ 

Corollary 10.18. LetG be a finite group andp, a prime. Let H be a normal 
subgroup of G such that p divides °{H). Then for any Sylow p-subgroup P 
of G, H fl P is a Sylow p-subgroup of H. 

Proof: By corollary 110.171 and theorem 110.91 there exists an element 
x G G such that x~ x Px fl H is a Sylow p-subgroup of H. Note that 

x^Px n H = x _1 (P n H)x since H <G. 

Thus for Pi = x~ x Px, 

PC\H = x(Pi n POoT 1 

i.e., P fl ii is a conjugate of Pi D if, a Sylow p-subgroup P. Hence P fl P is 
a Sylow p-subgroup of P. ■ 



APPLICATIONS 

Theorem 10.19. Let A be a finite abelian group. Then A is the direct 
product of it's Sylow subgroups. 
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Proof: Let \A\ = I = p^ 1 ■ p^ 2 . . .p° m , where pi;i = 1, 2, ... , m , are 
distinct primes and on > 0. Let ifj be the Sylow p^-subgroup of A for i = 
1,2, ... ,m. Then consider the map 

$ : H x X if 2 x . . . x if m A 

a = (oi, a 2 , . . • , a m ) i-)- aia 2 ...a m . 

It is easy to check that $ is a homomorphism. If 

$(a) = e 
=>- aia 2 . . . a m — e 

=>- ai . . . cbi-idi+i . . . a m = a" 1 for all 1 < i < m. 

Now, let o(ctj) = (pj) nj for j = 1, 2, . . . , m. Then, if 
n = pi ni . . .p i _i ni - 1 pi + i ni+1 . . .p m nm , we have 

(a^ 1 )™ = (ai . . . ai_ia i+ i . . . a m ) n = e (10.9) 

Also 

o{ a r 1 ) = o{a t )=p^ (10.10) 

Hence, as (pi,n) = 1, by theorem I2.32[ we get = e. Since i is arbitrary, 
a = id. Therefore $ is a monomorphism. 

Finally, as \H\ x • • • x ff m | = I = \A\, $ is an isomorphism. ■ 

Theorem 10.20. Lei G be a group of order pq, where p, q are primes, p > q, 
p ^ l(mod q). Then G is cyclic. 

Proof: Let n p be the number of Sylow p-subgroups of G and n q , the 
number of Sylow g-subgroups of G. By Sylow's third theorem, n p and n q 
divide °(G), n p = 1 (mod p) and n q = 1 (mod g). Thus (n p ,p) = 1 = (n g , g) 
and n p and n g divide pq. Now, as g < p, and n p = l{modp),n p = 1 and, as 
n q = \{modq), and p ^ l{modq),n q = 1. Let if be the Sylow p-subgroup 
of G and f\~, the Sylow g-subgroup of G. By the corollary 110.121 of Sylow's 
second theorem if and K are normal in G. As if, K are subgroups of prime 
orders these are cyclic. Moreover, using Lagrange's theorem and that o(ii) = 
p, o(K) = q and (p, q) = 1, we get if fl K = {e}. For any x G if, y G K, we 
have xyx~ 1 y~ 1 G if fl if = {e}, since if and if are normal in G. Therefore 
xy = yx for all x G if, y G -ft'. As if and if are normal subgroups of G, 
if if = KH is a subgroup of G with 

|if I I If I , . 

\HK\ = 1 1 = pg (Theorem GLUD 
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Hence UK = G. Therefore by corollary 16.31 G = H x K i.e., G is internal 
direct product of H and K. As H and K are cyclic groups of orders p and q 
respectively, and (p,q) = 1, it follows from theorem 16.131 that G is cyclic of 
order pq. ■ 

Remark 10.21. The conditions on the primes imposed in the theorem are 
essential, e.g. take G = S3. Then o(G) = 6 = 2x3. Here for p = 3, q = 
2,p > q,p = 1 (mod q), and the group G is non-abelian. Thus p ^ 1 (mod 
q) is essential. 

We shall, now, identify the Sylow subgroups of some familiar groups. 

1. Let C n = gp{a} be a cyclic group of order n, and let p be a prime. If 
p a (a < 1) divides n, and m = n/p a , then C m = gp{a m } has order p Q . Thus 
C m is the Sylow p-subgroup of C n . 

2. Let ri > 1 be an odd integer. Consider the Dihedral group (Example 

MB- 

D n = {Id, r, a, a 2 , • • ■ , a™" 1 , ra, ■ • • , ra™" 1 \ T 2 = a n = Id, or = Ta n ~ 1 } 

As n is odd, 2 is the highest power of 2 dividing o(D n ) = 2n. Thus cyclic 
subgroups of order 2 are precisely the Sylow 2-subgroups of D n . One can 
easily check that gp{ra l },0 < i < n — 1, are all the Sylow 2-subgroups of 
D n . 

3. Let iF = Zi p a field with p-elements. The group Gl n (IF p ) has order 
11^=0 G°™ ~ P k ) (Use: Exercise 12, Chapter 1). We have 

o(Gl n (F p )) = p^-'V 2 l[(p n - k - 1) 

fc=0 

Thus p n ( n-1 )/ 2 is the highest power of p dividing o(Gl n (IF p )). Now, check that 

UT n (iFp) = {A = (aij) : n x n — matrix over IF p | ay = 
for all i > j, an = 1, for all 1 < i < n} 

is a subgroup of Sl n (IF p ) of order p"^- 1 )/ 2 (Use : For all a#, j > z, we can 
choose any element of iF p . Thus for all 1 < i < j < n, a,ij has p-possibilities 
and the number of elements in the set {1 < i < j < n} is n(n — l)/2.). 

We shall, now, consider complimentary to that in theorem 110.201 of 

particular interest. 
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Theorem 10.22. Let G be a group of order 2p, where p > 2 is a prime. 
Then G is either the Dihedral group D p (upto isomorphism) or is cyclic. 

Proof: As in theorem 110. 20} G has exactly one Sylow p-subgroup H 
which is cyclic of order p. By corollary 110. 12\ H is normal in G. Let H = 
gp{y}. Further, by theorem 110. 2\ G has an element x of order 2. As H < G, 

xyx = x~ l yx = y l for some 1 < i < p — 1 

If % = p — 1, then yx = xy p ~ l . In this case it is easy to check that G is 

isomorphic to the Dihedral group D p . Now, let 1 < % < p — 1. 

Then 

(xyf = y i+1 ? e 

and 

{xy) v = {y^f-^tfx £ e 

since H fl gp{x} = e. Thus it follows that o(xy) = 2p, and G = gp{xy}. 
Hence the result is proved. ■ 

Theorem 10.23. Let G be a finite group with o(G) = pqr, where p > q > r 
are primes. Then 

(i) G has only one Sylow p- subgroup. 

(ii) Let p ^ Imodq. Then G has only one Sylow q-subgroup. If H is the 
Sylow p-subgroup of G and K is the Sylow q-subgroup of G then HK < G 
and is a cyclic group of order pq. 

Proof: (i) Let n,i,i = p, q,r, be the number of Sylow i-subgroups in G. 
By theorem 110.21 n p = l(modp). Further, by theorems 110.91 and 110.13} n p 
divides = PQ r - Hence n p = 1 or qr (Use: p > q > r > 1). If n p = 1, 
then (i) holds. Assume n p = qr. In this case we shall show that either n q = 1 
or n r = 1. If not, then as above we get that n q = p or pr, and n r = p or 
q or pq. Thus n q > p, and n r > q. Note that any Sylow subgroup of G has 
prime order, hence is cyclic. Moreover, any two distinct Sylow subgroups of 
G,being of prime orders, intersect in the identity subgroup. Now, counting 
the elements in all the Sylow subgroups of G, we get 

(p — l)qr + (q — l)p + (r — l)q + 1 < pqr 
=3- pqr + (q — l)(p — 1) < pqr 

This, however, is not true. Therefore either n q — 1 or n r — 1. Assume 
n q = 1, and let K be the Sylow g-subgroup of G. Let H = gp{a} be a Sylow 
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p-subgroup of G and let K = gp{x}. 
Then 



axa = x % for some 1 < % < q 



a P X a- p = x ip 



x ip since o (a) = p 

\{modq) (10.11) 



We also have 



i q - 1 = \{modq) (10.12) 

Moreover, it is clear that (p, q — 1) = 1. Hence from the equations (110. lip and 
(110. 12p . we conclude that i = l(modq). Therefore axa~ l = x i.e., ax = xa. 
Thus x G Ng{H). By theorem I10.9[ we have 

iy\ (~i ! Y t — ^^"^ PQT' 

»P -qi - o(N G {H)) ~ o(N G (H)) 

=S> o(N G (H))=p 

As H C N G (H), and o(H) = p,H = N G (H). Thus x N G (H), since 
K C\ H — {e}. Hence n q ^ 1. Similarly we can see that n r ^ 1. Consequently 

n p = 1. 

(ii) As i7 is unique Sylow p-subgroup of G, H <\ G (Corollary 110.121) . Hence 
for a Sylow q subgroup K of G, HK = KH is a subgroup of order pq in 
G. Now, [G : ifK] = r is the smallest prime dividing the order of G. Thus 
by corollary 17.351 HK < G and by theorem 110.201 iff^ is cyclic. By theorem 
12. 38} K is unique subgroup of order q in HK. Hence K < G. M 

Theorem 10.24. Letp,q be two, not necessarily distinct, primes. Then any 
group G of order p n q(n > 1) is not simple i.e., G contains a proper normal 
subgroup. 

Proof: If p = q, then o(G) = p n+1 . By theorem 110.21 G contains a 
subgroup of order p, and hence by corollary 18. 291 G contains a proper normal 
subgroup. Now, let p ^ q, and let r be the number of Sylow p-subgroups 
of G. By theorems 110.91 and 110. 13[ r = l(modp) and r divides °(G) = p n q. 
Therefore r = 1 or q. If r = 1, then the Sylow £>-subgroup (say) P of G 
is a normal subgroup of order p n in G (Corollary 110.121) . Hence the result 
holds in this case. Next, let r = q. If any two distinct Sylow p-subgroups of 
G intersect in the identity subgroup, then the number of elements of order 
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p a (a > 1) in G is (p n — l)q+l. Hence, G has only one Sylow g-subgroup which 
is a proper normal subgroup of G. Thus, to complete the proof, we assume 
that not any two distinct Sylow p-subgroups of G intersect in identity group. 
Let for two distinct Sylow p-subgroups P\,Pi of G, \P\ D P^\ is maximal. 
Put A = Pi n P2. Then A is a proper subgroup of Pi, i — 1, 2. By corollary 
EM N t = N Pz (A) g A, for i = 1,2. Let P = gp{N x U iV 2 }. Note that 
H is not a p-group, since otherwise there exists a Sylow p-subgroup P' of 
G, P' D P (Theorem MJMi and ^' H ?i D JVi ^ A. This contradicts our 
assumption on maximality of \P\ D P^l- Thus °(P) = p 6 g where b < n. As 
iV* C iV G (i4) for z = 1,2, H C iVo(A). Let Q be a Sylow g-subgroup of if, 
then \PiQ\ = \Pi\ \Q\ = p n q. Thus P\Q = G. Therefore any element of G 
can be written as ya where y G Pi, a G Q. We have 

yaA{i/a)~ l = yaAa~ x y~ x 
= yAy- 1 GP 1 , 

since a G Q C P C A^g(t4). Hence all conjugates of A in G are contained in 
Pi and are of the for yAy -1 , y G Pi- Let 

P: = ^{?/A?/- 1 |?/GPi}. 

Then clearly P" < G and K C P%. Thus P is a proper normal subgroup of G. 
Hence the proof is complete. ■ 

Theorem 10.25. Let G be a finite group and p, a prime dividing o(G). If 
a Sylow p- subgroup P of G is contained in Z{G), then G isomorphic to the 
direct product P x K for a subgroup K of G. 

Proof: Let °{G) = p a m where (p, m) = 1, and let 

G = Pa x U Pa 2 U • • • U Pa m 

be a right coset decomposition of G with respect to P. Then, for any 
x G G, xai can be uniquely written as 

where p x ^ G P and 1 < i(x) <m. We have 

m m 

G = X G = U Pxai = (J Pa iix) 

i=l i=l 
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Hence, 

1 2 ••• m 



l(x) 2(x) ■ ■ ■ mix) 

is a permutation on the symbols 1, 2, • ■ ■ , m. 
For any x,y G G, 

yxai = yp^a^) 

— Px{i)Py(i(x))0-i(x){y) (10.13) 

Define : 

<p : G ->■ P 

x ^ n<=iPx(i). 

Then for any x,y G G, using 110.131 we get 

^(f) = rE=iPx(op»(i(x)) 

= mHiPvW ffi=iPx(i) (use : P C Z(G)) 
= <p(v)<p(x) 

Therefore ip is a homomorphism. Clearly, if p G P, then p p tj\ = p for all 
% = 1, 2, • • • , m. Hence <p(p) = p m '■ As (m,p a ) = 1, there exists an integer n 
such that mn = l(mod p a ) . As P is an abelian group, 

6 n : P P 

a i— )• a n 

is an endomorphism of P and for ip — 9 n o tp, ip(x) = ip{x) n for all x G G. If 
p G P, then ^(p) = p mn = p since mn = l(modp a ) and o(P) = p a . Therefore 
■0 : G — ?• P is a homomorphism such that ip(p) = p. 

Let = ker-0. We shall prove that G is isomorphic to the direct product 
P x K. Define : 

a: P x K -> G 
(p, a) (-> pa 

For (p 1; ai), (p 2 , a 2 ) in P x K, we have 

a((pi,ai)(p 2 ,a 2 )) = a(pip 2 ,aia 2 ) 

= (piai)(p 2 a 2 ) since P C Z(G) 
= a(pi,ai)a(p 2 ,a 2 ) 
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Thus a is a homomorphism. If for (p, a) € P x K, 

a(p, a) = e 

=>- pa = e 

=>- i/)(pa) = ip{p) = e 

=>- p = e since ip{p) = p 

=>- p = a = e 

Therefore a is a monomorphism. Now, note that G/K is isomorphic to P 
(Corollary 15. 35p . Therefore 

o{G/K) = °{G)I ° {K) = o(P) 
(G) = o(P) o (K) 
= o(P x K). 

Hence a is an isomorphism. ■ 



EXERCISES 

1. Find all Sylow 3- subgroups of Gl 2 (%3)- 

2. Prove that every subgroup of order 11 in a group of order 77 is normal. 

3. Let G be a finite group with order n and let p be a prime such that 
p divides n. If 1 < n/p < p, then show that G contains a normal 
subgroup of order p. 

4. Let G be a non-abelian group of order 343. Prove that = 7. 

5. Let if be a normal subgroup of a finite group G and p, a prime. Prove 
that if o(if ) = p a [a > 1), then H is contained in all Sylow p-subgroups 
of G. 

6. Find all Sylow subgroups of Di 2 . 

7. Write all Sylow subgroups of S5. 

8. Let IF be a finite field with p a (p : prime, a > 1) elements. Find a 
Sylow p-subgroup in Sl n (IF). 
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9. Let K be a field and n > 1. Prove that T n (K) = N Gln(K) (UT n (K)). 

10. Let iF be finite field with q = p m (p: prime, m > 1) elements. Find 
the number of Sylow p-subgroup of Gl n (lF). 

11. Let for a prime p, G be a group of order p n . Prove that G contains a 
normal subgroup H of order p k for each < k < n. 

12. Let for a group G, H be a finite normal subgroup of G. Prove that if 
S is a Sylow subgroup of H, then G = HNg(S). 

13. Let H be a normal subgroup of a group G. Prove that for any Sylow 
p-subgroup P of G, HP/ H is a Sylow p-subgroup of G/H. 

14. Let g be distinct primes such that p 2 ^ l{modq) and g 2 ^ l{modp). 
Prove that any group of order p 2 q 2 is abelian. 

15. Prove that the number of Sylow p-subgroups in S p is (p — 2)!. 

16. Prove that the order of the Sylow p-subgroup of S p m IS P 

17. Let G be a group of order 21. Prove that 

(i) There exists x, y in G such that o[x) = 7, o[y) =3 and G = gp{x, y}. 

(ii) We have y~ x xy = x r where r = 1 or 2 or 4. 

(iii) There are two classes of groups of order 21 upto isomorphism. 

18. Let p > 3 be a prime. Prove that any non-abelian group of order 2p is 
Dihedral group. 

19. Let p > 3 be a prime. Prove that the Dihedral group D 2p has p Sylow 
2-subgroups. 

20. Let G be a finite group, and o(G) < 60. Prove that if G is simple then 
G is cyclic of prime order. 

21. Let G be a group such that $(G) is finitely generated. Prove that any 
Sylow p-subgroup P of $(G) is normal in G. 
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Chapter 11 



Finitely Generated And 
Divisible Abelian Groups 

In this chapter we shall study the structure of finitely generated abelian 
groups and divisible abelian groups. All groups shall be assumed additive 
unless the binary operation is specified. 

Definition 11.1. An abelian group F is called a finitely generated 
free abelian group if there exist fi G F, % = 1, 2, • • • , n, n > 0, such 
that 

(i) F = gp{f 1 J 2l ...J n } 
and 

(ii) The set {fi, fa, . . . , f n } is linearly independent i.e., for n > 1 and 

aij i — 1, 2, . . . , n, in Z, a 1 f 1 + a 2 f 2 + • • • + a n f n = 0, if and only if o» = 
for all i = l,2, n. 

Remarks 11.2. (i) If we take n = in the definition then F is generated 
by the null set 0, and hence F = {0}. 

(ii) The set {fi, f 2 , ■ ■ ■ , f n } is called a basis of F. If n > 1, then we shall 
denote the fact that F is a free abelian group with basis {f±, f 2 , . . . , f n } by 
writing 

F — (/l) /2, • • • , fn)- 

(ii) The abelian group (0) is free with basis consisting of the empty set 0. 

Observations 11.3. (1) For any non-zero element of a free abelian group 
F, the subgroup G = gp{f} is free. 

1 contents groupll.tex 
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Let F = (/i, / 2 , . . . , /„). Then / = ai/i + a 2 f 2 + ■■■ + a n f n , for some a, t e Z. 
Since / ^ 0, all a^'s can not be zero. Let for t & Z5, 

tf = 

=>• *ai/i + ta 2 / 2 + • • • + ta n /„ = 

=>. iaj = Vi = 1,2, . 

=>- i = since Oj 7^ for some i 

Hence G is a free abelian group with basis {/}. 

(2) Let F — / 2 , . . . , / n ) be a free abelian group. Then any x G F can be 
uniquely expressed as 

^ — a ifi + ^2/2 + • • • + a n /«, where cii E Zj for all i = 1, 2, . . . 71. 

Let 

Z = Oi/i + a 2 /2 + • • • + djn = 6l/l + &2^2 + • • • + &n/n 

Then 

(ai - 61) /1 + (a 2 - &2)/2 + ■ ■ ■ + (a n - &n)/n = 
=>- ai - 61 = a 2 - b 2 = . . . = a n - b n = 

a,i = bi Vi 

(3) Let F — (fi, / 2 , . . . , /„), and G = (#1, # 2 , . . . , £ fc ) be two finitely generated 
free abelian groups. Then F © G is a free abelian group with basis 

{(/i,0),...,(/ n ,0),(0,^i),...,(0,^)}. 
Let x <E F,y e G, then 

£ = ai/i + a 2 / 2 + . . . + a n / n 

y = 61^1 + 625-2 + • • • + 6 fc 5f fc 
for some a±, a 2 , . . . , a n , 61, b 2 , . . . ,bk in Hence for (x, y) e F (B G, 

(n k 
i=i 3=1 

n k 

= 5>i/i,o)+5>,&^) 
1=1 j=i 

ra A; 

= 0) + 5>(0,<&) 

i=i 3=1 
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Further, 

(ELi a ifi' EjU = 

E"=i Oi/i = °> and EjU = 

fli = 0, 6j = 0V1 < i < n, 1 < j < k. 

Hence the assertion. 

Exercise 11.4. Let % n = (Z n , +), and ft = (0, 0, 1, ..0) for % = 1, 2, ...n, 
where 1 is in the place. Prove that 

Z n = (f 1 ,f 2 ,...,f n ). 

i.e., (^ n , +) is a free abelian group with basis {ft, ft, ... , f n }. 

Lemma 11.5. Let F = (ft, ft, . . . , f n ), n > \, be a finitely generated free 
abelian group. Then F ~ % n . 

Proof: Define 

a : W l -> F 

(6i, 62, ... , &n) >->■ 6l/l + 62/2 + • • • + & n /n- 

For 6 = (pi, b 2 , ■ ■ ■ , b n ) and c— (ci,c 2 , . . . , c n ) in ZZ n , we have 

a(b + c) = a(bi + c 1 ,b 2 + c 2 ,...,b n + c n ) 

= (61 + ci)/i + (6 2 + c 2 )/ 2 + ... + (&„ + c n )/ n 

= (&1/1 + b 2 ft + . . . + 6 n / n ) + (ci/i + c 2 ft + . . . + (c n f n ) 

— a (k) + a(c). 

Therefore, a is a homomorphism.As 

F = %ft + %ft + . . . + Zf n , 

a is clearly onto. Finally, if a (b) = 0, then 

+ 62/2, • • • , b n f n = 
=4> 61 = 6 2 = . . . = b n = 0, 

since ft, ft, ■ ■ ■ , f n are linearly independent. Therefore 6 = which implies a 
is one-one. Hence a is an isomorphism, and F ~ ■ 
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Exercise 11.6. Prove that the converse of the lemma is true i.e., if an abelian 
group F is isomorphic to the free abelian group then F — (f\, f 2 , . . . , /„) 
for some /j e F, % — 1, 2, • • • , n. 

Exercise 11.7. Let m > 1, n > 1 be two integers. Prove that for the free 
abelian groups Z n = {Z n , +) and % m = (^ m , +), % n ^ m is isomorphic 
to %, m+n = (^ n+m j +). Then deduce that the direct sum of two free abelian 
groups of ranks n and m is a free abelian group of rank n + m. 

Lemma 11.8. Let F = (f ± , f 2 , . . . , f n ) be a free abelian group, and let A be 
any abelian group. Then for any 1 < i < n,in A there exists a unique 
homomorphism 

e-.F^A 

such that 0(fi) = Oj. 

Proof: Since F is a free abelian group with basis {fi, f 2 , ■ ■ ■ , f n }, any 
x G F can be uniquely expressed as 

x = \j, + x 2 f 2 + . . . + X n f n , (Xi e Z). 

Thus the map 

6 : F -> A 

n n 

i=i i=i 

is well defined. Now, let 

n 

X = 

i=l 

be any two elements of F. Then 



6(x + y) = e(J2(\ + »i)fi) 

i=l 

n 



i=l 
n 



i=l i=l 
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Hence, is a homomorphism from F to A with 0(fi) = a^. The uniqueness 
of 9 is clear as any element of F is of the form 

n 

i=i 

Lemma 11.9. For any two integers 1 < m ^ n < oo, % m ^ Z5 n . 

Proof: Define a relation ~ on /Z n (/Z m ) as follows : 
For a = (ai, a 2 , • • • , a n ) and b = (b 1 ,b 2 ,-.., b n ) in Z n , 

a^b^a-be 2% n i.e., a* - b { G 2^ for all i = 1, 2, ...n. 

We shall show that ~ is an equivalence relation. 

(i) Reflexivity : a ~ a, as a — a = G 2Z n . 

(ii) Symmetry : Let a ~ 6. Then 

a - 6 G 2% n 
^b-ae 2% n 

Hence b ~ a. 

(iii) Transitivity : Let for a, 6, c G -ZT n , a ~ 6, 6 ~ c. Then 

a- 6 G 2^™ and 6- cG 2^ n (11.1) 
a _ c = ( a _ 5) _ ( c _ 5) G 2^ n 

=>- a ~ a 
Hence ~ is an equivalence relation 

Now, suppose a : Z n — >■ -ZT m is an isomorphism. Then, for a, 6 G -2T n , 

a(a — 6) = a (a) — a(b). 

If a ~ b, then a — 6 = 2c for some c G Hence 

a(a — b) = a(2c) 
=>- a(a) — a(b) = 2a(c) 
=>- a(a) ~ a(b). 
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Conversely, if a(a) ~ a (b), then 

a(a) — a(b) = 2d for some d G ZZ" 1 
=>- a (a — b) = 2a(c) for some c G ZZ n , as a is onto. 
=>- a(a — b) = a(2c) 
=>- (a — b) = 2c as a is one-one. 
=>• a ~ b. 

Hence a maps bijectively /Z n / ~ to ~ . 

We shall now show that ~ | = 2 n . Note that, if a = (a\, 02, ■ ■ ■ , o n ) 

G then 

a ~ (5(ai),5(a 2 ), • • .,5(a n )), 

where 5 (at) = if a« is even and, 5(a«) = 1 if a« is odd. Further, clearly no 
two elements of the form (ci,C2, • • • ,c n ) in Zj n , where q = or 1, can be 
equivalent under the relation ~ unless they are equal. Hence, 

\% n / ~ I = 2 n . 

As a maps bijectively /Z n / ~ to Z m / ~, we get 2™ = 2 m . Therefore, m = n. 
Hence, if m 7^ n, Z n is not isomorphic to 2Z m . ■ 

Lemma 11.10. Any two bases of a finitely generated free abelian group have 
same number of elements. 

Proof: Let F be a finitely generated free abelian group, and let 

F — (A) h, • • • , fn) 

= (9l,92, ■ ■ ■ ,9m) 

Then, by lemma HT31 F ~ Z n and F ~ 2Z m . Thus Z n ~ Hence, by 
the lemma lll.9[ m = n. 

Exercise 11.11. Show that in a finitely generated abelian group A, every 
infinite subset is linearly dependent. 

Definition 11.12. The number of elements in a basis of a finitely 
generated free abelian group is called the rank of the free abelian 
group. 

Remark 11.13. A free abelian group F has rank if and only if F = 0. 
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Lemma 11.14. Let A be a finitely generated abelian group. Let 
A 1 = {a <E A\a is a torsion element i.e., o (a) < oo}. 
Then A 1 is a subgroup of A. 

Proof: Clearly G A 1 . Let a,b e A 1 . Then there exist m > 1 and n > 1 
such that na = and mb = 0. Hence, 

mn(a — b) = mna — mnb 

= m{na) — n{mb) = 0. 

=>- a - b G A 1 . 

Hence, A 1 is a subgroup. ■ 

Remark 11.15. An abelian group A is a torsion group if and only if A 1 = A. 

Lemma 11.16. For an abelian group A if A ^ A 1 , then the factor group 
A/A 1 is a torsion free group. 

Proof: Let a G A — A 1 , and let n(a + A 1 ) = A 1 for some n > 1. Then 

na + A 1 = A 1 
=^ na G A 1 

mna = for some m > 1 
=4> a G A*. 

This contradicts the assumption that a ^ A 1 . Therefore, in case A ^ A 1 , Aj A 1 
is a torsion free group. ■ 

Lemma 11.17. Let F = (f\, f 2 , . . . , /„), n > 0, be a finitely generated free 
abelian group. Then any subgroup H of F is free of rank < n. 

Proof: If F — (0), there is noting to prove. Hence, let F ^ (0). 
If H = (0), then the proof is clear since in this case H is free of rank 0. 
Hence, let H ^ (0). We shall, now, prove the result by induction on n. 
n = 1 : In this case F = (fi) = %f x . Put 

/ = {m G Z\mf! G H}. 

As H ^ (0), I 7^ (0). Further, if m and n G 7, then {m — n)f\ = mf\ —nf\ G 
H as H is a subgroup. Hence m — n G /. Therefore (J, +) is a subgroup of 
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(2fi, +). As (Z, +) is a cyclic group, (J, +) is a cyclic group. Let I = ZZk. 
Then k 7^ and if = Z(kf\). Thus, clearly if = (kj\). Hence, the result 
holds for n = 1. 

n > 1 : In this case F = (/i, / 2 , • • • , /n) where n > 1. For any di, a 2 , . . . , a n 
in an abelian group A, the map 

6:F ^ A 

is a homomorphism (Lemma lll.81) . For f\ = gp{fi}, consider the homo- 
morphism, 

pi : F -)• f\ 
^niifi h-» m 1 f 1 . 

i=l 

Then pi is clearly onto and ker(px) = K = (f 2 , . . . , /„). Thus, if is free of 
rank n — 1. By induction if fl if is free of rank < n — 1. If p\{H) = (0), then 
H = H (1 K and hence is free of rank < n — 1. If pi(H) ^ (0), then by the 
case n = l, Pi(H) is free of rank 1. Let pi(H) = (mi/i). Then there exists 
an element 

to = "ii/i + 1^2/2 + ■■■ + m n f n e if. 

Claim : H = (H f] K) ® (h). 
Let x G if, then 

Pi(z) G Pi(if) = (mi/i) 
=>- Pi(x) = pi(th) for some t E Z 
=>• -th) = 

=>• x — theK. 

=>• x -th E H n K since x, t/i G if. 
x = (x-th)+the(Hr)K) + (ti). 

Next, as for any 0) G Z,px(th) = tm x fi ^ 0. Therefore, if D (h) = 0. 
Hence, if = (if D if) © (h) . Now, as if n if is free of rank < 71 - 1 and (/i) 
is free of rank 1, if is free of rank < n( Exercis dll .7\) . 

Lemma 11.18. Let A be a finitely generated abelian group. Then any sub- 
group of A is finitely generated. 
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Proof: Let B be a subgroup of A = gp{a%, a 2 , . . . , a n }. Consider the 
homomorphism . 

9 : % n -> A 

which is clearly onto. Put H = 9~ 1 (B). Then is free of rank < n, i.e., H 
is finitely generated. Now, as 9 is onto, 9(H) = B. Hence B is generated by 
images of generators of H under 9 and hence is finitely generated. ■ 

Lemma 11.19. Let A be a finitely generated torsion free abelian group. Then 
A is free. 

Proof: Let A = gp{ai, 02, ... , a n , a n+ i, a n+2 , ■ ■ ■ , a^}. If necessary, by 
change of order, we can assume that {g^, a 2 , . . . , a n } is maximal linearly 
independent subset of {ai, . . . , a n , a n+ i, . . . , a^}. Then {a%, a 2 , . . . , a n , a^} is 
linearly dependent for each % > n + 1. Hence there exist 0) G ^ such 
that tjOj G F = (ai, a 2 , . . . , a n ) for alH > n + 1. Put t = t n+i -t n+2 • ■ ■ £& G 
then, £a, G -F for all z. Hence C F. Now, consider the homomorphism 
r : A — )■ F defined by r(a) = ta. As A is torsion free, r is a monomorphism. 
Thus A ~ tv4 C F. As F is free, is free of rank < n (Lemma I11.17|) . 
Hence, A is free of rank < n. 

Exercise 11.20. Show that the torsion free abelian group +) is not 
finitely generated. 

Definition 11.21. Let F be a free abelian group of rank n. Then 

for any /(^ 0) G F = (A, / 2 , . . . , f n ), if / = hf x + b 2 f 2 + . . . + b n f n , we 
define, 

Content of / = cont(/) = g.c.d.(6i, 6 2 , . . . , b n ). 

Remark 11.22. The definition of content of an element uses a basis of F. 
We shall see that in fact it is independent of the basis chosen. 

Lemma 11.23. Let F ^ (0) be a finitely generated free abelian group. Sup- 
pose 

F = (fx, f 2 , ■ ■ ■ , fn) = (01, </2, •••,</») ■ 

Let for x(± 0) G F, 

x = axfx + a 2 f 2 + ■■■ + a n f n = b x g x + b 2 g 2 + ... + b n g n , (a i5 b t G Z). 
Then 

g.c.d.(ai, 02, ... , a n ) = g.c.d.(b x , b 2 , . . . , b n ) 
i.e., content of an element in F is independent of the basis of F. 
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Proof: Let g.c.d.(ai, a 2 , ■ ■ ■ , a n ) = d and g.c.d.(bi, b 2 , ■ ■ ■ , b n ) = e. Since 
F = (/i, / 2 , • • • , /n) = (#1, #2, • • • , 9n), we can write 

n 

fi = Ajj#j, where A„ G ^. 
i=i 

for alH = 1, 2, . . . , n. Hence 

£ = ai/i + a 2 / 2 + • • • + a„/ n 

n n 

= a 1 (^2\ lj g j ) + ... + a n (£2\ njgj ) 
j=i j=i 



n n 



= OfeAfeOs'i + . . . + ( a k X kn )g n . 

k=l k=l 

As any element of F can be expressed uniquely as linear combination of basis 
elements with respect to any given basis, we conclude, 

h = Yl=i a k^ki Vi = 1,2, . . . ,n. 
=> d | bi Wi = 1, 2, . . . , n. 
=4> d j e. 

Similarly, we can show that e | d Hence e — d. M 

Lemma 11.24. Let F = (/i, / 2 , . . . , f n ) and g(^ 0) £ F be such that 
cont(g) = 1. Then, g is part of a basis of F. 

Proof: Let g = ai/i+a 2 / 2 +. . -+a n f n , where G 25 for alH = 1, 2 • • • , n. 
As cont(g) = 1, g.c.d.ia^ a 2 , . . . , a n ) = 1. Thus there exist &i, 6 2 , . . . , b n G % 
such that ai&i + a 2 6 2 + . . . + a n b n = 1. Define : 

: F ->■ ^ 

Then is a group homomorphism. Further, 

%) = 0(E<W*) = £aA = i 

=>- is onto. 
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Let H = ker(0). Then H is free (Lemma 1 1 1 . 1 7j) . We shall prove that F = 
H © (g). Clearly, gp{g} = (g) and H + (g) C F. Let for i6f, 

#(2) = m 
=r- 6*(x) = m6(g) since 0(g) = 1. 
=>- 0(x — mg) = 
=>• x — mg G ker(#) = H 

x G H + (g) 
=> H+(g)=F. 

Next, if y G H n (g), then 

y = tg and y = h, where t a /Z and h £ H. 
%) = and %) = = 
0( y ) = t = 0, since 9(g) = I. 
=> y = 

#n(g) = o 

Hence, F = H © (g). Now, g together with a basis of H gives a basis of F. 
Consequently g is part of a basis of F. ■ 

Theorem 11.25. Let F = (fi, f 2 , . . . , / n ) fre a /ree abelian group of rank n 
and 0) C F, a subgroup. Then there exists a basis {gi,g2, ■ ■ ■ ,g n } of F 
and non-zero integers ax, a 2 , • • • , Ofc (0 < k < n), aj | aj+i, suc/i i/iai H is a 
free abelian group with basis {aiPi, a 2 g 2 , ■ ■ ■ , a k9k}- 

Proof: Let 0) G H be an element of least content in if and let 
a\ = cont(h). Then we can write h = aih\, where hi G H, and cont(h\) = 
1. By lemma lll.24[ hi is part of a basis of F. Therefore, we can choose 
h' 2 , h' 3 , . . . , h' n in F such that F = (hi, h' 2 , h' 3 , ...,h' n ). Note that F = (hi) © 
(h' 2 , h' 3 , ...,h' n ). We shall prove that H =< > ®H n (h' 2 , h' 3 , . . . , h' n ). 
Let xty 0) G Then 

x = Xihi + A 2 /i 2 + . . . + A n /?4, for some Aj G 

Let Ai = aiqi + r 1; < r x ^ a x . Then 

a; — gi/i = x — qiaihi = r x hi + A 2 /i 2 + • • • + A n ^. 
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If T\ 7^ 0, then, cont(x — q^h) < r\ < a±. This contradicts the choice of h. 
Therefore r\ = 0, and we get 



If H n {h' 2 ,h 3 , . . ., h' n ) = (0), then the proof is finished. However, if H n 
(h' 2 , h' 3 , . . . , h' n ) 7^ (0), then by induction, there exists a basis {h 2 , h 3 , . . . , h n } 
of (h 2 , h' 3 , . . . , ft^), and non-zero integers 02, 03, ... , 0^(2 < k < n), Oj | Oj+i, 
for i > 2, such that if fl (/i' 2 , h 3 , . . . , h' n ) = {a 2 h 2 , ■ ■ ■ , dkhk)- In this case, F = 
(/ii, h 2 , . . . , h n ) and iJ = (ai/ii, 02/^2, • • • , cikhk)- The proof will be complete 
if we show that a x | a 2 - If «i does not divide a 2 , then cont[a\h\ + a 2 h 2 ) = 
g.c.d.(ai,a 2 ) < a 1; and (aihi + a 2 h 2 ) e ii. This contradicts the choice of /t. 
Hence, ai divides a 2 and the proof follows. ■ 

Lemma 11.26. Let A be an abelian group and F = (f ± , f 2 , . . . , /„) be a free 
abelian group. If 6 : A ^ F is an onto homomorphism, then, 



Proof: Since 6 is onto, there exist G A such that 9(at) = fi for 
i — 1, 2, . . . , n. Define 



x — qih = x — qiaihi 

= X 2 h' 2 + ... + X n h' n e H n (h' 2 , h' 3 , ...,h' n ). 

=4> x e (a^i) ® H H (h' 2 , h' 3 , . . . , h' n ) 
=>• H = (a 1 hi)®Hn(h' 2 ,h' 3 ,...,h' n ). 



A ~ F © ker # 



•0 : F — >■ A 




Then ^ is a homomorphism, and 




Note that, 
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Hence, ip is an isomorphism onto ip(F). We shall now prove that A ~ 
i/j(F) 0ker#. Clearly, ip(F) + ker 9 C A. Let x G A, a; ^ 0. Then, 

9(x- (ipo9)(x)) 
= 9(x) - (0oV)(0(aO) 
= 0(a;) - 0(x) 
= 0. 

=>■ x — (tp o #) (a?) G ker 6* 
=>■ x G i/>(F) + ker 6 1 
=^ A = V(-F) + ker 6 1 . 

Now, let y eip{F)n ker 0. Then 

U = tfif) = a where / G F and a G ker 0. 
=► 9{y) = 0ty{f)) = 9(a) 

=> e(y) = f = o 

y = ^(f) = 

(0) = i/j(F) nkerfl. 

Hence, 

A = 4>(F) © ker 
=4- A~F©ker6».B 

Remark 11.27. In the above proof freeness of F is used only to construct ip- 
However, if F is not necessarily free and there exists an onto homomorphism 
9 : A — > F and a homomorphism ip : F — > A such that (9 o ip) = Identity, 
then A = ^(F) © ker 9. 



STRUCTURE OF FINITELY GENERATED ABELIAN GROUPS 

Let A be a finitely generated abelian group and let A 1 be the torsion subgroup 
of A. If A 7^ A*, then A/A 1 is torsion free, finitely generated, abelian group 
and hence is free by lemma 111.191 Consider the natural homomorphism 

n : A -> A/A* 

Since ker?] = A*, by the lemma 111.261 A ~ A* © A/A*. As A is finitely 
generated, A* is a finitely generated abelian group (Lemma 111. 18|) . Hence, 
any finitely generated abelian group is the direct sum of a finitely generated 
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free group and a finitely generated torsion group. Clearly, a finitely generated 
torsion abelian group is finite. Hence as a finitely generated free abelian 
group is isomorphic to %> n for some n > 0, to know the structure of a finitely 
generated abelian group, we just have to know the structure of a finite abelian 
group. We first, prove: 

Theorem 11.28. Let A be a finitely generated abelian group, and let 

A~F®B, and A ~ F 1 ® C 

where F, F\ are free abelian groups of finite ranks and B, C are finite abelian 
groups. Then F ~ Fi and B ~ C. 

Proof: Let 

6 1 : A ~ F © B and 6 2 : A ~ F 1 © C 
be isomorphisms of groups. Then 

6*i (A*) = (F©F)* = B 

and 

2 (4*) = (F 1 ©C)* = C 
Therefore F ~ C. Further, 0! and 2 shall induce the isomorphisms 

O-l-.A/A* ~ {F®B)/B = F 

a + A f I— >■ 0i(a) + S 

and 

0" 2 : A/A* ~ (F x © C)/C = F 1 

a + A f ^ 2 (a) + C 

Hence F is isomorphic to Fi. ■ 

Lemma 11.29. Let (0)) &e a finite abelian group. Then, 

B ~ ^/(m) © ^/(n 2 ) © ... © ^/(n fc ) 
where 1 < rii and divides n i+ i for all 1 < i < k — 1. 
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Proof: Let k denotes the number of elements in a minimal set of gener- 
ators of B. As B(j^ (0)), k > 1. Thus there exists an onto homomorphism 

i/j : Z k ->■ B 

Put F = and i*\ = ker-0. Clearly Fi ^ (0), since F/F\ is isomor- 
phic to B, which is a torsion group. By theorem 111.191 there exists a basis 
{<7i, g 2 , . . . , Qk\ of F and integers 1 < ni < n 2 < . . . < ni, 1 < / < k, such 
that Hi | rij+i for all z > 1, and 

F = (nigi,n 2 g 2 , ■ • ..ntfi). 

Then 

^.y, © ^ 2 © ... © ^///, 



F/Fi 



Znxgi © %n 2 g 2 © • • • © ^nz#z 
7l m 



2Zg, 



z+i 



As F/Fi ~ I? is a torsion group, I = k. Hence 



F/Fi 



Zmgi %n k g t 



(ni) (n k ) 
where 1 < n\ < n 2 < . . . < ni, Hi \ rii+i for alH > 1. 

An alternate proof of lemma I11.29L 



Lemma 11.30. Let A{=£ 0) be a finite abelian group, and let x G A be an 

element of maximal order in A. Then the cyclic group gp{x} is a direct 
summand of A. 

Proof: Let o(x) = d. We shall first show that for any y G A, o(y) divides 
d. If not, then for a prime p, and a > 0, p a divides but, does not divide 
d. Let o(jj ) = mp a . Then o(my) = p a , and p a \ d. Let d = p^n where /3 > 0, 
and (p, n) — 1. As p a \ d, a > (3, and clearly o(p@x) = n. Now, for x\ = p^x, 
Hi = my, (o(xi), °(yi)) = {n,p a ) = 1. Therefore + yi) = p a n > d = p^n 
(Theorem 2.35 ). This contradicts the choice of x. Hence o[y) divides o(x) 
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for all y £ A. 

Choose a maximal subgroup B of A such that B fl gp{x} = (0). Put C = 
B + gp{x}. To prove the result it suffices to show that A = C. If not, then 
the factor group A/C is non-zero. Choose an element of prime order (say) q 
in A/C. Thus there exists z £ A — C, such that 

qz E C = B + {x} 

=>■ gz = 6 + mi for some m £ ^ and b £ B 

Let 0(2) = fc. We claim that g|fc. If not, then (q,k) = 1. Hence, 
and qz £ C, z £ C. A contradiction to our assumption. Thus g|fc, 
g|d since From the equation (jll.2p . we get 

= dz = d/q-b + d/q - mx 
=>- d/q ■ b = d/q ■ mx = since B fl gp{x} = (0) 
=>■ d divides d/q ■ m 
=>- g|m. 

Thus the equation (lll.2p . can be written as 

qz = b + qmix where m = qm\ 
=>• g(z — mix) = b 

Put Zi = z — mix. Then zi £" B + as 2 ^ B + moreover, 

qzi = b £ B. As £" C = -B + gp{a;}, and .B is maximal disjoint from gp{x}, 

{B + gp{ Zl }){\gp{x}^U 
=>- bi + sz\ = tx 7^ for some s,t £ Z and bi E B 

Let us note that g { s, since otherwise 

61 + szi = tx <E B f) gp{x} = since qz\ £ £> 
=S> tx = 

A contradiction to our assumption that ta; 7^ 0. Now, as sz\ = tx — b\ £ 
B + gp{x}, and g^i £ £>, z\ £ £> + since (g, s) = 1. This contradicts 

the fact that z\ ^ B + Hence A = C = B + and the result 

follows. ■ 

Corollary 11.31. Let A(^ 0) be a finite abelian group. Then A is isomor- 
phic to a direct sum C ni © C n2 © • ■ ■ © C nk (C ni : cyclic group of order Hi) 
where < n\ < n 2 < ■ • • < n^,and \ n i+ i for all 1 < i < k — 1. 



(11.2) 

as kz = 
and hence 
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Proof: The proof is straight forward deduction from the theorem. 
Remark 11.32. The above corollary is a restatement of lemma [11.291 

Before proceeding further, we shall prove: 
Lemma 11.33. Letm,n be two positive integers. Then 

nZj m = 

where d = and Zj m denotes (Z/(m)). 

Proof: The group /Z m is cyclic generated by the element 1 + (m). Hence, 
n/Z m is cyclic generated by n(l + (m)). By theorem !2.33l order of the element 
n(l+ (m)) is = d (say). Hence the result follows. ■ 

Corollary 11.34. In the lemma, m \ n if and only if n(Z m ) = (0). 

Lemma 11.35. Let m,mi and n be three positive integers where m divides 
mi. Then divides , mi > . 

± (n,m) (n,mi) 

Proof: Let mi = ma. Then 

(n.TOi) = (n,ma) 

( n m \ 
= (n,m)[- -,- r« 

= (n,m) ( n a) , since ( U m ) = 1. 
\{n,m) j \{n,m) {n } m) / 

Hence 

m 1 ma 
(n, mi ) (n,m)(-^,a) 
m a 
(n, m) ( , n s , a) 

\ ' ' V (n,m) ' / 

m | m\ 
(n,m) (b, mi) 

Hence the result. ■ 
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Theorem 11.36. Let rii, 1 < i < k, and rrij,l < j < I, be positive integers 
such that ni > l,m 1 > 1 ; n* | ni + i,rrij | m J+1 for all 1 < % < k — 1 and 
1 < j ' < I — 1. Tnen z//or an abelian group A, 

A ~ ^/(m) © ^/(n 2 ) © ... © #/(n fc ) (11.3) 

and a/so 

A ~ ^/(mi) © ^/(m 2 ) © ... © Z/imi), (11.4) 
t/ien Z = and = n, /or a// i. 

Proof: Choose a prime p such that p \ n\. . Note that whenever p divides 
an integer m, 

p2L m = {p{k + mZ) | k G Z} 
= {{pk + mZ)\k G %} 



Further, if p J(m, then there exist integers a, b such that pa + mb = 1. Hence 

1 + m!Z = pa + mb + m.ZT 

= p(a + m^) G 
=>• p/Z m = ^ m 

Thus, from equation d 1 1 . 3 [) 

A/pA ~ ^/(p) © ^/(p) © ... © ^/(p) A;-times 
\A/pA\ = p k 

Next, from equation f lll.4p . clearly 

\A/pA\ < p l 

Therefore 

=> k<l. 

Similarly, we can show that / < k. Hence I = k. For any fixed 1 < t < k, 
using the lemma [11.331 from equations (111. 3ft and (II 1.4ft . we get 

m t A ~ 2Z/{d x ) © Z/(d 2 ) © ... © Z/(d k ) (11.5) 
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where oL = , nj r , 
and 

m t A ~ ^/(ei) © ^/(e 2 ) © ... © ^/(e fc ) (11.6) 
where e,- = , mj ^ . Now as m, divides m ( for ? < £, we get e, = 1 for all 

J (mt,mj) J — ' J 

j < t. Therefore, from equation f l 1 1 . 6 [) 

m t A ~ %/{e t+1 ) © ^/(e t+2 ) © ... © #/(e fc ) (11.7) 

By the lemma lll.35[ | ej+i and cfj | d i+ i for all i. Hence from equations 
(I11.7P and (lll.5p . we get two decompositions of m t A which satisfy the hy- 
pothesis of the theorem. Therefore, from the first part of the theorem, we get 
that the two decompositions (I11.7P and fl 11 . 5 [) have same number of terms. 
Hence 

dj = 1 for all j < t. 

n t \m t 

Similarly we can show that m t divides n t . Therefore n t = m t for all t. Hence 
the proof of the theorem is complete. ■ 

Definition 11.37. An additive (multiplicative) abelian group G which 
is a finite direct sum (product) of cyclic groups of order p for a 
prime p is called an elementary abelian p-group. 

Lemma 11.38. Let G be a finite group with order n > 1. If AutG acts 
transitively over the non-identity elements of G, i.e., given any two non- 
identity elements x,y in G there exists a G AutG such that a(x) = y, then 
G is elementary abelian p- group for a prime p. 

Proof: First of all, note that if a G AutG and x G G then o(x) = 
o(a(x)). Hence if x is any non-identity element in G, then as AutG acts 
transitively over non-identity element of G, for any 1 < i < o(x), there exists 
f3i G Aut G such that f3i(x) = x l . Therefore o(x) = p, a prime. Further, for 
any two non-identity elements x, y in G, there exists (3 G Aut G such that 
(3(x) = y. Hence o(g) = p for all g G G. Now, to complete the proof we have 
to show that G is abelian. By Cauchy's theorem (Theorem 18.331) . o(G) = p m 
for some m > 1. Further, as G is finite p-group Z(G) ^ e (Theorem I8.27p . 
Take any x(^ e) G Z(G). Then for any y G G and a G AutG, 
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az(xy) = a(yx) 
=>■ a(x)a(y) = a(y)a(x) 
=>- a(x)g = ga(x) for all g G G, 

a(x) e Z(G) for all a G Aut G 

Z(G) = G. 

since Aut G acts transitively over non-identity elements in G. 
Hence G is elementary abelian p-group. ■ 

Divisible groups 

In this section, we shall analyse divisible (Definition I6.23j) abelian groups. 
We know that : 

(i) Any divisible subgroup of an abelian group is its direct factor (Theorem 

MM- 

(ii) Any homomorphic image of a divisible group is divisible (Exercise I6.29p . 
By (ii), any direct factor of a divisible group is divisible. We shall see below 
that the abelian groups ((£>, +) and(F p °o are the only indecomposable divisible 
abelian groups (upto isomorphism). 

Theorem 11.39. Let A be an additive abelian divisible group. Then 

(i) If A contains an element of infinite order, A contains a torsion free 
divisible subgroup. 

(ii) If A has an element (7^ 0) of finite order, then A contains a subgroup 
isomorphic to(U p oo for some prime p. 

Proof: (i) Let £1(7^ 0) G A be an element of infinite order. As A is 
divisible we can choose x n G A, for all n > 2, such that nx n = x n -\. Let 
H = gp{x n I n > 1}. We shall prove that H is a divisible torsion free 
subgroup. First of all, we shall show that H is torsion free. Any element 
0) of H can be expressed as : 

h = m\X\ + ■ ■ • + mtXt 

where t > 1 and < irii < i for all i > 2. If t — 1 then clearly order of h is 
infinite. Assume t > 2. We have 

t\h = tlrriiXi + |ym 2 Xi + • • • + m t X\ 

= (tlnii + t(t — 1) • • • 3m 2 + • • • + tm t _i + m t )xi 
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We claim: 

m\t\ + m 2 t(t — 1) • • • 3 + + • • • + tm t _i + tm t _i + m t ^ 
If not, then 

t\mi + m 2 t(t — 1) • • • 3 + • • ■ + tmt-i = —m t 
t | m t 

=>- nit — since by assumption m, < z for z > 2 

mit! + m 2 t(t - 1) - • • 3 + tm t -i = 

(t - 1) | mt_i 
=>- mt_i = as above, if t — 1 > 2 

Continuing the argument we get ni\ = rri2 = ■ ■ ■ m t = 0. This gives h = 0, 
which is not true. Hence the claim follows. Consequently any h ^ in H has 
infinite order i.e., H is torsion free. We shall, now, prove that H is divisible. 
Note that for any i > 1, 

(z + l)(i + 2) • • • (i + m)x i+m = Xi 

As m divides (z + l)(z + 2) • • • (z + m), it follows that my = Xi has a solution 
in H for all m > 1 and z" > 1. Therefore it is clear that H is divisible, 
(ii) Let x(y^ 0) £ A be an element of finite order m (say). If p is a prime 
dividing m, then for x\ = m\x where m\p = m , o(xi) = p. As A is divisible, 
we can choose X\, ■ ■ ■ x n , ■ ■ ■ in A such that px n+ i = x n for n > 1. Put 
if = gp{xi, x 2 , ■ ■ ■ , x n , ■ ■ • }• Then it is easy to check that the map: 

H — y (Dpoc 

is an isomorphism. The fact that H is divisible follows by observing that 
qH = H for all primes q ■ 

Theorem 11.40. Let A{^ 0) be an additive abelian torsion free divisible 
group. Then A contains a subgroup isomorphic to (($,+), the additive group 
of rational numbers. 

Proof: Let X\{^ 0) G A. For all n > 1, choose x n+ i G A such that (n + 
l)x n+ i = x n . Then, as in theorem 111.39} the subgroup of H = gp{x m \ m > 
1} is a torsion free divisible subgroup of A. Define: 

:(<£,+) -> H 
m/n i — y y 



205 



where ny = mx\. As H is divisible, existence of such a y is guaranteed. If 
m/n = 0, then m — 0, hence ny = 0. Therefore y — 0. Further, let 

22 = *(^o) where m, n, fc, Z G Z 
=>- ml = kn 

Let 

ny = mxi, Iz = kx 1 

=>- nly = mlx 1 , nlz = knx 1 

=>- nly = nlz since ml = kn 

=>- y = z since A is torsion free 

Hence is well defined. Now, let for m/n, m\/n\ EQ, 

<P(m/n) = y,0(mi/ni) = z 
=>- mx\ = ny,m\X\ = n±z 
=>- (mni + nm\)xi = nn±(y + z) 

Therefore is a homomorphism. Clearly <f>(m/n) = if and only if m — 0. 
Hence is a monomorphism ■ 

Remarks 11.41. (i) The groups (<£>,+) and(Z7 p00 are not finitely generated, 
hence a divisible abelian group is not finitely generated. 

(ii) The divisible groups +) and(Z7 p oo are the only indecomposable, divisible 
abelian groups (upto isomorphism). 

(iii) Using above result we can prove that any divisible group(^ id) is a direct 
sum of groups each isomorphic either to the additive group of rationals or 
to the group C p oo for some prime p (different summands may correspond to 
different primes). The proof involves transfinite induction and is beyond our 
scope. 



EXERCISES 

1. Prove that Q p = | m G Z,p a prime, k > 1.} is an additive sub- 
group of (<£>,+). Show that Q p is not isomorphic toQ q if p and q are 
distinct primes. 



206 



2. Prove that(^/^ is a torsion group and is not finite. 

3. Prove thatQ/Zj is the union of subgroups of prime power orders. 

4. Show that \Aut{%)\ = 2 and \Aut(Z n )\ = <j>{n). 

5. Let (A, +) be a torsion free abelian group. Prove that if {Bi} ie j is a 
family of divisible subgroups of A, then f] iGl Bi is a divisible subgroup 
of A. 

6. Show that every cyclic group is isomorphic to a subgroup of a divisible 
group. 

7. Prove that any finitely generated abelian group is isomorphic to a sub- 
group of a divisible abelian group. 

The result in the above exercise is true in general. To arrive at that, 
we define: 

An abelian group (F, +) is called free if there exists a subset S = {fi}iei 
in F such that: 

(i) F = gp{S} 

(ii) S is linearly independent i.e., given any finite subset {f^, ■ ■ ■ , fi k } 

of S and A; G Z, 1 < i < k if X 1 f h + \ 2 f i2 + h \kfi k = 0, then 

Xi = X 2 = ■ ■ ■ = Xk = 

8. Show that any abelian group is homomorphic image of a free abelian 
group. 

9. Prove that any abelian group is isomorphic to a subgroup of a divisible 
group. 

10. Prove that any non-identity element of a free abelian group has infinite 
order, but, the converse is not true. 

11. Let A, B,C be three finitely generated abelian groups. Use structure 
theorem of finitely generated abelian groups to prove: 

(i) A B = A C implies B = C 

(ii) A©i4 = 50B implies A = B 

(iii) If A B is a free abelian group, then A and B are free. 

12. Let A be an abelian group, and B, a subgroup of A. Prove that if A is 
generated by n elements then B can be generated by m elements where 
m < n. 
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13. Find upto isomorphism all abelian groups of order 48,56, and 120. 

14. Let 0) be a finite abelian group. Prove that if A is not cyclic then 
there exists a prime p such that p 2 divides o(A). 

15. Prove that upto isomorphism the number of cyclic subgroups of the 
group H = Z 6 Z u is 5. Further, find all distinct cyclic subgroups 
of H. 

16. Let m > 1, n > 1 be two integers. Prove that Z m 2Z n is isomorphic 
to /Zd %i where d = g.c.d.(m, n) and I = l.c.m.(m, n). 

17. Let G be a finite abelian group. Prove that for any subgroup H of G, 
there exists a subgroup K of G such that K is isomorphic to G/H. 

18. Let p be a prime. Prove that for the abelian group G = Z p • • • % p 
(n-copies), the group of automorphisms G i.e., AutG is isomorphic to 
Gl n (Z p ). 

19. Let p be a prime. Prove that for the additive abelian group 

A = Z p % p • • • Z p (n-times) 

the number of distinct subgroups of order p m (m < n) is: 

(p n - l)(p n - p) ■ ■ ■ (p n - p m - r ) 
(p m - l)(p m - p) ■ ■ ■ (p rn - p m - r ) ' 

20. Let A be a finitely generated infinite abelian group. Prove that if for 
every non-identity subgroup H of A, A/H is finite cyclic, then A is 
infinite cyclic. 

21. Determine the number of non-isomorphic abelian groups of order 56. 

22. Prove that there are exactly eleven abelian groups of order 729 upto 
isomorphism. 

23. Let G be a finite abelian group. Prove that AutG is abelian if and 
only if G is cyclic. 

24. Prove that any finite abelian group A is Frattini subgroup of an abelian 
group B. 
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Chapter 12 

Chains Of Subgroups 



In this chapter, we shall study some special chains of subgroups of a group. 

Definition 12.1. Let G be a group. Then 

(a) A chain of subgroups 

G = G > Gi > G 2 > • • ■ > G n _i > G n = {e} 

(repetitions allowed) is called a subnormal chain of the group G,and 
the factor groups Gi/G i+ i, i = 0, 1, . . . , n — 1, are called the factors of 
the subnormal chain. Further, if Gi ^ G i+ i for all < i < n — 1, then 
n is defined as the length of the subnormal chain. 

(b) A subnormal chain 

G = H > Hi > H 2 > • • • > F m _ x > H m = {e} 

of G with length m, i.e., Hi ^ H i+ i, for < % < m — 1, is called a 
composition series of G if all the factors of the chain are simple 
groups i.e., Hi/H i+ i is a simple group for all % > 0. 

Examples 12.2. 1. For the symmetric group S n , S n > A n > e is a subnormal 
chain of length 2 for all n > 3. 

2. For an abelian group G, any chain of subgroups of G starting from G and 
ending at the identity subgroup is subnormal chain of G. Thus 

/Z D n2Z D m% > {0} 

is a subnormal chain of the group +) if and only if n divides m. 

3. For the group Gl n (M), Gl n (M) > Sl n (M) > id is a subnormal chain. 

1 contents groupl2.tex 



209 



Lemma 12.3. Any finite group id) has a composition series. 

Proof: Let G be a finite group with o(G) = n > 1. Choose a maximal 
normal subgroup Hi of G i.e., Hi < G, Hi ^ G and whenever K < G and 
Hi C X, then either K = G or K = H 1 . Clearly o(H{) < o(G). Next choose 
a maximal normal subgroup of H 2 of Hi, and continue. As o(G) < oo, this 
process will terminate into identity subgroup. If H n = e, then 

G = G Q > Gi > G 2 > ■ ■ ■ > G n _i > G n = {e} 

is a composition series of G since Hi/ Hi + 1 is a simple group for all < % < 
n — 1 (Lemma 15. 32p . ■ 

Note: Try to find an infinite group which has a composition series. 

Exercise 12.4. Show that an infinite abelian group has no composition 
series. 

Definition 12.5. Let G be a group and let 

G = G > Gi > G 2 > ■ ■ ■ > G n _i > G n = {e} (12.1) 

and 

G = H > Hi > H 2 > • ■ ■ > > G m = {e} (12.2) 

be two subnormal chains of G such that Gi ^ Gj, Hi ^ Hj for all 
% j. The chains ( 112. lj) and (112. 2j) are said to be equivalent if 
n = m and there exists a permutation a of {0, 1, • • -n — 1} such that 

Gi/G i+ l ~ -f/cr(i) H a (i) + l 

for all z > 0. 

Example 12.6. Let G = C$ = gp{a} be a cyclic group of order 6. Then for 
the subnormal chains 

G = Go > Gi = gp{a 2 } > G 2 = {e} 

and 

G = H > Hi = gp{a 3 } > H 2 = {e} 

G/Gi ~ Hi/H 2 and G\jG% ~ Ho/ Hi. ( Use: any two cyclic groups of same 
order are isomorphic). Hence the two chains are equivalent. 
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Definition 12.7. Given two subnormal chains 

G = G > Gi > G 2 > ■ ■ ■ > G n _! > G n = {e} (12.3) 

and 

G = H > H x > H 2 > • ■ ■ > H m ^ >G m = {e} (12.4) 

of a group G, the chain ( 112. 4ft is called refinement of the chain 
(112. 3j) if each Gi is equal to some Hj i.e., every member of the 
chain (I12.3j) is a member of the chain (112.41) . 

Remarks 12.8. (i) We shall say that (I12.4p is a proper refinement of (112.31) 
if (112. 4p is a refinement of (112. 3p and for some < jo < m, Hj ^ Gi for any 
i. 

(ii) By the definition of a composition series, a composition series can not 
have a proper refinement. 

Examples 12.9. 1. Let G = S n , n > 3. Then 

G = S n > A n > {e} 

is a refinement of S n > {e}. 

2. For the abelian group Z = +), the subnormal chain 

lD2^D«D8lD {0} 
of is a refinement of the subnormal chain 

ID«D {0} 

Theorem 12.10. Let A, B, H be subgroups of a group G where H <l G and 
B < A. Then BH is a normal subgroup of AH and 

AH/BH ~ A/B(H (1 A). 

In particular if B = {e}, then 

AH/H ~ ni). 
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Proof: Since H <G, AH = HA and BH = HB. Hence, by theorem 
ll.47[ AH and BH are subgroups of G. Clearly BH C AH. Further, for any 
a e A, h <E H 

(ah)BH(ah)- 1 = ahBHh^a- 1 
= ahBHa~ l 
= ahHBa~ l 
= aHBa- 1 
= aBa~ l H (H < G) 
= BH sincei? < A 

Hence BH < AH. Now, as A is a subgroup of AH, the map 

(f) : A AH/BH 
x i — y xBH 

is a homomorphism. For any a G A, h G if, we have 

= aHB 
= aBH 

Hence (f) is onto. Further, for any x G A, 

<j>{x) = BH 

xBH = BH 
=>- x = bh\for some b G B,h\ G H 
=>. hi = b~ x x G A H H 

x G B(i4 n #) 

Conversely if x G D if), then we can write x = bh! for some b G B and 
h' £ An H, moreover, we have 

xBH = bh'BH = bh'HB 
= bHB 
= bBH 
= BH 

Therefore Ker# = B(A n if), and by the I isomorphism theorem (Theorem 

AH/BH ~A/B(HnA) 
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In case B = {e}, it is immediate that 

AH/H ~ A/(H n A)M 

Lemma 12.11. Let 

G = Go > Gi > G 2 > ■ ■ ■ > G n -i >G n = {e} 

be a subnormal chain of a group G. Then 

(a) For any subgroup H of G, 

H = H > Hi > H 2 > ■ ■ ■ > #„-i > H n = {e} 
is a subnormal chain of H where Hi = H fl G{. 

(b) If for a group A, : G —¥ A is an onto homomorphism, then for Ai = 
4>{Gi), i > 0, 

A = Aq > A 1 > A 2 > ■ ■ ■ > A n _ x > A n = {e} 
is a subnormal chain of A. 

Proof: (a) As G i+1 < Gi for all % > 0, 

Hi + i — H fl Gi+i < Hi = H n Gi. 

Hence, clearly 

H = Ho> Hi> H 2 > ■ ■ ■> H n _i > H n = {e} 
is a subnormal chain of H. 

(b) Since is onto homomorphism <p(Gi + i) < <p(Gi) for all « > (Theorem 
I5.30( i)). Hence the proof is clear. ■ 

Corollary 12.12. Lei H be a normal subgroup of a group G. If 

G = A > A 1 > A 2 > ■ ■ ■ > A m ^i > A rn = {e} 
is a subnormal chain of G, then 

G/H > A\HjH > A 2 Lf/if > ■ • • > A m _iH/H > # 
zs a subnormal chain of G/H. 
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Proof: Let 

r] : G -)• 

be the natural homomorphism. Then 

ri(Ai) = {xH | x E Ai} 

= {xhH | x e A,h e H} 
= AH/H 

for all i > 0. Hence, by the lemma, the result follows. ■ 

Lemma 12.13. // a group G has a composition series of length n, then 

(a) Every normal subgroup H of G has a composition series of length < n. 

(b) Any homomorphic image of G has a composition series of length < n. 

Proof: Let 

G = G > Gi > G 2 > ■ ■ ■ > G n _i > G n = {e} (12.5) 

be a composition series of G. We, now, prove: 

(a) By the lemma 112.111 

H = H > H x > H 2 > ■■■> Hn-i >H n = {e} (12.6) 

is a subnormal chain of H where Hi = HnGi. Since H <\G, Hi = H(lGi<lGi 
for all i > 0. Consider the natural homomorphism: 

Hi/H i+ i — > Gi/G i+ i 
xH i+1 ^ xG i+1 

This is a monomorphism and as Hi < Gi, the image of Hi/H i+ i is a normal 
subgroup of Gi/G i+ i. Since Gi/G i+ i is a simple group, im(Hi/ H i+1 ) = 
Gi/Gi + i or id. i.e.,im(Hi/ H i+ i) = Gi/Gi + \ or Hi = H i+ i. Hence after 
deleting repetitions, if any, in f)12.6p . we get a composition series of H with 
length < n. 

(b) By lemma 112.111 if <p : G — > A is an onto homomorphism, then 

A = A > Ai > A 2 > • ■ • > A n _i > An = {e} (12.7) 

is a subnormal chain of A where A4 = <fi{Gi). Consider the natural map: 

Gi/G i+1 ^Ai/A i+1 
xG i+ i ^ <p(x)A i+ i 
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This is an onto homomorphism. As Gi/Gi+\ is a simple group, by the lemma 
15.331 either A4 = A i+1 or Gi/G i+ i ~ A; L / A i+1 . Hence, after deleting repe- 
titions if any in f II 2 . T j) . we get a composition series of A with length < n. 
■ 

Lemma 12.14. If for a normal subgroup H of a group G, H and G/H admit 
composition series of length k and I respectively, then G admits a composition 
series of length k + I. 

Proof: Let 

H = H > H 1 t> ■ ■ ■ > # fc _! > H k = {e} (12.8) 

and 

G/H = A /H > Ax/H > A 2 /H >■■■> M-i/H > H (12.9) 
be composition series of H and G/H respectively. Then, using corollary 15. 31 [ 

G = A > At > A 2 > ■ ■ ■ > > H > Fil> 

• • • > F fc _a > H k = {e} (12.10) 
is a subnormal chain of G.We have 

(A/H)/(A l+1 /H) ~ V^+i 

for all i > 0. Thus Ai/A^i is a simple group for all z > 0. Further, as 
Hj/Hj + i is a simple group for all j > 0, (112. 10p is a composition series of G 
with length I + fc. Hence the result. ■ 

Theorem 12.15. (^Schreierj Any two subnormal chains of a group G have 
equivalent refinements. 

Proof: Let 

G = G > d > G 2 > • • ■ > G n _i > G n = {e} (12.11) 

and 

G = H >H 1 >H 2 >---> F m _i > if m = {e} (12.12) 
be two subnormal chains of a group G. Put 

Gjj = (Gi n Hj)Gi + \ 
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and 

Hji = (Hj fl Gi)Hj + i 

for all i = 0, 1, . . . , n and j = 0, 1, . . . , m assuming that G n+ i = H m+ i = {e}. 
We have 

Gi = (Gi R H )Gi + i 

— (Gi D = G, 

and 

= (Gj n H m )Gi + i 

= (Gi n {e})G i+ i = Gj+i 

Further taking G = Gj, /J = Gj + i, A = Gj fl if., and -B = Gj fl in the 
theorem 112. 1U[ we get 

Gij+i = (Gj R .Hj + i)Gj + i < (Gj fl Hj)Gi + \ = G^ (12.13) 



Gjj Gj n Hj 



Gjj+i (Gj fl Hj + i)(Gi + \ n Hj / 
Similarly, using the subnormal chain 112.121 we get 



^ 12.14) 



H ji+1 <H ji (12.15) 

and 



Hji Gi PI ii. 



(Gj n i/j + i)(Gj + i n 

Thus using ( EHHj) , <RT\M . ( E35D and pi!f)| we conclude that 



12.16) 



G = Goo > G i >•■■!> G 0m = Gio > Gn >•••[> G nm = {e} (12.17) 

and 

G = H o>H 01 >--- H 0n = H w >H n >--'> H mn = {e} (12.18) 

are subnormal chains for G which are refinements of the subnormal chains 
(112.111) and (112. 12[) respectively and are equivalent to each other. Hence the 
result follows. ■ 

Corollary 12.16. ^Jordan- Holder Theorem^) Any two composition se- 
ries of a group are equivalent. 
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Proof: By definition, a composition series has no proper refinement. 
Further, by the theorem, any two normal chains have equivalent refinements. 
Hence, any two composition series are equivalent. ■ 

Remark 12.17. If group G has a composition series then any two composi- 
tion series of G have same length. 

We give below an independent proof of the corollary 112.161 in case G is 
finite. 

Theorem 12.18. Let G be a finite group. Then any two composition series 
of G are equivalent. 

Proof: Let 

G = G > Gi > G 2 > ■ ■ ■ > G n _i > G n = {e} (12.19) 

and 

G = H > H x > H 2 > • • • > tf m _i > H m = {e} (12.20) 
be two composition series of G. 

We shall prove the result by induction on n. If n = 1, then G is simple and 
the result is clear in this case. Now, let n > 1. We shall consider two cases. 
Case I. H x = G x 
In this case 

G 1 >G 2 >--->G n ^ 1 >G n = {e} (12.21) 

and 

G x > H 2 > • • • > H n -i > H n = {e} (12.22) 

are two composition series of G\, and length of f)12.2ip is n — 1. Hence, by 
induction, the subnormal chain (112. 2ip of the group G\ is equivalent to the 
subnormal chain fl 1 2 . 2 2 j) and consequently the subnormal chain (112. 19j) of 
the group G is equivalent to the subnormal chain (112.20)) . 
Case II H t ^ G t 

We have E x < G, and G x < G, hence G X H X < G. As and f TT2~20]) 

are composition series of G, Gi and i?i are maximal normal subgroups of G. 
Clearly C Ga^, G x C Ga^. Hence if G X K X ^ G, Gi^i = G x = H x , 
which is not true. Therefore G\H\ = G. Put D = H\ H Gi. By lemma [12.31 
Z} has a composition series (say) 

D = D > Dx > D 2 > ■ ■ ■ > A-i > = {e} (12.23) 
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unless D = {e}. Now, consider the normal chains 



G = G >G 1 >D>D 1 ---> A-i > A = {e} (12.24) 

and 

G = H >H 1 >D>D 1 ---> A-i > A = {e} (12.25) 

of G. We have 



and 



G G\H\ Hi Hi 
G~i ~ d ~ HiCiGi ~ ~D 

G GiHi Gi Gi 



Hi ~~ Hi HxViGx D 

Hence and are simple groups. Therefore, as ( 112. 23p is a composition 
series, ( I12.24p and (112. 25p are composition series of G and are equivalent 
to each other. However, by the case I, the composition series (112.241) and 
(112.251) are equivalent to the composition series (112. 19j) and fll 2. 20j) respec- 
tively. Hence the result follows. ■ 

Definition 12.19. If a group G has a composition series of length n, 
then n is defined as length of G and we write 1(G) = n. If G = {e}, 
then length of G is defined to be zero. Further, if G ^ {e} has 
no composition series, then we define length of G to be oo i.e., 

1(G) = oo. 

Definition 12.20. Let G be a group. A subgroup H of G is called 
sub-normal if H is a member of a subnormal chain of G. 

Lemma 12.21. Let G be a group which admits a composition series. Then 
any sub-normal subgroup H ^ {e} of G admits a composition series and 
1(H) < 1(G). 

Proof: As H is sub-normal subgroup of G, there exists a subnormal 
chain of G with H as it's member. By Schreier's theorem the subnormal 
chain admits a refinement equivalent to any given composition series of G. 
Hence the result is immediate. ■ 

Lemma 12.22. Let G be a group which admits a composition series and let 
1(G) = n. Then for any normal subgroup H of G, l(G/H) + 1(H) = 1(G). 
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Proof: If H = {e}, the result is clear. Hence let H ^ {e}. Let 

G = G > G 1 > G 2 > ■ ■ ■ > G n _! > G n = {e} (12.26) 

be a composition series of G. Since H < G, G > H \> {e} is a subnormal 
chain of G. By Schreier's theorem the subnormal chain G > H > {e} admits 
a refinement equivalent to the composition series f 1 1 2 . 2 6 j) of G. Let this be 
the subnormal chain : 

G = A > Ai > • • ■ > A t = H > > • • ■ > A n = {e} (12.27) 

Clearly 

G/# = A /i? > A x /i? > ■ ■ ■ > At^/H > (12.28) 
is a subnormal chain of G/H where 

Ai/H A, 

i+l 

for all < z < t — 2. Thus (1 1 2 . 2 8 j) is a composition series of G/H . Further, 
as (112.271) is a composition series of G. 

H > A m > ■ ■ ■ > An = {e} (12.29) 

is a composition series of H. Hence 

1(G) = n ={n-t)+t = 1(H) + l(G/H)M 

Corollary 12.23. Let G be a group with 1(G) = n < oo. Then any homo- 
morphic image of G has length m <n. 

Proof: If n = 0, then G = {e}, and the result is clear. Hence, let n > 1, 
and 

<P : G A 

be an onto homomorphism. Let K = Ker 0. Then by the corollary 15.351 
G/K is isomorphic to A. Hence the result follows from the lemma. ■ 
NOTE: We have not proved the natural result that for any subgroup H of 
a group G, 1(H) < 1(G). Analyse this. 

Apart from the concepts of subnormal chain and composition series of a 
group studied above, the following definitions are also of interest. 



219 



Definition 12.24. Let G be a group. Then 

(a) A subnormal chain 

G = G > G x > ■ • • > G n _! > C n = {e} 

of G is called a normal chain if Gi < G for all % > 0. Further, if 
Gi Gi + \ for any z, then n is called the length of the normal chain. 
The factor groups Gi/Gi + \ are called factors of the normal chain. 

(b) A normal chain 

G = Go g G 1 g ■ ■ • g G n _! g G n = {e} 

of G is called a chief series or principal series of length n if G i+ i is 
maximal in Gj for all i > 0. 

Definition 12.25. Two normal chains of a group are called equiva- 
lent if those are equivalent subnormal chains. 

Remarks 12.26. (i) A chief series of a group G admits no proper refinement 
into a normal chain. 

(ii) The factors of a chief series of a group are not necessarily simple groups. 
However, if the group is abelian, then all the factors of a chief series are 
simple, hence are cyclic of prime order. 
Following the proof of corollary 112. 16[ it is easy to prove : 

Exercise 12.27. Any two principal series of a group G are equivalent. 

Theorem 12.28. Let 

G = G ^G 1 ^G 2 ^---^ G n ^ ^G n = {e} 

be a chief series of a finite group G with length n > 1. Then G n _i is isomor- 
phic to a subgroup of a finite direct product of simple groups all of which are 
isomorphic to each other. 

Proof: If G n _i is simple, there is nothing to prove. Let G n _i be non- 
simple and let K be a maximal normal subgroup of G n _i. Then G n -i/K 
is a simple group. Let K = Ki, K 2 , ■ ■ • , K t be all distinct conjugates of K 
in G. Clearly, G n _i is a minimal normal subgroup of G. Hence K is not 
normal in G. Therefore t > 1. Note that H = C\\ =1 Ki is a normal subgroup 
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of G contained in K ^ Gr n -i- Therefore if = {e}. If Ki = XiKx i 1 for some 
Xi G G, then the inner automorphism: 

T x . : G ->• G 

induces the isomorphism. 

T^~:G n _i/K ->■ Gn^/Ki 
gK ^ 7^.(5-)^ 

Therefore each G n -\/Ki is a simple group isomorphic to G/K. As H = {e}, 
it is easy to see that the map: 

G n _i — > nl=i G n -i/Ki 

x i — y (xKi, xK 2 , ■ ■ ■ , xK t ) 

is a monomorphism. Hence the result follows. ■ 

Corollary 12.29. In the theorem if G has a composition series with abelian 
factors, then G n _i is an abelian group of order p a (p: prime, a > 1) where 
o(x) = p for all x{^ e) in G n -\. 

Proof: By theorem ll2.15l given a composition series of G, the subnormal 
chain 

G = Go =2 d g ■ ■ • g G n _x g X g {e} (12.30) 

has a refinement equivalent to the composition series of G. As K is a maximal 
normal subgroup of G„_i, G n -\/K is a factor group of any refinement of the 
subnormal chain (112.301) . Further, as G has a composition series with abelian 
factor groups, by theorem 112. 15[ any composition series of G has abelian 
factor groups. Therefore G n -\/K is abelian. Now, as G n -\jK is abelian 
simple group, it is cyclic of order p for a prime p. The result, now, follows 
from the proof of the theorem. ■ 

EXERCISES 

1. Find the length of the symmetric group S n for n > 2. 

2. Write composition series for the groups C124, D 8) and £4. 

3. Give two non-isomorphic groups with equal length. 
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4. Give two non-isomorphic, non-abelian, groups with equal length. 

5. Find length of the group Gl 2 (%3). 

6. Let G be a finite p-group with o(G) = p n ,n > 1. Prove that G has a 
composition series of length n. 

7. Let C n be a cyclic group of order n. Prove that if n = p^p^ 2 • • -p^ 
where > 1 and pi,P2, ••• ,Pk are distinct primes, then l(C n ) = 

En 
i=1 Oi. 

8. Prove that if a finite group G has a subnormal chain with all its factor 
groups abelian, then G has a subnormal chain with all factor groups 
cyclic. 

9. Show that a group is finite if and only if it has a subnormal chain with 
all factor groups finite. 

10. Prove that the group G = U n >i ^ n (Exercise 23, Chapter 9) has a 
composition series, but has a subgroup H which has no composition 
series nor a principal series. 

If H is a subnormal subgroup of a group G, then the smallest t for 
which there exists a chain 

G = H E> Hi E> • • • t> if t _i ^H t = H 

of subgroups of G is denoted by m(G, if). 

11. Let if be a subnormal subgroup of a group G. For « > 0, define H = G, 
and Hi, the normal closure of H in iij_i for alH > 1. Prove that 

G — Hq ^ i?i \£ ■ • ■ Eg- i? m _i iJ m = if 

where m = m(G ! , if). Further, show that if a G Aut G such that a(H) = 
H, then a(f/' i ) = H t for all i > 0. 

12. Prove that for any subnormal subgroup H of a group G and a G Awt G, 
a(if) is subnormal in G and m(G, H) = m(G, a(H)). 

13. Let A,B be two subnormal subgroups of a group G such that A C 
Nq(B). Prove that is a subnormal subgroup of G. 

(Hint : use induction on m(G,B)) 
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14. Let if be a subgroup of a group G. Let S = {A C H \ A : subnormal subgroup of G} 
has a maximal subgroup M with respect to containment. Prove that 

M is normal in H. 

15. Let the group G admits a composition series. Prove that : 

(i) Any non-empty set of subnormal subgroups of G contains a maximal 
element. 

(ii) Show that if A, B are subnormal subgroups of G, then gp{A, B} is 
a subnormal subgroup of G. 

16. Let A, B be two subgroups of a group G such that A is subnormal in 
C Prove that : 

(i) If m(G, A) = t, then m(i^(A), A) = t — 1. 

(ii) If A, B are finite, then gp{A, B} is a finite subgroup of G. 
(Hint : use induction on m(G,H)) 

17. Let for a subgroup A of a group G, [G : H] < oo. Prove that if A 
commutes with all its conjugates then A is subnormal in G. 

18. Any factor group of a chief series of a finite group G is isomorphic to 
a subgroup of a finite direct product of simple groups all of which are 
isomorphic to each other. 

19. In the exercise [18] if we assume that G has a composition series with 
abelian factor groups, then any factor group of a chief series is an 
abelian p-group with all its non-identity elements with order p (the 
prime p need not be same for all factor groups). 

20. Let M be a subnormal subgroup of a finite group G. Prove that if M is 
maximal with respect to the properties that it is subnormal in G and 
contains a unique Sylow-p subgroup then M < G. 
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Chapter 13 

Solvable And Nilpotent Groups 



In this chapter, we introduce the concepts solvable and nilpotent groups 
using the idea of subnormal chain. We define: 

Definition 13.1. A group G is called Solvable if there exists a sub- 
normal chain 

G = G > Gi > G 2 > ■ ■ ■ > G n -! >G n = {e} 

of G with all its factors Gq/Gi, G\jGi, . . . G n -ijG n -\, and G n -\ abelian 
groups. 

Examples 13.2. 1. Any abelian group is solvable. 

2. The symmetric groups Si,S% and 5*4 are solvable. The group S 2 is cyclic 
of order 2, moreover, 

S 3 > A 3 > {e} 

is a normal chain of S3 where ^ is cyclic of order 2 and A 3 is cyclic of order 

3. Further, 

5*4 > A A > H > {e} 

where H = {(12)(34), (13) (24), (14)(23),e}. Here is cyclic of order 2, jf 
is cyclic of order 3 and H is abelian. 

Exercise 13.3. Show that S n is not solvable for n > 4. 

1 contents groupl3.tex 
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Definition 13.4. Let G be a group. Then 

(i) G' = [G,G] = gp{[a,b]\a,b G G} is called the I s * derived group of 
G. In general, for n > 2, we define G (n) = (G (n_1) )', the I s * derived 
group of G n_1 , as the derived group of G. The 0"' derived group 
G° of G is defined to be G. 

(ii) For any two subgroups A, B of a group G, we write 

[A -S] — gp{[ x , y]\x € A,y e B}. 

Remark 13.5. For any two subgroups A, B of a group G, [A, B] = [B, A]. 

Definition 13.6. A subgroup H of a group G is called a characteristic 
subgroup of G if <f>(H) C H for all G AutG. 

Remarks 13.7. (i) For a group G, the identity subgroup and G are charac- 
teristic subgroups of G. 

(ii) Let H be a characteristic subgroup of a group G. Let for g G G, r s 
denotes the inner automorphism determined by g. Then r g (H) C H i.e., 
gHg- 1 C if. Hence H <G. 

(iii) If ii is a characteristic subgroup of G and e AutG. Then, as 
_1 G AutG, ^(H) C ii. Hence ii C <fi(H), and consequently 0(ii) = H 
for all E AutG. 

Lemma 13.8. Let K C H be subgroups of a group G such that H is a 
characteristic subgroup of G and K is a characteristic subgroup of H. Then 
K is a characteristic subgroup ofG. 

Proof: Let G AutG. As H is a characteristic subgroup of G, 4>(H) = H. 
Hence G AutH. Now, as K is a characteristic subgroup of H, <p{K) C if. 
Thus if is a characteristic subgroup of G. ■ 

Lemma 13.9. Let H be a characteristic subgroup of a group G , and K/H 
be a characteristic subgroup of G/H, then K is a characteristic subgroup of 
G. 

Proof: Since H is a characteristic subgroup of G, H < G. Hence G/H 
makes sense. Now, let a G AutG. Then a(H) = H. Therefore a induces the 
automorphism: 

a : G/H -> G/H 
xH !->■ a(x)H 
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on the factor group G/H. Hence a(K/H) = K/H, and consequently a(K) C 
K. Thus K is a characteristic subgroup of G. ■ 

Lemma 13.10. Center of a group G is a characteristic subgroup ofG. 
Proof: Let a G AutG, and x G Z{G). Then, for any a e G 

a(xa) = a(ax) 
=>- a(x)a(a) = a(a)a(x) 
=4> a(x) G Z(G) since = G 

a(Z(G)) C 

Thus Z(G f ) is a characteristic subgroup of G. ■ 

Lemma 13.11. If A, B are characteristic subgroups of a group G then so is 
[A,B\. 

Proof: Let a G Aut G. Then for any x G A, y G B, 

a[x,y] = [a(x),a(y)] G [A,B] 
=> a[A,B] C [A,B] 

Hence [A, B] is a characteristic subgroup of G. ■ 

Lemma 13.12. Let K C H be two subgroups of a group G, where H <\ G 
and K is a characteristic subgroup of H . Then K <\G. 

Proof: As H < G, for any x G G, for the inner automorphism t x of G 
determined by x, r x (H) = H . Hence t x G AutH for all x G G. As K is a 
characteristic subgroup of iJ, r x (if) C if i.e., xKx~ l C if. Hence K <G. 
■ 

Exercise 13.13. Prove that for a subgroup H of a group G, H < G if and 
only if [G, H}CH. 

Lemma 13.14. Lei A, B, H be subgroups of a group G such that B C A and 
[G,A] C B. Then HB is a normal subgroup of HA 

Proof: By assumption, 

[G,A]cB cA 
A<G 
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Further, 

[G, B] c [G, A] c B 
=> B<G 

Thus HB C HA are subgroups of G (Lemma I3.29p . For any a G A, h G // , 

ahHBh^cT 1 = BaHa' 1 

and 

Baha~ x = Baha~ 1 h~ 1 h 
= B[a,h)h 

= Bh since [a, /i] G [G, A] C 5 

Hence 

ahHBh^ar 1 C BH = HB 
HB<HAM 

Lemma 13.15. All derived groups of a group G are characteristic subgroups 
ofG. 

Proof: By definition of characteristic subgroup, G° = G is a character- 
istic subgroup of G. For n > 1, we shall prove the result by induction on n. 
Let n = 1. If G Aut G and a, 6 G G, then 

4>[a, b] = <f)(aba~ 1 b~ 1 ) 

0(a)0(6)0(a)-V(&) _1 
[0(a), 0(6)] 
^ 0(G") C G" 

Hence G' is a characteristic subgroup of G. Thus the result holds for n = 1. 
Now, let n > 1 and G n is a characteristic subgroup of G. By the case n — 1, 
£m+i _ (£my j s a characteristic subgroup of G n . Thus, using lemma 113. 8[ 
G n is a characteristic subgroup of G for all n > 1. ■ 

Remark 13.16. In view of the above lemma, for any group G, 

G>G>G 2 >--->G n > G n+1 >■■■ 

is possibly an infinite chain of normal subgroups of G. This is called the 
derived chain of G. 
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Lemma 13.17. Let H be a normal subgroup of a group G. Then ^ is an 
abelian group if and only if G' C H. 

Proof: If is abelian, then for any a,b G G, 

aH.bH = bH.aH 

=^ abH = baH 

=> Haba^b- 1 = H 

[a, b] = aba^b^ 1 G H 

=>- gp{[a,b] | a,b G G} = G' C H 

Conversely if G' C H, then for any a,b G G, 

[a,b] = aba^b' 1 G H 

Haba~ l b~ l = H 

=>• Hab = Hba 

(Ha)(Hb) = (Hb)(Ha) 

Hence jj is an abelian group. ■ 

Lemma 13.18. A group G is solvable if and only if G l , the t th derived group 
of G, is identity for some t > 1 . 

Proof: Let G be a solvable group. Then there exists a subnormal chain 

G = G > Gi > G 2 ■ ■ ■ > G t -i >G t = {e} 

such that 7^- is abelian for all i > 0. We shall show that Gi 2> G\ the i th 
derived group, for all i > 0. Clearly G° = G = Go- Let for z > 0, we have 
proved that G % C Gi. As is abelian, by the lemma [T3.17[ G/ C G i+ i. 
Hence G i+1 = (G 1 )' C G/ cG i+ i- Therefore by induction G* C G, for all 
i > 0. Thus, in particular, G f C G t = {e}. Hence G* = {e}. Conversely, if 
G* = {e} for some t > 1, then 

G = G° > G 1 > G 2 • ■ ■ > G'" 1 > G* = {e} 

is a normal chain of G and -3^- = -M\j is abelian group for alii > (Lemma 
113. 1 T[) . Hence the result follows. ■ 

Lemma 13.19. Let G be a solvable group. Then any subgroup as well as 
homomorphic image of G is solvable. 



228 



Proof: As G is solvable, by lemma H3.18[ G* = {e} for some t > 1. Let 
if be a subgroup of G. As H C G, it is clear that 

H' = gp{[x,y] \ x,y E H} C G' 

. Let for i > 1, we have if* C G\ Then 

JT+ 1 = (if*) 1 c (G*) 1 = G l+1 . 

Hence by induction, if* C G* for all i > 0. Now, as G* = {e}, if* = {ej.Thus 
H is solvable. Next, let cf) : G — > A be an onto homomorphism. As for any 
x,y G G, 0[a;, = [</>(x), ^>(y)], it is clear that 4>{G') = A'. Now, let for i > 1, 
<f)(G l ) = A 1 . Then, as above 

= = (A 1 )' = A i+1 . 

Hence by induction, 0(G l ) = A 1 for all % > 1. Therefore A* = 0(G*) = {e}. 
Hence A is solvable. ■ 

Exercise 13.20. Prove that Gl n (M), and Sl n (M) are not solvable for any 
n > 3. 

Lemma 13.21. A finite direct product of solvable groups is solvable. 

Proof: Let Gi, G 2 , ■ • • G n be n solvable groups and let 

G = Gi x G 2 x ■ ■ • x G„, 

be the direct product of G-s. By definition of derived groups it is clear that 

G' = G/ x G 2 ' x • • • x G n ' 

Using induction, one can easily see that 

G i = G^ x Gj x • • • x Gj 

for all i > i.e., the i th derived group of G is the product of i th derived 
groups of Gi, 1 < I < n. As each G; is solvable, by lemma [T3.18[ there exists 
t > 1 such that Gi = {e} for all / > 1. Hence 

G t = Gi* x G 2 * x • • • x G„* = {ic/} 

Therefore G is solvable. ■ 
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Remark 13.22. From the proof of the lemma it is clear that if G is solv- 
able then so is each Gj. This also follows from the fact that each Gj is a 
homomorphic image of G (Lemma 113. 19p . 

Lemma 13.23. Let Hbe a normal subgroup of a group G. If H and jr are 

solvable then G is solvable. 

Proof: Let rj : G — > % be the natural homomorphism. As seen in lemma 
fT3~T9l ^(G*) = (f Y for all i > 0. As § is solvable, there exists I > 1 such 
that (jj) 1 = id. Hence 

7]{G l ) = id 

^G l C H 
=4> (G l f C IP Vz > 

As H is solvable, there exists s > 1 such that H s = id. Hence 

G i+s = ( G iy cH s = id 
G l+S = id 

Therefore G is solvable. ■ 

Corollary 13.24. Any finite p- group is solvable. 

Proof: Let G be a finite p-group with o(G) = p s . We shall prove the 
result by induction on s. If s = 0, G = id. Hence G is clearly solvable. Now, 
assume s > 1. By theorem EM o(Z(G)) = p m , m > 1. Now, Z(G) < G and 
is solvable since it is abelian. If Z(G) = G, then the result clearly holds. If 
Z(G) G, then o(-^y) = p s ~ m < p s . Hence -^Lr is solvable by induction. 
Now, G is solvable by lemma [13.231 ■ 

Lemma 13.25. A finite group G is solvable if and only if G has a composi- 
tion series with all its factor groups cyclic of prime orders. 

Proof: Let G be solvable, then G has a subnormal chain with all the 
factor groups abelian. Therefore any subnormal chain which is a refinement 
of this chain has abelian factor groups. Since G is finite, any subnormal 
chain can be refined to a composition series. Therefore G has a composition 
series with abelian factor groups. As factor groups of a composition series are 
simple, and a simple abelian group is cyclic of prime order, the direct part 
of the lemma follows. The converse of the statement is clear by definition of 
solvable group. ■ 
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Theorem 13.26. Let G be a finite group and p,q,r be primes. Then 

(i) If o(G) = pq or p 2 q, G is solvable. 

(ii) If p > q > r and o(G) = pqr, G is solvable. 

Proof: (i) We can assume that p, q are distinct primes, since otherwise 
the result follows by corollary 113.241 By theorem 110.244 G contains a proper 
normal subgroup if (say). If o(G) = pq, then o(H) = p or q. Therefore by 
corollary 113.24) H and G/H are solvable, and hence G is solvable (Lemma 
113. 23p . Next, let °(G) = p 2 q. Then o(if) = p or q or pq or p 2 . Hence again 
H and G/H are solvable by the corollary 113.241 in case °{H) = p 2 or q and 
by the corollary 113.241 and the case = pq in case °{H) = pq or p. Thus 
G is solvable by lemma 113.231 

(ii) By theorem 110. 23) G has only one Sylow p-subgroup if (say). Then H 
is normal in G by corollary 110.121 and is a solvable group (Corollary 113.24)) . 
Further by (i), G/H is solvable. Hence G is solvable (Lemma 113. 23p . ■ 

Theorem 13.27. Let G be a finite solvable group with o(G) = mn where 
m > l,n> 1 are integers such that (m,n) = 1. Then 

(i) G contains a subgroup of order m. 

(ii) Any two subgroups of G with order m are conjugate. 

(Hi) If H is a subgroup of G with o[H) dividing m, then H is contained in a 
subgroup of order m in G. 

Proof: If m = 1 or n = 1, the result is trivial. Hence assume m > 1, n > 
1. Let m = p a where p is a prime and a > 1. Then the result follows from 
Sylow's first and second theorems (Theorems 110.31 and 110.9)) and theorem 
110.161 Thus we can assume that m > 1, n > 1, and G is not a p-group. We 
shall use induction on o(G) to prove the result in this case. Let us consider 
the two cases: 

Case I: The group G contains a proper normal subgroup K with o[K) = 
m\n\ such that m = mim^, n = n\U2 and n-i > 1. 

As (m,n) = 1, (rrii,nj) = 1 for all 1 < i,j < 2. Further, G/K is a solvable 
group (Lemma ll3.19p . and o(G/K) = 77^2^2 < °(G) since °{K) > 1. We shall 
first prove (i). By induction, there exists a subgroup B/K of G/K of order 
ui2 where B is a subgroup of G containing K. We have °{B) = mn\ < mn, 
since > 1. As B is solvable (Lemma ll3.19p . by induction, B contains a sub- 
group of order m. Thus (i) holds. To prove (ii), let M, N be two subgroups of 
G of order m. As K<G, MK is a subgrop of G containing M and K. There- 
fore o(M) = m and o(if) = mini divide o(MK). Consequently mn\ divides 
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o(MK). Next, note that o(MK) divides o(M) o (K) = mrriini as well as 
o{G) = mn. Hence o[MK) divides mn\. Consequently o{MK) = mn\. Sim- 
ilarly, we get o(NK) = mn x . Thus o{MK/K) = m 2 = o{NK/K). The factor 
group G/K is solvable of order m2^2 < n where (7712, n?) = 1, and MK/K 
and NK/K are subgroups of G/K each of order m^- Hence, by induction, 
MK/K and NK/K are conjugate in G/K. Thus there exists an element 
g G G such that gNg~ l K = MK. Now, gNg~ l and M are two subgroups of 
MK of order m, and MK is solvable group of order mnx < Therefore, 
by induction, gNg~ l is conjugate of M in MK. Consequently M and N 
are conjugate in G. This proves (ii). To prove (iii), let M' be a subgroup 
of G with o(M') = m', a divisor of m. Clearly o(M'K/K) divides o(Af'), 
and hence m = mxm 2 . Also o{M'K/K) divides o(G/K) = m2« 2 . Therefore 
o(M'K/K) divides m 2 - Hence, by induction, M'K/K is contained in a sub- 
group B/K of Cr/iT with order 7712. We have °(B) = mnx < o(G) where 
B is a subgroup of G containing M'K. Now, M' is a subgroup of B with 
o(M') = m' dividing m. Hence, as B is solvable group with o(B) < °{G), by 
induction, M' is contained in a subgroup D of i? of order m. Thus (iii) is 
proved. 

We, now, consider the situation when G does not contain any proper normal 
subgroup as described in case I. As G is solvable, G has a composition series 
with abelian factor groups (Lemma I13.25p . Hence, by corollary 112. 29[ the 
smallest normal subgroup K in a chief series of G is an abelian group of order 
p a where p is a prime and a > 1. If n 7^ p a , then K will be a proper normal 
subgroup of G as in case I. Hence assume n = p a . Clearly, we can assume 
that any minimal normal subgroup of G has order p a since otherwise we fall 
in case I. As K <G, by Sylow's second theorem, K is unique minimal normal 
subgroup of G (use: K is Sylow p-subgroup of G). We, now, consider the 
following: 

Case II: G has unique minimal normal subgroup K with o(K) = n = p a 
where p is a prime and a > 1. 

Let L be a minimal normal subgroup of G containing K. Then L/K is a 
minimal normal subgroup of the solvable group G/K. Hence, as seen above, 
by corollary 112.291 L/K is an abelian group of order q b , b > 1, where q is a 
prime dividing o(G/K) = m. Clearly q 7^ p, and o(L) = p a q b . Let Q be a 
Sylow g-subgroup of L. Then L = QK. Put £ = N G (Q), and C = £ n K. If 
C = {e}, then all conjugates of Q with respect to elements of K are distinct. 
Thus the number of conjugates of Q in G i.e., [G : E] > p a = °{K). Further, 
as L < G, the number of conjugates of Q in G equals to the number of con- 
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jugates of Q in L by Sylow's second theorem. Thus [G : E] < [L : Q] = p a . 
Consequently [G : E] = p a , and E is a subgroup of order m in G. There- 
fore if C — id, then statement (i) is proved. Now, let C ^ id. We have 
(o(if), o(Q)) = 1, hence Kf]Q = id. Thus as C C if, C n Q = id. We have 
if < G, hence C <E. Further, by the definition of normaliser, Q < E. Hence 
as C H Q = id, elements of C and Q commute (use: [x,y] G C HQ = {e}, for 
all x G C, y G Q). As if is abelian, and L = Qif, it is clear that C C Z(L). 
Note that is a characteristic subgroup of the normal subgroup L of G. 

Therefore Z(L) < G (Lemma [T3A2]) . As if < G, Z(L) (~) K < G. We have 
Z(L) C iV G (Q) = £, andCc Z(L). Hence En if = C C Z(L)MC C if. As 
if is a minimal normal subgroup of G and Z(L) D if is a non-trivial normal 
subgroup of G, if = Z(L) fl if. Thus ■Z'(L) D if i.e., elements of if and 
Q commute. Hence L = if x Q. This shows that Q < L. Thus Q is unique 
Sylow g-subgroup of L. Now, as L<\G, Q<\G. Note that any minimal normal 
subgroup G contained in Q has order q a for some a > 1. This contradicts 
the fact that if is unique minimal normal subgroup of G. Thus the case 
C ^ id does not arise. Hence (i) is proved in case II. In fact E = N G (Q) 
is a subgroup of order m in case II. Now, we shall prove (ii). Let N be any 
subgroup of G with order m. Then 

D NK 

> o(NK) = mp a 
= G 

= N/N n L 
= o(N)/ o(iVni) 

m 

~~ o(ATnL) 
= q b 

Let Q 2 be a Sylow g-subgroup of iV and let Qi be a Sylow g-subgroup of 
G containing Q. Since o(G) = mp a ,q ^ p, and {m,p) = 1, clearly Q 2 is a 
Sylow g-subgroup of G as well. Hence by Sylow's second theorem, Q 1 and 
Q 2 are conjugates in G. Therefore Q 2 contains a conjugate of Q. As L < G, 
iV n L < iV. If for 5- G G,g~ x Qg C Q 2 , then fl-" 1 ^ C iV. Also C L. 

Therefore 

g~ x Qg C NHL 
^-!g^ = iV n L since o (Q) = o(iV fl L) = g b 



NL 
o(NL) 
=> NL 
=► G/L 
=► o(G)/o(L) 

o(ArnL) 
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As N n L < AT, we have 

NcNoig^Qg) — g~ 1 N G (Q)g 
= g-'Eg 

=>■ AT = g~ x Eg since o (iV) = m = °{E) 

This proves (ii) in case II. Finally, we shall prove (iii). Let M' be a subgroup 
of G with o(M') = m' such that m' divides m. If m = m', there is nothing 
to prove. Hence let m' < m. Clearly EM'K = G. Therefore 

rr n _ o(E)o(M'K) 
o(EnM'K) 

= .ffiq since ° (M'K) = my 
m'= o(EC)M'K) 

Note that M' and E n M'if are subgroups of M'AT with order m', where 
M'if is a solvable group of order m'p a < mp a = o(G). Hence, by induction, 
M' and E H M'K are conjugate in M'K. If for g £ G, 

g~ x {E n M'K)g = M' 
9~ l Eg D M' 

Thus g~ 1 Eg is a subgroup of order m in G containing M'. Thus the proof is 
complete. ■ 

Remark 13.28. The first property of the theorem characterizes finite solv- 
able groups. The proof of this fact is beyond our scope of study. 



Nilpotent groups : 

We first define upper central chain of a group G. Put Zq(G) = {e}, 
Z\{G) = Z(G), the centre of G, and for i > 1, 

y, G _ Z i + i{G) 
K Z i {G) ) ~ Z,{G) • 

By lemma [T3. 101 Z(G) is a characteristic subgroup of G. Hence, using induc- 
tion and lemma [T3.91 Z^G) is a characteristic subgroup of G for all i > 1. 
The chain 

{e} = Z (G) C Z^G) C Z 2 (G) C ■ ■ ■ 

of characteristic subgroups of G is called the upper central chain of G. Note 
that by definition, [G, Z i+1 (G)) C Z, t (G) for all i > 0. 
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Definition 13.29. A group G is said to have upper central series/ 
chain of length m if 

{e} = Z (G) C Z^G) C . . . Z m ^{G) g Z m (G) = G. 

We,now define the lower central chain of a group G. Put T = 
G,ri(G) = [G,V (G)}, and for all i > 1, r m (G) = [G,r,(G)]. Note that 
ri(G) = [G, G] = G' is a characteristic subgroup of G (Lemma 113. 15[) . Fur- 
ther, if Tj(G) is a characteristic subgroup of G, then for any a G AutG, 

a{T i+l (G)) = a[G,r,(G)] 

= [a(G),a(r*(G))] 
= [G,r. 4 (G)] = r m (G) 

Therefore IYh(G) is a characteristic subgroup of G. Hence, by induction, 
r»(£r) is a characteristic subgroup of G for all i > 0. The chain 

G = r (G) D Ti(G) d r 2 (G) ■ ■ • 

is called the lower central chain/series of G. 

Definition 13.30. A group G is said to have lower central series/ 
chain of length m if 

G = r (G) g rx(G) g • • • r m _a(G) g T m (G) = {e}. 

Generalising the concepts of upper and lower central chains of a group 
G, we define: 

Definition 13.31. Let G be a group. A chain 

G = H DH 1 D---DH l = {e}, 

of normal subgroups of G is called a central chain / series of G if 

[G, Hi] C H i+1 for alH = 0, 1, • • • , I - 1. 

Remarks 13.32. (i) By definition, it is clear that 



for all z. 

(ii) Any chain of normal subgroups of G which refine a central chain is a 
central chain of G. 
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Theorem 13.33. A group G has upper central chain of length m if and only 
if G has lower central chain of length m. 

Proof: Suppose G has upper central chain of length m. Then 

{e} = Z (G) g Z X {G) g • • • Z m _ t {G) g Z m (G) = G. 

We shall prove by induction that Ti(G) C Z m _;(G) for all i > 0. If % — 0, 
then G = T (G) C Z m (G) = G. Now, let t > 1, and Tj(G) C Z m _j(G) for 
all < j < t — 1 . Then 

r i+1 (G) = [G,T,(G)] C [G,Z m _,-(G)] C ^m-j-i(G) 

r t (G)cv f (G) 

Hence, by induction, ^(G) C Z m _j(G) for all i > 0. In particular, T m (G) C 
Z (G) = {e}. Therefore G has lower central chain of length < m. 
Next, let G has lower central chain of length m. i.e., 

g = r (G) g i\(g) g • • • r m _x(G) g r m (G) = { e }. 

We shall prove by induction that T m _j(G) C Z^G) for all i > 0. If % — 0, 
then {e} = T m (G) C Z (G) = {e}. Now, let * > 1, and let r m _j(G) C Z,-(G) 
for all j < i. Then, by our assumption 

r m _ t+1 (G) = [G,r m _ t (G)]cz t _ 1 (G) 

=4> [51, x] G ^t-i(G) for all 5 G G and x G T r , 

=*► Z t _ 1 (G)[^,a;] = Z t _ 1 (G) 

=*► Z t _ 1 (G)gZ t _ 1 (G)x = Z t _ 1 (G)xZ t _ 1 (G)g 
=*► Z t _ x {G)x G Z{GjZ t _ x {G)) = Z t {G)jZ t _ x {G) 

x G Z t (G) 
IWG) c Z t (G) 

Hence, by induction, r m _j(G) C Zj(G) for all % > 0. In particular, G = 
To(G) C Z m (G). Hence G has upper central chain of length < m. Thus the 
result is proved. ■ 

Definition 13.34. A group G is called Nilpotent if G has an upper 
(lower) central chain of finite length. We say that G is Nilpotent 
of class m if its upper (lower) central chain has length m. 
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Remarks 13.35. (i) A nilpotent group is solvable. 

If G is a nilpotent group of class m, then G has upper central chain of length 
m. i.e., 

{e} = Z (G) g Z X {G) C . . . Z m _;(G) g z m (G) = G (13.1) 

As Zi(G) is a characteristic subgroup of G for all i > 0, (113. ip is a normal 
chain of G. By definition 

Z ^ Z(JL) v* > 0. 



Zi(G) V ^(G) 

Hence all factor groups of the normal chain ( 113. ip are abelian. This proves 
G is solvable. 

(ii) If G = {e}, then G is nilpotent of class 0. Further, if G is an abelian 
group of order > 1, then Z\{G) = G. Therefore G is nilpotent of class 1. 

(iii) A nilpotent group need not be abelian. e.g., if G is the group of quater- 
nions (Example II . 131) . then 



1 
1 



-1 
-1 



Zi(G) = 

and o( ^rjU ) = 4, which is abelian (Corollary I8.28p . Hence 
{e} = Z (G) C Zl (G) C Z 2 (G) = G 

is the upper central chain of G. Thus G is nilpotent of class 2. 
(iv) A solvable group need not be nilpotent. 

Let G = 5*3, the symmetric group on three symbols. We have observed that 
S3 is solvable, and also noted that Z(Ss) = {id}. Hence S3 does not have an 
upper central chain and thus is not nilpotent. 

Exercise 13.36. Let G be a group and Xi G G for i — 1, 2, ■ • • , n. A com- 
mutator of weight n in x%, X2, ■ ■ • , x n is defined to be x\ if n = 1, [xi, £2] if 
n = 2 and [xi, • • • ,x n ] = [xi, [X2, • • • ,x n -i,x n }} for n > 3. Prove that G is 
nilpotent of class m if and only if [a\, a 2 , • • • , a m+1 ] = e for a^s in G. 

Exercise 13.37. Prove that for a group G, T^r^G)) C T i+j (G) for all 
i > 0,j > 0. Then deduce that if G is nilpotent of class m, then for any 
i < m, Ti(G) is nilpotent of class < m — i. 
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Lemma 13.38. Let G be a nilpotent group. Then 

(i) Every subgroup of G is nilpotent. 

(ii) Any homomorphic image of G is nilpotent. 



Proof: (i) Let H be a subgroup of G. We have H = T (H) C r (G) = G. 
Further, if Y^H) C Y^G), then 



Hence by induction, Yi(H) C Yi(G) for all % > 0. If G is nilpotent of class m, 
then Y m (H) C r m (G) = {e}. Therefore Y m (H) = {e}. Thus H is nilpotent 
of class < m. 

(ii) Let for a group -fT, / : G — > K be an onto homomorphism. Then 



Hence, by induction f(Y i (G)) = Y^K) for all i > 0. If G is nilpotent of class 
m, then r m (G) = {e}. Therefore Y m (K) = f(Y m (G)) = {e}. Thus K is 
nilpotent of class < m. ■ 

Corollary 13.39. Tiny factor group of a nilpotent group is nilpotent. 

Proof: As a factor group of a group is its homomorphic image, the result 
follows from (ii). 

Remark 13.40. If G is a nilpotent group and H <G, then from the lemma 
H and ^ are nilpotent. The converse is not true e.g., if G = S3, then G is 
not nilpotent, but, for H = A 3 < S 3 = G, H is cyclic of order 3 and ^ is 
cyclic of order 2, hence both G and ^ are nilpotent. 

Lemma 13.41. Any finite p- group is nilpotent. 

Proof: Let G be a finite p-group. Then o(G) = p m ,m > 0. If m — 0, 
G = {e} and hence is nilpotent of class 0. Let m > 1, and let 



Y i+1 (H) = [H, Yi(H)] c [G, Yi(G)] = Y i+1 (G). 



f(Y (G)) = f(G) — K — Y (K) 



Further, let for some % > 0, f(Yi(G)) 



Yi(K). Then 



[f(G),f(Y t (G))] 
[KMK)] 



{e} = Z (G)cZ 1 (G)c-Z i (G)c- 



(13.2) 
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be the upper central chain of G. If Zi(G) ^ G for some i, then as Zi(G) is a 
subgroup of G, o(Zi(G)) = p ai for some < a, < m. Note that 



Hence by theorem 18.271 



Zi+i{G) G . 

-UGY = ~ZAG) + { "' ] 

=* Z, + i(G) J Z,(G). 

Thus in the upper central chain (113. 2p of G, Zi(G) ^ G implies Zi(G) ^ 
Zi + i(G). As G is finite we must have Zk(G) = G for some k. Hence G is 
nilpotent. ■ 

Lemma 13.42. A finite direct product of nilpotent groups is nilpotent. 

Proof: Let Gi, i = 1, 2, • • ■ , t be nilpotent groups of class rrii. Then for 
m = max{rrii | 1 < i < t}, T m (Gi) = {e} for all i > 1. Put 

G = Gi x G 2 x • ■ • x G t 

Then 

r (G) = G = Gi x G 2 x • • • x G t 

= T (G 1 )xTo(G 2 )x---xT (G t ) 

If 

T i (G)=T i (G 1 )xT i (G 2 )x---xT i (G t ) 

then 

[G, r<(G)] = [Gi, ^(Gx)] x [G 2 , r,(G 2 )] x ■ ■ ■ x [G<, FiiGt)} 

^r m (G) = r m (G 1 )xr m (G 2 )x---xr m (Gi) 

Hence, by induction 

r ( (G) = r ( (G 1 )xr t (G 2 )x-xr t (G f ) 

for all t > 0. Therefore 

T m (G) = r m (Gx) x T m (G 2 ) x ■ • • x r m (G t ) = {e}. 
Consequently, G is nilpotent of class m. ■ 
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Lemma 13.43. Let G be a nilpotent group and H g G, a subgroup of G. 
Then H C N G (H). 

Proof: Let G be nilpotent of class m. As H g G, G 7^ {e}. Hence m > 0. 
Choose r maximal such that Z r (G) C H,Z r+ i(G)<jt H. Clearly r < m, as 
Z m (G) = G(£ H. Now, take an element x G Z r+1 (G),x (jz H. Then, as 

[G,Z r+1 (G)} c Z r (G)cH 
[h, x] G H MheH 
i.e n hxh~ x x~ x G H 

xh- l x- 1 G H VheH 
x G iV G (iJ) 

Hencei/ C N G (H). ■ 

Corollary 13.44. Every subgroup H of a finite nilpotent group G is subnor- 
mal. 

Proof: Clearly G and the identity subgroup are subnormal in G. Hence, 
let if be a proper subgroup of G. By the lemma H ^ N G (H) = f/^say). If 
Hi ^ G, then as above, H x g N G {H X ) = H 2 . If we define N G (H t ) = H i+1 for 
all i > 1, then as G is finite this chain shall terminate in G. If -ff r = G, then 

{e} < H < i/i < ■ ■ • < i/ r _i <H r = G 

is a subnormal chain of G. Hence if is subnormal. ■ 

We shall, now, prove that the corollary is true for any nilpotent group G i.e., 
G need not be finite. 

Lemma 13.45. Any subgroup H of a nilpotent group G is subnormal. 

Proof: Let G be nilpotent of class m. We shall prove the result by 
induction on m. If m = 0, G = {e}, and if m = 1, G is abelian. Hence the 
result is trivial for < m < 1. Let m > 1. Clearly, for Zi = Z{G), Z\ H is a 
subgroup of G such that H < ZiH, moreover, t^jU is a nilpotent group of 

class m — 1. Hence by induction is a subnormal subgroup of Thus 
there exists a normal chain of G of which i^if is a member(Use : corollary 
Eg} . Now, as H < Ziif, the result follows.B 

The next lemma gives an alternative way of looking at the above statement. 
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Lemma 13.46. Let G be a nilpotent group of class m and H , a subgroup 
ofG. Put N = H, N x = N G {H) and N i+1 = N G (Ni) for all i > 1. Then 
N m = G. 

Proof: The proof is clear for m — 0. Let m > 1. Clearly Z\{G) C 
Ng(H) = Ni. Suppose we have proved Z k {G) C N k . Then 

[G,Z k+1 (G)\ c Z k (G)cN k 

^[x- 1 ^- 1 ] e N k Vx e N k , y e Z k+1 (G) 

=> y- l xy e N k Vx6 N k , y G Z k+1 (G) 
=> y E N G (N k ) = N k+1 
^Z k+1 (G) c N k+1 

Hence, by induction, G = Z m (G) C N m . Thus N m = GM 

Remark 13.47. From the above statement it is clear that H is subnormal 
in G. 

Theorem 13.48. Let G be a finite group of order p n where n > 1 and p is a 
prime. Then G is cyclic of order p n if and only if G has unique composition 
series of length n. 

Proof: By theorem 12.381 any cyclic group of order m has exactly one 
subgroup of order d for each divisor d > 1 of m. Now, if G is cyclic of order 
p n , let H = G; Hi, the cyclic group of order p n ~ x in H Q , and in general, H i+ i 
the cyclic group of order in Hi for all i > 0. Then ifj/ifj+i is a cyclic 

group of order p, hence is simple. Thus, it is clear that 

G = H > Hi > • • • > H n _i >H n = {e} 

is composition series of G of length n. To prove that the composition series 
is unique note that for any two subgroups H D K in G, H/K is simple if 
and only if o(H/K) = p. Hence if 

G = A > Ai > A 2 > • ■ ■ > A,_i > A s = {e} 

is a composition series of G, then o(AA = p n ~ l . Thus s = n, and the unique- 
ness of the composition series follows by theorem 12.351 We shall, now, prove 
the converse by induction on n. If n = 1, then G is simple. Hence, by the- 
orem °{G) = p. Therefore G is cyclic of order p. Now, let n > 1 and 
let 

G = K n > K n _i > ■ ■ ■ > Ki > K Q = {e} 
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be the unique composition series of length n for G. Clearly K n _i has unique 
composition series of length n — 1 and is a group of order p a . Therefore 
by induction hypothesis K n -\ is cyclic of order p n_1 . As G/K n ^i is simple 
p-group, o{G/K n -\) = p. Therefore o(G) = p n . Further, let us note that 
Ki + \/Ki is simple p-group for each < i < n — 1. Hence °(Ki) = p 1 for all 
i > 0. Now, let x G G—K n _\. Then o(x) = pP for some /3 < n. Assume /3 < n, 
and put C = By lemma [13.411 and corollary 113. 44| C is subnormal 

subgroup of G. Therefore using theorem 112.151 there exists a composition 
series for G with C as its member. Now, by uniqueness of the composition 
series C = Kp. This contradicts our assumption that igG - K n ^\. Hence 
(3 = n, and G is cyclic group of order p n . ■ 

Theorem 13.49. Any non-trivial normal subgroup H of a nilpotent group 
G intersects the center Z\{G) of G non-trivially i.e., H fl Z\{G) ^ {e}. 

Proof: We shall prove the result by induction on the nilpotency class m 
of G. Clearly m > 1. If m = 1, then G is abelian and the proof is clear. Let 
m > 1. If iJ C Zi(G), the result is immediate. Now, let if<^ Z\{G) = Z\. 
Then Z\H^Z\ and ZiH <G. Hence is a nontrivial normal subgroup of 
J?-. Note that is nilpotent of class m — 1. Hence by induction Zxif fl Z 2 g! 
Zi. Choose x £ Z\, h £ H such that x/i G Z 2 , and xh ^ Z\. Then h ^ Z\ 
and h £ Z 2 . As h ^ Zx there exists an element g £ G such that [g, fa] 7^ e. As 
[G, Z 2 ] C Z 1 we get [g, h] £ Zi(~) H. (Use: # < G). Hence Z 1 ^H ^ {e}M 

Lemma 13.50. Lei G be a nilpotent group of class m > 2. T/ien /or am/ 
a e G, the subgroup H = gp{a, [G, G]} is nilpotent of class < m — 1. 

Proof: First of all, we shall show that 



for all % > 0. As Z (G) = Z (H) = {e}, the claim is clear for % = 0. Now, let 
t > 0, and Z t (G) f) H C Z t (H). Then 



Zi(G0 n H C Zi(ff) 



[tf,z m (G)n#] c 
z t+1 (G)niZ] c 
=^z t+1 (G)ni? c 



[H,Z t+1 {G)]nH 
z t (G) nHc Z t {H) 

Zt + i(H) 



Hence by induction the claim follows. Now, for i — m — 1 



Z m ^(G)nH c Z m ^(H) 
^[G,G] c Z m _ x (if) 
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Thus 



H 



is cyclic. Note that 



Z m -i(H) 



H 




and 



H 



H 



Z m -2(H) 
Zm-l(H) 
Z m -2(H) 



is cyclic. Hence 



H 



is abelian. This implies Z m _i(H) = H. Therefore 



the result follows. ■ 



Theorem 13.51. Let G be a nilpotent group. Then 



G = {x E G \ o(x) < 00} 



is a subgroup of G. This is called the torsion subgroup of G. 

Proof: We shall prove the result by induction on the nilpotency class 
m of G. If m = 0, then G = {e}. Hence the result is trivial. Now, let 
m > 1. If m = 1, then G is abelian. Therefore the result follows by lemma 
111.141 Now, let m > 1 and let the result holds for every nilpotent group of 
class < m. Choose a,b E G l . By lemma [T3.50I for H = gp{a, [G,G]} and 
K = gp{b, [G, G}}, H l and K l are subgroups of hi and K respectively. Now, 
note that for any endomorphism of a group, image of an element of finite 
order is of finite. Hence H f and K l are characteristic subgroups of H and 
K respectively. Further, as [G, G] C H , H < G (Lemma 14.91) For the same 
reasons K <G. Therefore H l <G and K* <G (Lemma 113. 121) . Now, for any 
x E H f , if o(x) = I, then 



Therefore G 1 is a subgroup of G. ■ 

Lemma 13.52. If for a subgroup H of a nilpotent group G, H[G,G] = G, 
then H = G. 



(xK 1 ) 1 = K l 

(xy) 1 E K l My E K l 

=>■ o(xy) < 00 \/xEH\yEK l 

=>■ o(a& -1 ) < 00 
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Proof: Let G be nilpotent of class m and let r be maximal such that 
HV r {G) = G. By assumption HV 1 (G) = H[G, G] = G. Hence r > 1. We 
claim r = m. If not, then by lemma H3.14[ 

HT r+1 (G) < HY r {G) = G. 

As T r {G) /T r+ i(G) is abelian, we get 

G/(HT r+1 (G)) = HT r (G)/HT r+1 (G) 

is abelian. Hence [G, G] C HT r+1 (G). Thus G = H[G, G] = HT r+1 (G). 
This contradicts the maximality of r and consequently r = m. Thus H = 
HT m (G) = G.M 

Corollary 13.53. IfG is a nilpotent group, then [G,G] C the Frattini 

subgroup ofG. 

Proof: Let x G [G, G], and let for a subset S of G, 

G = gp{x,S} 
=> G=[G,G]H 

where H = gp{S}. Hence by the lemma, G = gp{S}. Thus x is a non- 
generator of G, and consequently [G, G] C ®(G). ■ 

Lemma 13.54. Let G be a torsion free nilpotent group i.e., G t = {e}. Then 
if a n = b n for a,b G G and n > 0, a = b. 

Proof: Let G be nilpotent of class m. We shall prove the result by 
induction on m. If m = 0, then G is identity. Hence there is nothing to 
prove. In case m — 1, G is abelian. Therefore (a6 _1 ) n = a n (b n )~ 1 = e. 
Hence as G is torsion free a = b. Now, let m > 1. By the lemma H3.50t 
H = gp{a, [G,G]} is nilpotent of class < m — 1. Clearly bab^ 1 G H since 
H <\G. Moreover 

(bab- l ) n = ba^- 1 

= bb n b~ l = b n = a n 

Hence, by induction, bab~ l = a. This gives ah = ba, and consequently 
(ab^ 1 ) n = a n (b n )~ 1 = e. Therefore ab^ 1 = e i.e., a = b.M 

Theorem 13.55. If for a nilpotent group G, o(G/G') < oo, then G is finite. 
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Proof: Let G be nilpotent group of class n. We shall prove the result by 
induction on n. If n < 1, then G' = id, and hence the result is trivial. Now, 
let > 2. Consider the natural epimorphism: 

77 : G ->• G/r n _!(G) = H. 

Then 77 induces the epimorphism: 

77: G/G ->• 

xG' 1 — y 7](x)H' 

As o(G/G') < oo,o(H/H') < 00. Note that H is nilpotent of class n — 1. 
Hence, by induction, o(if) < 00. As r n _x(G) C Z(G),o(H) < 00 implies 
[G : Z(G)] < 00. Therefore by theorem 14.141 G" is a finite group. Now, as 
o(G) = o(G/G') ■ o(G'), G is a finite group. ■ 

Lemma 13.56. Let G be a nilpotent group. Then any finitely generated 
subgroup of G* is finite. 

Proof: Let S be a finite subset in G* and H = gp{S}. Then is a 
nilpotent group (Lemma 113.381) . By corollary 14.101 the factor group H/H' is 
an abelian group. Clearly H/H' is generated by the finite set {xH' \ s G S} 
where xH' of finite order for all x G S. Thus H/H' is a finite group. The 
result, now, follows by theorem 113.551 ■ 

STRUCTURE THEOREM FOR FINITE NILPOTENT GROUPS 

Theorem 13.57. Let G be a finite group and 

o(G)= Pl ai p 2 a2 --- Pk ^ 

where pi ; s are primes, cti > and k > 1. Then G is nilpotent if and only if 
G is a direct product of its Sylow p-subgroups. 

Proof: Let P,,7 = 1,2, ••• ,k denotes Sylow pj-subgroup of G. Then 
o(P i ) = Pi a \ Let 

G = Pi x P 2 x • • • x P k 

As a finite p-group is nilpotent (Lemma I13.41j) and any finite direct product 
of nilpotent groups is nilpotent (Lemma ll3.42p . it follows that G is nilpotent. 
Conversely, let G be nilpotent and k > 1, since otherwise there is nothing to 
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prove. Let P = Pj for an % and H = Ng{P)- Then, using lemma HO. 151 and 
lemma 113. 43[ we get H = G. Thus p < G for each i = 1, 2, • • • , k. Now, 
note that A = PiP 2 ■ ■ • Pk C G is a subgroup of G. As p C A, o(p) = pj Qi , 
1 < i < k, divides, o(A). Consequently 

oiP^-'-Pk) > pi ai P 2 a2 ---Pk ak = o(G) 
=> G = P 1 Pf-P k 

We have (pi ai ,Pj aj ) = 1 for all i ^ j. Hence for 1 < i ^ j < k, pflPj = {e}. 
Now, for any l<i^j<k,a,sPi and Pj are normal in G and P; D Pj = {e}, 
ah = ba for all a G Pj, 6 G PjfLemma 13.29( b)). Note that 

xeP i n(P 1 P 2 ---P i ^ 1 P i+1 ---P k ) 

x = cii = CL1CL2 ■ ■ ■ aj_iaj + i • • • a k (13.3) 

where a t G P t for 1 < t < k. As a t G P t , o(a t ) = p/' for all 1 < t < If 
= p^ 1 • • •pi_i /3i " 1 pj + i /3i+1 • • 'Pk^ k , then by the equation 113.31 

x n! = (ai0 2 ■ ■ • cti-icti+i ■ ■ • a fc ) n! = e. 

Further, 0(2;) = o(aj) = Pi"\ Therefore p/ 4 divides rij. Since (n»,pi) = 1, 
we conclude 0(2) = 1. Thus p D (P1P2 ■ • • P-1P+1 ■ ■ • Pt) = {e} for all 
1 < i < k. Consequently 

G = P 1 x P 2 x • • • x P k . ■ 

Theorem 13.58. For a finite group G, the following statements are equiva- 
lent: 

(i) The group G is nilpotent. 

(ii) Every subgroup of G is subnormal. 

(Hi) The group G is direct product of its Sylow p-subgroups. 
(iv)[G,G]c$(G). 

Proof: (i) (ii): (Corollary MM)- 

(ii) =>- (iii): By (ii), for any proper subgroup H of G, H ^ N G (H). Hence 
using lemma [TO. 151 if P is a Sylow p-subgroup of G, then Na(P) = G. Thus 
any Sylow p-subgroup of G is normal in G. Now, as in theorem 113.571 G is 
direct product of its Sylow p-subgroups. 

(iii) (i): (Theorem [1337]). 

To complete the proof, we shall now prove that (i) is equivalent to (iv). 
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(i) =>■ (iv): This follows by corollary 113.531 

(iv) =>■ (i): By theorem 113.571 it is sufficient to show that every sylow p- 
subgroup of G is normal in G. Let P be a sylow p-subgroup of G, and let 
H = N G (P). If H / G, take a maximal subgroup M of G, M D F. As 
Nq(P) C M, Nq(M) = M by lemma [mSl Now,as, [G, G] C $(G) C M 
(Theorem EE}, [G, M] C Af. Hence M<G. Thus N G (M) = G. This implies 
H = Gle., P<G.M 

Finitely Generated Nilpotent Groups: 

Lemma 13.59. Let G be a nilpotent group, and x,y G G be elements of 
finite order. If o(x) = m, o(y) = n, and (to, n) = 1 i/ien = yx. 

Proof: Let X = gp{x,y}. By lemma H3.56[ if is a finite group. Next, 
by lemma H3. 38[ K is nilpotent. By the structure theorem of finite nilpotent 
groups, K is direct product of its Sylow subgroups. Let o(K) = p" 1 ■ ■ -p"* 
where p[s are primes and a, > for all 1 < i < t. Let Si denotes the Sylow 
Pi-subgroup of K for i — 1, 2, • • • , t. As K — SiS? ■ ■ ■ S t , we can write 

x = a\0,2 ■ ■ ■ a t 
y = 6i& 2 ■••h 

where a^, 6j G Si for all z = 1,2, ■■•t. Note that for all 1 < i ^ j < t; 
(o(bi),o(bj)) = 1 = (°(oi),°(%)) and a& = 6a whenever a G S 1 ^ and 6 G Sj. 
Therefore o(x) = o(ai) o (a 2 ) • • • o (a t ), and o(y) = o(6i) o (6 2 ) • ■ ■ o (b t ). As 
(m, n) = 1, it is immediate that for no 1 < i < t, cii ^ e, bi ^ e. Therefore, 
as ab = ba for all a G Si, b G Sj, i ^ j, we get xy = yx. ■ 

Theorem 13.60. A nilpotent group G(^ id) is finitely generated if and only 
if every subgroup of G is finitely generated. 

Proof: It is enough to prove the direct part as the converse is trivial. 
Let G be nilpotent of class n. We shall prove the result by induction on 
n. If n = 1, then G is abelian. Hence the result follows by lemma 111.181 
Now, let n > 1. As G is finitely generated, G/T„_i(G) is a finitely generated 
nilpotent group of class n — 1. Hence by induction r n _ 2 (G)/r n _i(G) is 
finitely generated group. Let for 6i,6 2 ,--- , bk in r„_ 2 (G), 6jr n _i(G), i = 
1, 2, • • ■ , k, generate r n _ 2 (G)/r n _ 1 (G). Then any element of T n _ 2 (G) can be 
written as o" 1 ^ 2 ■ ■ -b^ k z where a« G and z G r„_!(G). Further, let G = 
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gp{xi,x 2 , ■ ■ ■ ,x t }. Then any element of G is a finite product of xf,e = ±1 
(repetitions allowed). Now, as [G,T n _ 2 (G)] = T n -i(G) C Z{G), and for any 
a, b, c in G, [ab,c] = alb,^' 1 ^,^, [a, be] = [a, b]b[a, c]& -1 , [a _1 ,&] = a _1 [6, a] a 
and [a, = a]b, it follows that T n _i(G) = [G, r n _ 2 (G)] is generated 
by the finite set of elements [xi, bj], 1 < i < t, 1 < j < k. As r n _i(G) C Z)G), 
it is abelian. Now, let H{^ id) by any subgroup of G. Then H/T n ^i(G) OH 
is a subgroup of the finitely generated nilpotent group G/T n _i(G) of class 
n — 1. Hence by induction H/H D r n _i(G) is finitely generated. Further as 
r n _i(G) is finitely generated abelian group, Hr\T n -i(G) is finitely generated 
(Lemma 111. 18[) . Therefore H is finitely generated. ■ 

Theorem 13.61. Let G be a finitely generated nilpotent group. If Z(G) is 
finite then G is finite. 

Proof: Assume G is non-abelian since otherwise G = Z[G) is finite. Let 
G be nilpotent of class m. We shall first prove, by induction on m, that G 
contains a torsion free, normal subgroup of finite index. As G is non-abelian, 
m > 2. If m = 2, then 

G^Tx(G) ^T 2 (G) =id 

is the lower central chain of G. As [G, Ti(G)] = r 2 (G) = id, Ti(G) C Z(G). 
Thus ri(G) is a finite abelian group. Now,note that G/Y\{G) is a non- 
identity, finitely generated abelian group. Therefore by structure theorem of 
finitely generated abelian groups, there exists a chain 

H r+1 = G D H r D • ■ ■ D iZi D T^G) = i? 

of subgroups of G, r > 0, such that H%+\l H% is an infinite cyclic group for all 
i — 0, 1, • • • , r — 1 and G/H r is a finite abelian group. As Hi D Ti(G), Hi<G 
for all i = 0, 1, • ■ • , r (Lemma 14. 9p . If r = 0, then G/Ti(G) is finite. Hence 
G is finite as Ti(G) is finite. Thus the claim follows in this case. Now, let 
r > 1. By theorem 18.221 there exists a torsion free, normal subgroup M of 
Hi with [Hi : M] < oo. Hence for some a > 1, #f = | x G C M is 

a torsion free normal subgroup of G (use:Hi > G). Now, note that Hi/H® is 
a nilpotent group (Lemma 113. 381) and is torsion. Hence, as Hi/ H^ is finitely 
generated (Theorem 113.601) . it is finite (Lemma I13.56H . A repeated use of 
theorem 18.221 gives a torsion free normal subgroup K of G such that K C H r 
and [H r :K]<oo. As [G : H r ] < oo, we get [G : K] = [G : # r ][# r : AT] < oo. 
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Hence the result follows in case m = 2. If m > 2, then since Ti(G) is nilpotent 
of class m — 1, by induction, there exists a torsion free normal subgroup N of 
Ti(G) with [ri(Cr) : N] < oo. Now, as in case m = 2, we get a torsion free, 
normal subgroup K of G with [G : If] < oo. If G is not finite then K ^ id. 
By theorem 113.491 KC\Z(G) ^ id. Hence, as K is torsion free, o(Z(G)) = oo. 
This contradicts our assumption on Z(G). Consequently o(G) < oo. ■ 



EXERCISES 

1. Let A and B be solvable subgroups of a group G and A < G. Prove 
that AB is a solvable group. 

2. Let p, q be, not necessarily distinct, primes and let G be a group of 
order p n q, n > 1. Prove that G is solvable. 

3. Prove that a group of order 105 is solvable. 

4. Let p, q, r be primes. Prove that any group of order pqr is solvable. 

5. Let H, K be two solvable, normal subgroup of a group G. Prove that 
HK is a solvable, normal subgroup of G. 

6. Let G be a finite group. Prove that G contains a solvable, normal 
subgroup H such that for any solvable, normal subgroup K of G, K C 
if. 

7. Let G be a finite group. Prove that G is solvable if and only if for any 
subgroup e) of G, H' ^ H. 

8. Let G be a solvable group, and H its maximal subgroup such that 
[G : H] < oo. Prove that [G : H] = p a where p is a prime and a > 1. 

9. Let id) be a solvable group. Prove that G contains an abelian, 
characteristic subgroup id). 

10. Let iV be a minimal normal subgroup of a finite solvable group G. 
Prove that N is an elementary abelian p-group for a prime p. 



249 



11. Let G be a finite nilpotent group and o(G) = n. Prove that for any 
m > 1, m | n, there exists a normal subgroup H of G with o(H) = m. 

12. Show that derived group of the symmetric group S4 is not nilpotent. 

13. Let for a group G,G/Z(G) is nilpotent. Prove that G is nilpotent. 

14. Let G be a finite nilpotent group. Prove that for any maximal subgroup 
H of G, [G : H] is prime. 

15. Let for a group G and a subgroup H of Z(G), G/H be nilpotent. Prove 
that G is nilpotent. 

16. Let G be a nilpotent group and H, a simple normal subgroup of G. 
Prove that # C Z(G). 

17. Let G be a torsion free nilpotent group and let m > l,n > 1. Prove 
that if for x,y G G, x m y n = y n x m , then xy = yx. 

18. Prove that if G is a torsion free nilpotent group, then G/Z(G) is torsion 
free nilpotent. Further, show that G/Zi{G) is torsion free nilpotent for 
all i > 2. 

19. Let n > 2 be a fixed integer. Prove that the group 



is nilpotent of class 2 and G/T^G) is not torsion free. 

20. Let G be a finitely generated nilpotent group. Prove that there exists 
a central chain of G with all its factor groups cyclic. 

21. Prove that the torsion subgroup of a finitely generated nilpotent group 
is finite. 

22. Let G be a group. Prove that T n (G) = gp{[ai, 0,2, • • • , a n +i] I a i £ 
G for all 1 < i < n + 1} for all n > 0. 

23. Let G be a nilpotent group. Prove that if A is a maximal, normal 
abelian subgroup of G, then Cg(A) = A. 
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24. Let G = D 2n , (n > 1), be the Dihedral group of order 2 n+1 (Example 
ll.29p . Prove that G is nilpotent of class n + 1. 

25. Prove that a finite group G is nilpotent if and only if every maximal 
subgroup of G is normal. 

26. Let G be a nilpotent group , and let A, B be two normal subgroups of 
G where B ^ A. Prove that there exists a normal subgroup K of G, 
B^K d A such that K/B is cyclic. 

27. Let iV be a normal subgroup of a nilpotent group G such that °(iV) = p n 
(p : prime, n > 1). Prove that iV C Z n (G). 

28. Prove that every finite group G contains a nilpotent subgroup A such 
that N3(A) = G. 

29. Let G be a finite group such that for any subgroup H of G, HG' = G 
implies H = G. Prove that G is nilpotent. 

30. Prove that for any finite group G, is nilpotent. 

31. Let G be a finite p-group. Prove that G/§(G) is an elementary abelian 
p-group. 
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Chapter 14 
Free Groups 



If for a subset X of a group G, gp{X} = G, then any g(=£ e) G G can be 
expressed as 

g = X?X? ■■■X n k k (14.1) 

where x ; 6 I, ^ 7^ and £j 7^ for any 1 < % < k. In general, such 
representation is not unique e.g., if for an element x G X, o(x) = m < 00, 
then 

ni no nu n-\ no nu _m 

y — J^i X 2 x k ~ x l x 2 x k x 

Hence, in this case e) G G shall admit more than one representation of 
the type (114. ip . Therefore, if we wish to have a generator set X for a group 
G with the property that for any e) G G, the representation of g of the 
type (H4.T|) is unique then all the elements in X have to have order 00. This, 
however, is not sufficient. To see this, note that all the non-zero elements 
of the group G = ((£>, +) have order 00 and G is not cyclic. If r, s be any 
two non-zero elements in a generator set of +), then there exist non-zero 
integers m and n such that mr = ns. Thus ((Q, +) can not have such a set of 
generators. We, therefore, define: 

Definition 14.1. A subset X of a group G 7^ id is called a free set of 
generators for G if every g(^ e) G G can be uniquely expressed as 

y — x 1 x 2 x k 

where Xi G X, rti 7^ 0, k > and Xi 7^ Xi + \ for any 1 < i < k. 



1 contents groupl^.tex 
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Definition 14.2. A group G ^ id is called a free group if G has a free 
set of generators X, and the set X is called its basis. 

Remarks 14.3. (i) An infinite cyclic group C = gp{a} is free and {a} is a 
free set of generators for C. 

(ii) By convention the identity group is assumed free with 0(null set) its free 
set of generators. 

Exercise 14.4. Prove that if for a free group G with a basis X, \X\ > 1, 
then G is non-abelian. 

Exercise 14.5. Let X ) be a set of generators for a group G. Prove 
that X is a free set of generators for G if and only if the following condition 
holds: 

If for zi G X, 1 < i < I, Zi 7^ z i+ i, 



mi m 2 
Z\ Z 2 



then to,- = for all 1 < i < I. 



■zi 



e (rrii G -2T), 



We, now, give a concrete example of a free group with a free set of gen- 
erators having two elements. 



Theorem 14.6. Let n > 2 be an integer. The subgroup 

H = gp 

of Sl2(Z) is a free group and 



1 n 
1 



1 

n 1 



1 n 
1 



1 

n 1 



is a free set of generators of H . 



Proof: Put x 



1 n 
1 



and y 



1 

n 1 



To prove the result we 



have to show that there is no non-trivial relation among x and y i.e., any 
alternating product w of non-zero powers of x and y is non-identity. For any 
k 7^ 0, we have 



x 



1 nk 
1 



and y 



1 

nk 1 
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Thus x k 7^ id and y k 7^ id. To complete the proof, we, now consider: 
Case I : 

w = x kl y k2 ■ ■■ z ks 

where s > 2, ki 7^ for all i > 1 and z = x or y. Let denotes the first row 
of the matrix x kl y k2 ■ ■ ■ z ki . Then r\ = (l,nki), r 2 = (1 + nk 2 (nki), 71A4) and 
if r 2i _i = (a 2t _i,a 2t ), then 



r 2t = r 2t -iy 2t = (a 2 t-i,a 2 t) 



1 

nk 2t 1 
(a 2t _i +nk 2 ta 2t ,a 2 t) 
(a 2m ,a 2t )(say) 



and 



r 2 m = r 2t a; 



Thus we have 



(a 2t+ i, a 2t ) 



1 n/c 2m 
1 



(a 2t+1 , a 2t + nk 2 t+ia 2 t+i) 
(a 2t+ i,a 2t+2 )(say) 



— + ^^j+lOi+i 



for all % = 1, 2, • • • , s — 1. We have seen that ai = 1, a 2 = n/ci and 03 
ai + nk 2 a 2 . As n > 2, and fcj 7^ 0, |a 2 | = n > 1 = |ai|, and 

1 0,3 1 = |ai + n/c 2 a 2 | > n |fc 2 a 2 | - |ai| 

> 2 |a 2 | — I a-i I 

> \a 2 \ + 1 > |a 2 | 



Now, if i > 2, and |aj+i| > |aj|, then 



> n |a i+ i| - |aj| 

> |a i+ i| + 1 > |a i+ i| 



Hence w 7^ id. 
Case II : 



w = y kl x k2 ■■■z ks 



where s > 2, ki 7^ for all i > 1 and z = x or y. 
In this case 



wi — y kl wy kl 



x 



k 2 



■z ks y kl 
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Thus Wi is a product of the form in case I, and hence W\ ^ id. Consequently 
w 7^ id. This completes the proof. ■ 

Let X be a non-empty set. We shall construct a group with X as a free 
set of generators. Let us define a word in the alphabet X a finite product 



w = x™ 1 x^---x™ k 



where X; L G X and m 8 G /Z for all 1 < i < k. The integer Yli=i l m «l i s 
called the length of the word w and is denoted by l(w). The word w is called 
reduced if rrii ^ , and X{ ^ x i+ i for all i > 1. To make matters precise, if 
X = {x, y, z}, then 



— 3 2^2 

w — x x y z 



is not a reduced word as first two alphabets of the word are equal, but 



w = x 2 y 3 zx A 



is a reduced word. It is clear that each word can be brought to a reduced 
word by collecting powers of alphabets when adjacent alphabets are equal 
and by deleting zeroth powers and continuing this process till we obtain a 
reduced word, e.g., if 



then 



3 2 4 -2 -2-2 

w = x x z yz z x z y 



w = x 5 yz 2 z 2 y 2 

^ n —9 

= x yz y 

^ —9 

= x yy 

^ —i 
= x y 



is now a reduced word or is in reduced form. The steps undertaken to bring 
a word in reduced form can be implemented in more than one way, e.g., we 
can also do 

w = (x 3 x 2 z°yz 4 )(z~ 2 x°z~ 2 y~ 2 ) 
= (x 5 yz 4 )(z~ 2 z~ 2 y~ 2 ) 
= (x 5 yz 4 )(z~ A y~ 2 ) 

^ A —4 —2 

= x yz z y 

^ —9 

= x yz y 

^ —9 ^ —1 

= x yy = x y 

In the above example the end result is same. Note that reducing the word 
x°y° gives a word with no symbols. We call a word with no symbols as an 
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empty word. As seen above each word in the alphabet X can be brought to 
reduced form. This, however, can be done in more than one ways. We shall 
prove below that any word reduces to a unique reduced word by above process 
of simplification. We shall multiply two words W\ and W2 just by writing one 
after the other. Clearly even if w\ and W2 are reduced the product W1W2 
may not be reduced because the last alphabet of W\ may be equal to the 
first alphabet of u>2- However, W1W2 can be brought to reduced form by 
simplification explained above. We, now, prove: 

Theorem 14.7. Each word in the alphabet X can be simplified to exactly 
one reduced word i.e., the process of simplification is immaterial. 

Proof: For each x G X, define a function <fi x on the set of reduced words 
W in the alphabet X as below: 

(j) x :W -> W 
w 1 — y xw 

Here xw is a reduced word obtained by simplification of the word xw. Clearly 
xw is uniquely determined. Thus <fi x is well defined. It is easy to check that 
(fi x is one-one and onto from W to W. Thus (fi x defines a permutation on W . 
Now, for any word 

0, — T ™l T m 2 . . . ~ m fc 

in the alphabet X, define 

the composite of the permutations (fi Xi and of their inverses. Thus for each 
word u, (fi u is a permutation of W. Clearly if a word u reduces in some way 
to a word v then (fi u = <fi v . Hence 

{(fi u I u : a word in the alphabet X} 
= {<fi v I v : a reduced word in the alphabet X} 

is a subgroup of the group of permutations (transformations) of the set W. 
Now, let a word w reduces by two different ways to two reduced words w\ 
and W2, then 

(fill) (fiwi 4 > W2 

Now, as (fi Wi sends the empty word to Wi, i — 1,2, we get w\ = W2- Hence 
the result follows. ■ 
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NOTATION : Let 0) be a subset of a group G. Given two words 

Wi, W2 in the alphabet X, we choose to write Wi = W2 if W\ and W2 are same 
as written. Clearly, even if w\ ^ W2, we may have w\ = W2 in C 

Theorem 14.8. Let X be a non-empty set. Then there exists a free group 
with X as a free set of generators. 

Proof: By the theorem 114.71 each word in the alphabet X can be sim- 
plified to a unique reduced word. Let for a word w in the alphabet X, w 
denotes the unique reduced word obtained by simplifying w. Then for any 
two words u>i and W2, we have wi = wi and wi.W2 = W1.W2 = w\w 2 - Now, 
consider the set 

F(X) = {w I w : a reduced word in the alphabetX} 

of all reduced words in the alphabet X and define a binary operation * on 
F(X) as follows : 

Wi * W2 = W1.W2 

For any Wi,W2 and W3 in F(X), we have 

(w± * W2) * ^3 = W1.W2 * W3 

= Wt.w2.w3 
= (w 1 w 2 )w 3 

= w 1 (w 2 w 3 ) 

= Wi(w 2 .W 3 ) 

= w±* (w 2 *w 3 ) 

Thus * is an associative binary operation. Note that for any reduced word 
u = x^x™ 2 ■ ■ ■ x™ k , v = x^ mk ■ ■ ■ X2~ m2 Xi mi is a reduced word and u*v = v*u 
is the empty word which is the identity element of F(X) with respect to the 
binary operation *. Hence F(X) is a group. The words with single alphabet 
in X clearly form a set of generators of F(X). If 

mi m 2 , , m k _ ■ j 

where m ; G -ZT and Xj 7^ Xj+i for any i > 1, then as x™ 1 ^™ 2 • ■ ■ x™ fe is a 
reduced word, it is the empty word. Hence rrii = for all 1 < i < k. Thus 
X is a free set of generators of the group F(X). ■ 



257 



Remark 14.9. The group F(X) is free group generated by the set X. In 
fact X is a basis of F(X). If X = {xi, x 2 , • • • , x n }, then we write F n (X) for 
F(X) and if X = {xi, x%, ■ ■ ■ , x n , ■ ■ • } , then F(X) is denoted by F^X). In 
case it is not necessary to specify X, we simply write F n and F^. 

Exercise 14.10. Let H be the subgroup of F(x,y) generated by the set 

S = {xyx~ 1 ,x 2 yx~ 2 , • • • , x n yx~ n }, n > 1. 
Prove that 5 is a free set of generators for H. 

Remark 14.11. Any free group F n ,n > 1 can be embedded in F^. As for 
free group F(x,y), H = gp{x~ n yx n \ n > 1} is a free subgroup of F(x,y) 
(Exercise 114. lUj) . F^ can be embedded in F 2 . Thus, as from the theorem 
I14.6[ Sli{2£) contains F 2 , F^ and hence F n for all n > 1 can be embedded 
in Sl 2 {Z). 

Theorem 14.12. Any free group id) is isomorphic to the free group 
F(X) for some X . 

Proof: Let A = {a^ | i G /} be a free set of generators for G and let 
X = {xi | i G /} be a set of alphabets with \A\ = \X\. Consider the map 

<J>:F(X) -> G 

n . — T . mi™. mj,,,~. mi |_v n . rni n m,2 . . . n . m k 

from the group F(X) to G. By definition of F(X), and free set of generators 
of a group, it is clear that is an isomorphism. ■ 

Corollary 14.13. If G is a free group of rank n, then G is isomorphic to 
F n . 

Remark 14.14. In the above theorem, if G is not necessarily a free group and 
we take A to be a set of generators of G in the proof, then <f> is an epimorphism 
from FiX) to G. Thus any group is homomorphic image of a free group. 
The kernel iV of the epimorphism : F(X) — > G is called the set of relations 
of the group G in the alphabet X. If for a subset R of N, N is the smallest 
normal subgroup of F(X) containing R, then R is called a set of defining 
relations of G in the alphabet X. Since G = F ^ , G can be completely 
determined with the help of X and the subset R of F(X). We call the pair 
< X | R >, a presentation of G in terms of generators and relations. This fact 
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is expressed by writing G =< X \ R > (the equality is upto isomorphism). 
If X = {xi,x 2 , ■ ■ ■ ,x n } is a finite set and R = {wi,w 2 , ■ ■ ■ ,w m } is also a 
finite set of reduced words in the alphabet X, then 

G =< X | R >=< xi, x 2 , ■ ■ ■ ,x n | wi, w 2 , ■ ■ ■ ,w m > 

is called a finitely presented group. 

We shall give below presentations of some familiar groups, to elaborate 
the above discussion, in terms of generators and relations. 

Examples 14.15. S 3 =< x,y \ x 2 ,y 3 , (xy) 2 > 

Proof: For the set of generators {(12), (123)} of 53, consider the epimor- 
phism : 

<f>:F(x,y)^S 3 

for which <f>[x) = (12) and (f)(y) = (123). Now, let M = ker0 and let 
be the normal closure of the set R = {x 2 ,y 3 ,(xy) 2 } in F(x,y). Clearly 
x 2 ,y 3 , (xy) 2 G M. Hence N C M. Consider the natural epimorphism : 

N M 

wN ^ wM 

As S% is isomorphic to ™ , °(^%^) — °(^m^) = 6- Clearly xN } yN 
generate F<y ^ and 

(xN) 2 = N, (yN) 3 = N, and xyN = y 2 xN (14.2) 

since x 2 , y 3 and (xy) 2 belong to N. Using the relations I14.2[ we can easily 
see that 

{N, xN, yN, y 2 N, xyN, xy 2 N} 

is the group F ^ y ^ i.e., it has six elements. Hence F ^f^ is isomorphic to 
F<y ^ which is isomorphic to 5*3. Thus M = N and consequently 5*3 =< 
x,y | x 2 ,y 3 , (xy) 2 > . 

Examples 14.16. 2Z n =< x \ x n > 

Examples 14.17. =< x \ x 6 >=< x,y \ x 3 ,y 2 ,xyx~ 1 y~ 1 > 
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Exercise 14.18. Prove that the presentation 

gives a free abelian group of rank n. 

The example 114.171 above gives two different presentations of Z§. Thus, 
in general, a group may have more than one presentation. 

Theorem 14.19. For the free group F n , the quotient group JrV is isomorphic 
to the free abelian group 2L n . 

Proof: Let {x\,Xi, ■ ■ ■ ,x n } be a free set of generators for F n . Then the 
map 

(j):F n -> % n 
u = x^x^ 2 ■ ■ ■ x ik mk H> m x e ix + m 2 e i2 H h m k e ik 

where = (0, 0, • • • , V th , • • • ,0), i = 1, 2, • • • , n, is the canonical basis of 
2Z n , is an epimorphism from F n to /Z n . As /Z n is an abelian group F n ' C ker <f>. 
Hence induces the epimorphism: 

such that for any u = x^^x^™ 2 ■ ■ ■ Xi k mk in F n , <fi(uF n ') = m\e^ + m 2 e i2 + 
■ ■ ■ + vrikZiu ■ As JrV is an abelian group , any non-identity element of Jrr 
can be written as Xi 1 mi Xj 2 m2 • • -Xi k mk Fn where i\ < i 2 < ■ • • ik, k > 0, and 
mt(y^ 0) £ Zj for all 1 < t < k. Thus it is clear that no non-identity element 
of JrV is mapped to identity under 0. Hence <p is an isomorphism. ■ 

Remark 14.20. If F(X) is a free abelian group on the set of alphabet 
X(t^ 0) where X is not necessarily finite, then from the proof of the theorem 
it is clear that 

F ( x ) ~/Tw 



F(X)> ^ 



where Zj t = Zj for all x E X. 



Exercise 14.21. Show that F n contains a normal subgroup of index a m for 
all a > 1, and < m < n. 

( Hint : Use the composite epimorphism: F n — > — ^ = Zl n — > ( — J J 

V \ a J J 
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Theorem 14.22. If F m is isomorphic to F n , then m = n. 
Proof: Let 

ip : F m ->- F n 

be an isomorphism. Then ip(F m ') = F n ', and hence ip induces the isomor- 
phism 

— F F 

± m ± n 

uF m ' h-> 1>{u)F n ' 

where u G F m . Thus by the theorem 114. 191 we get that Z m is isomorphic to 
2Z n , and hence by lemma [11 .9^ m = n. 

Corollary 14.23. If a free group id) has a basis X with \X\ = n < oo, 
then any other basis of G has n elements. 

Proof: Let Y be a basis of G. Then, any x G X can be expressed as 

721 no Tit. 

x = 2/i 1/2 ■••Vk 

where yi G Y and rii ^ for some 1 < i < k. Thus there exists a finite 
subset {yi,y2, •• • , Hi} of Y such that G = gp{yi, 2/2, • ■ • , £/«}• As Y is a basis 
of G it is clear that \Y\ < 00. Now, the result follows by the corollary 114.131 
and the theorem. 

Remark 14.24. If F(X) = G is a free group on the set of alphabet X 7^ 0, 
and K is any other free set of generators of G, then \X\ = \Y\. 
We have 

and also 

c ~ F(y] y ' 

v ; yeY 

Thus the free abelian group A = I ^ ^ is isomorphic to the free abelian 
group B = J/e y %y Consequently 

A B 
2A~ 2B 

As -A and ^| are vector spaces over ^ 2 of dimensions |X| and \Y\ respec- 
tively, \X\ = \Y\. 
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We, now, define: 

Definition 14.25. If X is a free set of generators for a group G, then 
the cardinal number \X\ is called the rank of the free group G. 

Theorem 14.26. A set of generators X of a group G is a free set of gener- 
ators of G if and only if given any group H and a function a from X to H 
there exists a unique homomorphism from G to H such that 

4>(x) = a(x) 

for all x G X . 

Proof: We shall first prove the direct part. Clearly, the map 

a : F{X) -> H 
w = x mi x™ 2 ---x™ k ^ a(x 1 ) mi a(x 2 ) m2 ■■■a(x k ) mk 

is a homomorphism from the free group F(X) to H. Further, as X is a free 
set of generators of G, the natural map 

V-F(X) -> G 

... _ ~mi m 2 m k mi m 2 m k 

lu — *L> -y j 2 h 1 2 h 

which sends every reduced word in F(X) to the corresponding product of 
elements in G is an isomorphism. Hence 

= ar]' 1 :G^H 

is a homomorphism such that 

4>(x) = ar)~ l (x) = a(x) 

for all x G X. For uniqueness of 4>, let ip be another homomorphism from G 
to H such that ip(x) = a(x) for all x e X. As X is a set of generators of G 
any element g £ G can be expressed as g — x^x™ 2 ■ ■ ■ x™\ where Xi E X for 
1 < i < t. Hence 

= a(x\) mi a(x2) m2 ■ ■ • a(x t ) mt 

= ^(xi) mi ^(x 2 ) ma ...^(x t r 
= 
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Thus is uniquely determined. To prove the converse, take H = F(X) and 
a(x) = x for all x G X . Then a extends to a unique homomorphism 



: G ->■ FpQ. 

If X is not a free set of generators for G, then for some t > 1, there exist 
G X, I; / and mj 7^ for 1 < i < t such that a;™ 1 ^^ 12 ■ • • x™* = id. 
Therefore 

(f>(x? 1 x% a ---x? t ) = id. 

-a. ^.mi m 2 m t -J 

in F(X). This, however, is not possible as X is a free set of generators for 
F(X). Hence X is a free set of generators for GM 

We shall, now, prove that if G is a free group of rank n, n < 00, then any set 
of n generators of G is a free set of generators of G. To prove this we need 
the following result. 

Lemma 14.27. Every free group is residually finite. 

Proof: Let G(^ id) be a free group with X, a free set of generators for 
G. For each a G X, let a a denote the function from X to C a = gp{a} such 
that a a (a) = a, and a a (x) = e for all x 7^ a. Then, by the theorem 114.261 a a 
extends to the unique homomorphism 

(j) a : G ->• C fl . 

Now, for each n > 1, consider the composite homomorphism 



where 77 is the natural map. Let K a ^ n = ker0 aj „. Then [G : K ajn ] = n. If 
w G G lies in all subgroups of G with finite index, then <j) a ,n{w) = id for all 
a and n > 1. This clearly implies that w = id. Hence G is a residually finite 
group. ■ 

Theorem 14.28. If G is a free group of rank n < 00, and 

S = {ai, 02, • • • , a n } 
is a set of generators of G, then S is a free set of generators of G. 
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Proof: Let X = {xi, X2, ■ ■ ■ , x n } be a free set of generators of G. By the 
theorem 114. 26[ there exists a unique homomorphism : G — > G such that 
4>(xi) = di for all 1 < i < n. As S is set of generators of G. is onto. Let 
A = {H C G : subgroup \ [G : H] < 00}. Then, by the corollary 17.1 6[ 

(f): A ^ A 

is one-one from A onto ^4. Hence, if K = ker 0, then K C H for all if e A. 
By lemma 114.271 

□ H = {e}. 
HeA 

Hence K = {e}. Thus is an automorphism of G. Consequently S is a free 
set of generators of GM 

Exercise 14.29. Show that a free group of rank k can not be generated by 
less than k elements. 

Exercise 14.30. Show that F m x F n is not a free group for all m > 1, n > 1. 

Let Gj, 1 < i < n, be groups, and let 

X= \\G % 

l<i<n 

be the disjoint union of GVs. We can form words w = x\X2---Xk from 
elements of X. A word w = X\x<i ■ ■ ■ Xk is called reduced if Xj and Xj+% 
do not lie in the same group and no Xj is equal to the identity element of 
any group G?j, 1 < % < n. All the reduced words formed by elements of X 
together with the empty word form a group if we define the product of two 
words wi, W2 as W\*W2, the reduced word obtained after normal simplification 
of W1W2, the word obtained after writing w 2 adjacent to w%. This group is 
denoted by 

G\ -k G2 ~k ■ ■ • ~k G n 

and is called free product of G^s. 

Exercise 14.31. For the free group F(xi,X2, ■ ■ ■ ,x n ) = F n , 

F n — G\ ~k C 2 * ■ ■ ■ * C n 
where Cj = gp{x i } ) 1 < i < n, is the cyclic group generated by {x^}. 
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Let F(X) be a free group on a non-empty set X of alphabets. We shall 
prove that every subgroup of F(X) is free. To prove this, we need some new 
notions and results. Let us define: 

Definition 14.32. A (left) Schreier system in a free group F(X) is a 
set S of reduced words in F(X) such that if the reduced word 

w = x? 1 x™ 2 ---x™ k 

is in S, then x^x™^ 1 ■ ■ ■ x™ k G S for all % > 2. 

Definition 14.33. Let H be a subgroup of a free group F(X). A left 
Schreier transversal of H in F(X) is Schreier system which is also 
a left transversal of H in F(X). 

Lemma 14.34. Let H be a subgroup of a free group F(X). Then there exists 
a (left) Schreier transversal of H in F{X). 

Proof: For any left coset fH of H in F(X), put 

l(fH) = mm{l(w) | w G fH is a reduced word }. 

Clearly, l(fH) is the length of the shortest reduced word in f'H. We shall 
call this the length of the coset fH. We shall construct a (left) Schreier 
transversal of H in F(X) by choosing a coset representative $(/) from each 
coset fH of H in F(X) with /($(/)) = l(fH), using induction on the lengths 
of the cosets. For the coset H, choose the empty word as its representative. 
Note that H is the only left coset of H in F(X) with length 0. For every 
left coset of H with length 1 choose a word of length 1 as its representative. 
Now, let for every left coset of H with length s < t, t > 2, we have chosen 
a representative with length s. Let gH is any left coset of H in F(X) with 
l(gH) = t. Assume 1(g) = t, and g = x^xf? • • • x\* , where Xi G X, and 
€i = ±1 for all 1 < % < t. We define 

$(g)=xl 1 <I>(x?xl*---x?) 

Then $(g) is a representative of the coset gH and has length t. This com- 
pletes the induction step by choosing a coset representative for every left 
coset of length t as above. The fact that such a (left) transversal of H in 
F(X) is a Schreier transversal is clear by construction. Hence the proof 
follows. ■ 
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Theorem 14.35. (Nielson- Schreier) Any subgroup H of a free group 
F(X) is free. 

Proof: We can assume that H ^ {e}, since otherwise the result is 
trivial. Let T be a (left) Schreier transversal of H in F(X) and let $ be 
the corresponding coset representative function. By the remark I3.26[ H is 
generated by the set S of non-identity elements in {$(xt) -1 a;t | x G X, t G 
T}. We shall prove that H is freely generated by the elements of S. This will 
be done in steps. 

Step I : If $(xt)~ xt 7^ {e}, then it is a (non-empty) reduced word in the 
alphabet X as written. 

As Q(xt)~ l and t are reduced words, any cancellation in the word $(a;t) _1 xt 
has to begin with x. Therefore for the cancellation to occur either t = x~Hi, 
in which case, $(xt) _1 xt = t^Hi = e, or $(a;t) 1 = t 2 x x~ l , which implies 

®{xt)H = xt 2 H 

=^ xtH = xt 2 H 

^tH = t 2 H 
^t = t 2 

Q(xt)~ 1 xt = t 2 ~ 1 x~ 1 xt 2 = e 

a contradiction to our assumption. Thus $(xt) _1 xt, as written, is a non- 
empty reduced word in the alphabet X. 

Before moving to step II, we shall make an observation. First of all, note 
that $(x" 1( I>(xt)) = t. Hence 

(^(xty 1 xty 1 = t^x- 1 ^^) 

= ^(x^i^x-H 

where i = $(xt). Thus any element of S U S^ 1 has the form cf){x e t)~ l x e t 
where x G X, t G T and e = ±1. We, now, state: 

Step II : Let u,v G S U S" 1 , and uv ^ e. If u = $(x e ti) _1 a; e ti and 
v = ^{y s t 2 )~ l y s t 2 where e, 5 = ±1, ti,t 2 G T and x,y G X, then x e and y 5 
do not cancel out in the reduced form of uv as a word in the alphabet X. 
By the step l,u,v are non-empty reduced words in the alphabet X. Therefore 
any cancellation in the word uv in the alphabet X has to begin at the interface 
of u and v. We claim that any cancellation in uv in the alphabet X shall 
stop before reaching x e in u and y s in v . Let x e cancels earlier than y 6 then 
we must have 

^h)- 1 = t^x-'w- 1 
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Taking s = §(y 6 t 2 ), we get 

wx e t x = s G T 
=>- x e t\ G T since T is a Schreier transversal 
=4> $(x e ti) = x e ti 
=>- tt = e 

This contradicts our assumption that u ^ e. Thus x e does not cancel earlier 
than y s . Next, let y s cancels earlier than x e , then we have 

fi = w iy - s $(y s t 2 ) 
= W\y~ 5 s' 

where s' = &(y 5 t 2 ). As w 1 y~ 5 s' — ti G T, and T is a Schreier transversal, 
y- 5 s' G T. Hence 

$(y-<V) = y- 5 s' 
^(y- s ^(y s t 2 )) = y- 5 $(y s t 2 ) 
=> t 2 = y- & s' 

i.e., t 2 = y- 5 ${y s t 2 ) 

v = §( y H 2 )- l yH 2 = e 

This is a contradiction to our assumption that v ^ e. Thus y 5 does not 
cancel before x e . 

Finally, if y 5 and x e cancel simultaneously then we have 

xH t = y- 5 $(y%) 
$(^0 = $(y- 5 $(y^ 2 )) 

=>- uv = e 

which is not true by our assumption. Hence the statement in the Step II is 
proved. 

Step III : The set S is a free set of generators of H. 

We shall first prove that S fl S* -1 = 0. If not, then there exists x, y G X, and 
ti,t 2 G T such that 

^(xt^xh = myt^yh)- 1 
=4> $(xt 1 )- 1 xt 1 $(yt 2 )~ 1 yt 2 = e 

and 

$(j/*2)~V2$(arfi) _1 a;ti = e 
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Then by the Step II, we get 

$(arfi) = t 2 , <£>(yt 2 ) = h and xh = y^^(yt 2 ) 

These relations imply x = y -1 , which is absurd. Hence S fl S^ 1 = 0. Now, 
let 

mi mo mi. 

a = u± u 2 ■ ■ ■ u k 

be a reduced word in the elements of S i.e., fc > 1, «j G 5, m { / and 
M i 7^ Wi+i for all z = 1, 2, ■ ■ • , — 1. To prove the result it suffices to show 
that a 7^ e. This will follow if we prove that a as a reduced word in the 
alphabet X is non-empty. This is now immediate from the Steps I and II 
since by the Step I each Ui is a reduced word in the alphabet X and by the 
Step II any cancellation clearly begins at the interface of adjacent u^s and 
stops before reaching the basic symbols i£l (useiS 1 fl S^ 1 = 0). Thus the 
theorem is proved. ■ 

Corollary 14.36. Let H be a subgroup of a free group F(X), and let T 
be a (left) Schreier transversal of H in F(X). Then the set of non-identity 
elements ofT~ l XT fl H is a free set of generators of H . 

Proof: We shall use notations in the proof of the theorem. Clearly 

{<$>(xty l xt | t G T, x G X} C T- X XT n H 

Further, if for any s, t G T and x G X, 

s - l xt = he H 
=^ xt = sh 

= $(s/i) = s 

Hence 

{^(xt^xt I t G T, x G X} = T- l XT n H 
Therefore the proof is immediate from the theorem. 

Lemma 14.37. The derived group of the free group F 2 = F(x, y) is free of 
countable infinite rank. 

Proof: As -p- is free abelian group of rank 2 generated by xF' 2 and yFk 
(Theorem ll4.19l) . any element of this group has the form x m y n F' 2 (m, n G /Z). 
Further, by the theorem 114. 191 the map 

x m y n F! 1 i — y me\ + ne 2 
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where e\ = (1, 0) and e 2 = (0, 1), the canonical basis of the free abelian group 
Zj 2 , is an isomorphism. Hence it is immediate that the set T = {x m y n \ 
m,n G Zj} is a Schreier transversal of F' 2 in F 2 . Thus by the proof of the 
Nielsen-Schreier theorem the set {(x m y n+1 )~ 1 yx m y n m,n G ZZ} is a free set 
of generators of T 2 '. Hence the result follows. ■ 

Theorem 14.38. Let H be a subgroup of the free group 

F n = F(x ± ,x 2 , ■■■ ,x n ) 
with [F n : H] = j < 00. Then H is a free group of rank j(n — 1) + 1. 

Proof: Put X = {x±, x 2 , ■ ■ ■ , x n }. Let T be a left Schreier transversal of 
H in F n and let $ be the corresponding coset representative function. For 
the collection M of all formal expressions i.e., words §(xi)~ l xt where t G T 
and x G X, consider the map 

a : Ti = T - {e} ->■ M 

/ \ J" $(a;t)" :L xt if t = ar 1 ^, for x G X 

^ " W ~ \ ^(xti)- 1 ^! if t = xt u for x E X 

We shall show that a is one-one. Let for x,y G X, and t, s G Ti, t = xti, 
and s = y~ x s\. Then 

= a(s) 

=4> ^(xt^^xti = $(ys) _1 ys 

=>- t~ l xt\ = s^ys 

=>- s = xii 

=4> s = t 

i.e., s = i. 

In all other cases, it is clear that a(t) ^ a(s) for t ^ s in Ti. Therefore a is 
one-one. Now, let for t G Ti, y G X, 

<5>{yt)- l yt = e inT n 
=*$(j/t) = yt 

If ^ yiu, then t = and a(t) = §{yt)~ l yt. Further, if = ytu, 

then t = w, $(yt) G Ti, and 

= ^(ywy 1 yw 
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Finally, for e G T and x G X, if 

$(xe) _1 xe = e 

$(x) = x G 7\ 

Hence 

= $(xe) _1 xe 

Therefore a(Ti) is the set of all expressions in M which represent identity 
element in F n . Now, note that M has nj expressions and a{T\) consists of 
exactly those expressions in M which represent identity. By the theorem 
114.351 H is freely generated by the expressions in M which are non-identity. 
Hence, H is free of rank nj — (j — 1) = j(n — 1) + 1. ■ 



A Graph theoretic proof of Nielsen-Schreir theorem 

We shall first introduce some graph theoretic preliminaries. 

Definition 14.39. A graph T consists of two sets, a non-empty set 
X of elements called vertices of T and a subset 0) of X x X such 
that : 

(i) (x, x) $ A for any x G X. 

(ii) a = (x\,X2) G A implies a = (x2,Xi) G A. 
The elements of A are called edges of T. 

Notation : (i) We shall denote a graph T by T(X,A) where X is the 
set of vertices of T and A is the set of edges. 

(ii) If a = (xi, x 2 ) G A is an edge of V, then i(a) = Xi is called initial vertex 
of a and t(a) = x 2 is called terminal vertex of a. 

Definition 14.40. Let T(X,A) be a graph. For any two vertices x\,x 2 
of T, a path from x\ to x 2 is a finite sequence, P : ai,a 2 , ■ ■ ■ ,a m , of 
edges of T such that i(a\) = xi,t(a m ) = x 2 and t(a s ) = i(a s+ \) for all 
1 < s < m — 1. The integer m is called the length of the path P. 

Definition 14.41. Let T(X, A) be a graph. A path of the form aa in 
r is called a round trip. 
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Definition 14.42. A graph Y(X, A) is called connected if given any 
two vertices x 1: x 2 of T there is a path P in T from x 1 to x 2 . 

Definition 14.43. A graph Y(X, A) is called a tree if T is a connected 
graph such that any path in T which joins a vertex to itself contains 
a round trip. 

Definition 14.44. A path P in a graph Y is called reduced if P 
contains no round trip. 

Lemma 14.45. Let Y(X,A) be a tree. Then any two distinct vertices in Y 
are connected by a unique reduced path. 

Proof: Let X\ ^ x 2 be two vertices of Y, and let Pi, P 2 be two reduced 
paths connecting x\ to x 2 . Further, assume that P\ is the reduced path in Y 
connecting x\ to x 2 with smallest length any other reduced path connecting 
two vertices of Y with length less than that of P\ is unique. Now, consider 
the path PiP 2 x connecting x\ to x\. Since T is a tree P\P 2 X has to contain 
a round trip. Thus either last edge occurring in P 1 equals last edge of P 2 or 
first edge of Pi equals the first edge of P 2 . In the first case removing last 
edge a of P\ and P 2 give two reduced paths from x\ to i(ai) = d. This 
contradicts our assumption that Pi is non-unique reduced path of smallest 
length connecting two distinct vertices of Y. In the other case deleting first 
edge j3 from P 1 as well as P 2 give two distinct reduced paths from t(/3) to x 2 . 
This again gives a contradiction as above. Hence the result follows. 

Remark 14.46. If Y(X, A) is a tree, then any path connecting two distinct 
vertices xi, x 2 of Y is obtained from the unique reduced path connecting x\ 
to x 2 by inserting a finite number of round trips. 

Definition 14.47. If Y(X, A) is a tree, then the unique reduced path 
connecting two distinct vertices xi, x 2 of Y is called a Geodesic and 
is denoted by x~[x%. 

Lemma 14.48. Let A be a subtree of the tree Y(X, A). Ifu, v are two distinct 
vertices of A, then ui, the geodesic in Y connecting u to v, is contained in A. 

Proof: If uv is not contained in A then uv\, the geodesic connecting u 
to v in A, is a path from u to v in Y distinct from ut). Hence uv\ is obtained 
from ui by inserting finite number of round trip in ut). This, however, is not 
true as uv\ is a geodesic. Hence ut is contained in A. 
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Definition 14.49. Let T(X,A) be a graph and G be a group. We say 
that G acts on Y if G acts on X as well as A such that for any g E G 

and a E A, g(a) = g(a), g(i(a)) = i(g(a)), moreover, g(a) ^ a. 

Remark 14.50. For any g G G, a G A, 

g(t(a)) = g(t(a))=t(g(a)). 
Thus if a = (a;i,:r 2 ) G A, then g(a) = (g(xi), g(x 2 )). 

Definition 14.51. Let G be a group acting on a graph T(X,A). We 
say that G acts freely on T if the stabilizer of each vertex of T is 
the identity subgroup of G. 

Assume that a group G is acting on a tree T(X, A). Let C be the set of 
all sub-trees of T which contain atmost one vertex and one edge from each 
orbit of X and A under the given G-action. For any Ai, A 2 in C, define: 

Ai < A 2 ^ Ai C A 2 

Then (C, <) is a partially ordered set. One can easily check that any chain 
in (C, <) has an upper bound in C. Hence, by Zorn's lemma, C contains a 
maximal element called a reference tree for the group action. We, now, 
prove. 

Lemma 14.52. Let G be a group acting on a tree F(X,A), and let A be a 
reference tree in T with respect to the group action. Then A contains precisely 
one vertex from each G-orbit. 

Proof: Assume that the result is not true. Then there exists a vertex 
z G T such that GsflA ^ 0. Choose a vertex x G A, and cosider the geodesic 
z&. Let a be the first edge in z%, and let t(a) = y. If GyDA ^ 0, then there 
exists an element g G G such that g(y) G A. Now, adding g(z), g(a) and 
g(a) to A gives a tree in V larger than A which contains at most one vertex 
and one edge from each orbit. This contradicts our assumption that A is a 
reference tree. In case Gy fl A = 0, take y for z and continue as above. We 
may end up in the situation when zi = (z,x), an edge (3 in T. Here again, 
adding z, (3 and /3 to A, we get a tree in T larger than A which contains 
atmost one vertex and one edge from each orbit. This gives a contradiction 
to the assumption that A is a reference tree. Hence the result follows. 
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Theorem 14.53. If a group G acts freely on a tree T(X, A), then G is a free 
group. 

Proof: We can assume that G ^ {e}, since otherwise there is nothing to 
prove. Let A be a reference tree in Y with respect to the group action. Put 

A* = {a G T : edge | a £ A, but i(a) G A} 

For each a G A*, t(a) ^ A. Since A contains exactly one edge from each 
G-orbit, there exists g a (^ e) G G such that g~ l (t(a)) G A. Note that g a is 
unique for each a G A* since if h~ l (t(a)) G A for some h a G G, then as A is 
a reference tree 

g-\t{a)) = K\t{a)) 
h a g-\t(a)) = t(a) 

Ma 1 = e i- e -> K = 9a- 

Note that for any a G A*, g~ l (t(a)) G A, and g~ l (i(a)) A since i(a) G A 
and g a ^ e. Thus j3 = g^i®) G A*. It is easy to see that gp = g' 1 . From 
each such pair g a , g~ l select one element and let S be the set of all such 
elements in G. We shall prove that S is a free set of generators of G. 
Step I. S is a set of generators of G. 

Take any g(^ e) G G and choose a vertex t> G A. Consider the geodesic vg(v). 
As G-acts freely on T and A is a reference tree with respect to G-action vg(v) 
is not contained in A. Let cti be first edge in the geodesic vg(v) outside A, 
then clearly a,\ G A*. Apply g~^ to the geodesic t(cti)g(v). Then its image 
is the geodesic starting from gal(t(oti)) and ending at galg{ v )- If this lies 
in A, then g^g{v) G A and hence g^ldiv) — v - Thus g = g ai . However, if 
the geodesic ga^(t( a i)) to g~^g(v) is outside A then let a 2 be the first edge 
outside A. Now, apply g~* to the geodesic from t(a 2 ) to g~*g(v). The image 
path starts from g-^(t(a 2 )) G A and ends at g~lg~lg{v). If g~lg~lg{v) G A, 
then as above, g = g ai g a2 - If n °t? then proceed as above. Note that at each 
stage of our operation we get a path with smaller length. Continue till the 
resultant geodesic lies in A. In that case if the end point in g~* ■ ■ ■ gal9ald{ v )i 
then 

=> g = g ai g a2 ---g ah (14.3) 

Let us observe that if at some stage last edge is only one outside A. Then it 
lies in A*. At that stage if the end point of the path is g^l^ ' ' ' 9ai( v ) anc I t ne 
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last edge is a k G A*, then as t(a k ) = ■ ■ ■ g a *(v), g k l g a l_ 1 • • • 9 a l(v) = v. 



Hence g = g ai ■ ■ ■ g ak - Thus we conclude that G = gp{S}. Further, note that 
the expression for g obtained above as a product of elements in S is a reduced 
word w(g) in symbols of S i.e., an element g a does not appear adjacent to g' 1 
at any place in the expression. Now, let we start with any other path P from 

v to g(v) instead of the geodesic vg(v). Then P is obtained from vg(v] by 
adding a finite number of round trips. We shall show that our construction 
even when we start from P shall give same reduced word w(g). For simplicity 



assume P is obtained from vg(v) by adding a round trip 77. If 7 is not the 
first edge outside A, then by our operation the round trip 77 always result 
in a round trip. Clearly for any 5 G A, 5 G A if and only if 5 G A. Thus 
during our process if 7 changes to r £ A, and is the first edge outside A, then 
the resulting expression for g shall be of the form g ai ■ ■ ■ g at 9T9T 1 9ce t +i ' ' ' 9k- 
Thus in reduced form it is unchanged. Consequently our assumption holds. 
Step II : S is a free set of generator for G. 

To prove the assertion it is sufficient to show that any expression of the 
type g = g ai g a2 • • • 9a m , where a±, «2, • • • , a m are in A* is obtained from a 
suitable path from v to g(v). We shall prove this by induction on m. If 
m — 1, consider the path 



In P, (i(ai),t(ai)) is the first edge outside A, and clearly g~^(t(ai)g(v)) lies 
in A since gaHt( a i)) £ A and 9a}9{ v ) — v - Thus the assertion holds for 
m — 1. Now, let g\ = g a , 2 ■ ■ ■ g am and let Q be a path from v to giiy) which 
realises the decomposition for g 1 . Consider the path 



from v to g(v). As v,i(ai) G A, (vi(ai)) lies A. Thus ol\ is the first edge in 
P outside A. As per our procedure as a first step we consider the path 



Here as g a ^(t(ai)), v G A, (g a ^(t(ai)v )) lies in A. Thus Pi realises g\, and 
consequently P realises g = g ai g\. Hence the result. ■ 

We shall, now, use the above result to prove the Nielsen-Schreier theorem. 






P = (ui(o!i))(i(ai),i(ai))(i(ai)^ ai (u))^ ai (Q) 



Px = (g-^tia^Q 
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Let G be a non-identity group and S, a set of generators of G such that 
z 2 7^ e for any z <E S. Using this data, we shall define a graph T as below: 

X = G : set of vertices of T 
A — {(,9i 9 Z ) | 9 e an d -2 or z" 1 G 5}, 
the set of edges of T. 

Clearly ^ A for any g E G and (gz,g) = (gz, (gz)z~ 1 ) is in A. Thus 

T = T(G, A) is a graph. 

If <7ij<72 £ C are any two distinct elements, and 

^r 1 ^ = ^1^2 • • • z* 

where Zj or z^ 1 is in S for all 1 < i < k, then 

^ = gizi)(giz 1: g x z x z 2 ) ■ ■ ■ {g x z x ■ •■z k _ 1 ,g 2 ) 
is a path from g\ to g 2 in T. Thus T is a connected graph. We, now, prove: 

Lemma 14.54. If G(^ e) is a free group and S is a free set of generators, 
then F(G,A) is a tree. 

Proof: To prove the result it suffices to show that for any g G G, any 
path in T which joins g to itself contains a round trip. Let 

P ■ {g,gz\){gz x ,gz x z 2 ) ■ ■ ■ {gz x ■ ■■z n _ 1 ,g) 

be a path in T which joins g to itself. Then there exists z n G G such that 

g = gz\z 2 ■ ■ ■ z n _ x z n where z n or z' 1 G S 
=>- Z\Z 2 ■ ■ ■ z n -\z n = e 
=^> Zi — z~+ x for some 1 < i < n — 1 

since S is a free set of generators for G. Thus for a = (gz\ • • • Zi-i,gz± ■ • • Zi), 
the round trip aa appears in T. Hence T is a tree. ■ 

We, now, define an action of the group G on F(G, A) as below: 
Let #1 G G, x G G, and (g, gz) G A. Then define: 

gi(x) = g-yx 

and 

gi(g,gz) = (919,9192)- 

Clearly, this gives a free action of G on T. We can, now, prove: 
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Theorem 14.55. (Nielsen-Schreier): Let G(^ e) be a free group. Then any 
subgroup H of G is tree. 

Proof: If H = {e}, then there is nothing to prove. Assume H ^ {e}, 
and let S be a free set of generator of G. Clearly for any z G S, z 2 ^ e. 
Thus with notation and assumptions as above, T(G, A) is a tree and G acts 
freely on T. Restriction of the action of G on T to H, gives an action of H 
on T. As G acts freely action of H is free on V. Hence the result follows from 
theorem 114.531 ■ 
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